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Résumé

Résumé

Dans cette these, nous étudions certains aspects de la limite semi-classique en géométrie
complexe. Soit M une variété complexe munie d’un fibré en droites holomorphe L et d’'un
fibré complexe E. Nous donnons ici les propriétés asymptotiques d’objets associés aux
grandes puissances tensorielles de L tordues par E.

Dans le premier chapitre, M est compacte, L positif et E pas nécessairement holo-
morphe. Nous montrons ’annulation des 25 premiers termes du développement asympto-
tique diagonal du noyau de Bergman restreint aux (0, 2j)-formes, puis nous donnons une
formule locale pour les coefficients dominants.

Dans le deuxiéme chapitre, M est compacte, E holomorphe et un groupe de Lie com-
pact connexe agit sur M, L et E de fagon compatible. Nous établissons des inégalités de
Morse holomorphes analogues a celles de Demailly pour la partie invariante de la cohomo-
logie de Dolbeault. Pour cela, nous définissons, sous une hypothése naturelle, la réduction
de M et nous donnons nos inégalités en termes de la courbure du fibré induit par L sur
cette réduction.

Dans le troisieme chapitre, E est holomorphe et M est ’espace total d’une fibration
holomorphe de fibre compacte. On peut alors définir les formes de torsion analytique
holomorphe associées a cette fibration et aux puissances de L tordues par E. Nous donnons
d’abord une formule asymptotique pour ces formes, que nous généralisons ensuite dans le
cas ou les puissances de L sont remplacées par 'image directe des puissances d’un fibré
en droites sur une variété plus grosse. Dans les deux cas, nous devons faire des hypotheses
de positivité sur le fibré en droites. Ces résultats sont les versions en famille des résultats
de Bismut-Vasserot [17, [18§].

Mots-clefs

Quantification, limite semi-classique, développement asymptotique, noyau de Berg-
man, noyau de la chaleur, inégalités de Morse holomorphes, réduction, formes de torsion
de Bismut-Kohler, opérateurs de Toeplitz.



G-invariant holomorphic Morse inequalities and asymptotic
torsion forms

Abstract

In this thesis, we study some aspects of the semi-classical limit in complex geometry.
Let M be a complex manifold, endowed with a holomorphic line bundle L and a complex
bundle E. We give here the asymptotic properties of several objects associated with the
high tensor powers of L, twisted by F.

In the first chapter, M is compact, L positive and E non necessarily holomorphic. We
prove the cancellation of the first 25 terms in the diagonal asymptotic expansion of the
restriction to the (0, 2j)-forms of the Bergman kernel. Then, we give a local formula for
the leading coeflicients.

In the second chapter, M is compact, E holomorphic and a connected compact Lie
group acts on M, L and F in a compatible way. We establish asymptotic holomorphic
Morse inequalities a la Demailly for the invariant part of the Dolbeault cohomology. To
do so, we define the reduction of M under natural hypothesis and give our inequalities in
terms of the curvature of the bundle induced by L on this reduction.

In the third chapter, E is holomorphic and M is the total space of a holomorphic
fibration with compact fibers. We can then define the holomorphic analytic torsion forms
associated with this fibration and the tensor powers of L, twisted by E. We first give an
asymptotic formula for these forms. Secondly, we generalize this formula in the case where
the powers of L are replaced by the direct image of powers of a line bundle on a bigger
manifold. In both cases we have to make positivity assumptions on the line bundle. These
results are the family versions of the results of Bismut-Vasserot [17, [18§].

Keywords

Quantization, semi-classical limit, asymptotic expansion, Bergman kernel, heat ker-
nel, holomorphic Morse inequalities, reduction, torsion forms of Bismut-Koéhler, Toeplitz
operators.
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Introduction

En géométrie symplectique, une variété préquantifiée est une variété symplectique com-
pacte (M, w) telle qu’il existe un fibré en droites complexes hermitien (L, ht ) muni d’une
connexion hermitienne V% vérifiant %(VLF = w. Dans le cadre de la géométrie kih-
lerienne, M est de plus munie d’une structure complexe J et w est une forme de Kéhler.
On demande alors de plus que L soit un fibré holomorphe. Dans ce cas, le choix naturel
pour V¥ est la connexion de Chern de (L, h"). Considérons de plus un fibré holomorphe
FE sur M. Nous pouvons alors définir la quantification de M de la maniére suivante. Soit
OL®E Popérateur de Dolbeault sur Uespace Q%*(M, L ® E) des formes de type (0,e) &
valeurs dans L ® E et OL®F = gLOEJLOEx | GLOExJLOE 6 |aplacien de Kodaira. La
quantification de M est alors ’espace vectoriel virtuel de dimension finie

Q(.Z\47 L ® E) — ker(l:,L®E|QO,pair) - ker(l:,L®E|Q0,impair). (001)

Notons H7(M, L ® E) la cohomologie de Dolbeault en bidegré (0, j) associée & L ® E, qui
est aussi le j-iéme groupe de cohomologie du faisceau des sections holomorphes de L ® F.
D’apres la théorie de Hodge, on a alors

QM,L®E)=H""(M,L®FE) - H™"(M,L® E). (0.0.2)

Dans ce contexte de quantification, la limite semi-classique de la physique correspond a
remplacer le fibré L par ses puissances tensorielles LP := L®P avec p — +00, le paramétre
de Planck A étant alors h = %. En réalité, grace a la formule , on peut définir la
quantification de M sous des hypothéses moins restrictives. Par exemple dans le premier
chapitre de cette thése, on ne supposera pas que E est holomorphe et dans le deuxieme
on ne supposera pas que L est positif.

Un certain nombre de résultats importants de géométrie algébrique ou complexe ont
été obtenus en étudiant cette limite semi-classique. Un des exemples les plus connus est
le théoreme de plongement de Kodaira, qui affirme qu’une variété complexe compacte M
est projective si elle admet un fibré en droites positif L. En effet, d’'une part le théoréme
d’annulation de Kodaira assure que dans ce cas H7(M, LP) est nul pour j > 1 et p assez
grand, et d’autre part on sait grace au théoreme de Hirzebruch-Riemann-Roch asympto-
tique que L? a beaucoup de sections holomorphes quand p — +o0o. C’est ce qui permet de
plonger M dans I'espace projectif des hyperplans de H°(M, LP).

Le but de cette these est d’étudier le comportement asymptotique de certains objets
associés a LP ® F sous la limite semi-classique p — +o00. Plus précisément, dans le premier
chapitre, nous étudions le noyau de Bergman ; dans le deuxieme chapitre, un analogue des
inégalités de Morse holomorphe dans un cadre équivariant et, dans le dernier chapitre, les
formes de torsions analytique holomorphe. Dans chacun des chapitres, nous faisons des
hypotheses différentes sur les données géométriques en jeux.

Les trois chapitres composant cette these sont indépendants, et nous donnons ci-dessous
un introduction plus détaillée a chacun d’entre eux. Insistons cependant sur le fait que le
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point de vue que nous adoptons tout au long de cette thése est inspiré de la théorie de
I’indice locale et en particulier des techniques de localisation analytique de Bismut-Lebeau.
Les objets centraux de cette thése sont le laplacien ainsi que le noyau de la chaleur et ses
propriétés asymptotiques.

0.1 Les termes dominants dans ’asymptotique du noyau de
Bergman en degrés supérieurs

Cette partie de ma these est un travail en commun avec Jialin Zhu.

Le noyau de Bergman d’une variété kédhlerienne, munie d’'un fibré en droites positif
L, est le noyau de Schwartz lisse de la projection sur le noyau du laplacian de Kodaira
OF = 9Lol* + 9L*9F. La preuve de l'existence d’un développement asymptotique sur
la diagonale du noyau de Bergman associé a la p-ieme puissance tensorielle de L, quand
p — +00, et la forme du terme principal sont données dans [61], [24] et [69]. Les coefficients
de ce développement contiennent de 'information sur la géométrie de la variété de base, et
ont par conséquent été étudiés de pres : les deuxieéme et troisieme termes ont été calculés
par Lu [40], X. Wang [64], L. Wang [63] et par Ma-Marinescu [49] & différents degrés
de généralité (voir aussi ’étude récente [68]). L’asymptotique du noyau de Bergman joue
un réle important dans divers problémes de géométrie kihlerienne, voir par exemple [31]

u [32]. Le lecteur pourra se référer au livre [46] pour une étude compléte du noyau de
Bergman et de ses applications, ainsi qu’au panorama [43].

En fait, Dai-Liu-Ma ont établi le développement asympototique du noyau de Bergman
dans le cas symplectique dans [26], en utilisant le noyau de chaleur (cf. également Ma-
Marinescu [45]). Récemment, le cas symplectique a trouvé une application dans ’étude
de la variation de structures de Hodge de fibrés vectoriels par Charbonneau et Stern
dans [25]. Dans leur article, le noyau de Bergman est le noyau associé a un laplacien de
type de Kodaira sur un fibré tordu L ® E, ou E est un fibré vectoriel complexe (non
nécessairement holomorphe). A cause de cela, le noyau de Bergman ne se concentre plus
en degré 0 (contrairement au cas kéihlerien), et le développement asymptotique de sa
restriction aux (0, 27)-formes est lié au degré de « non-holomorphicité » de E.

Dans cet article, nous allons montrer que le premier terme dans ’asymptotique de
la restriction aux (0,27)-formes du noyau de Bergman est d’ordre pd™X=2J et nous le
calculerons. Cela conduira a une version locale de [25, (1.3)], qui est le résultat technique
principal de leur article, voir la remarque Apres cela, nous calculerons également
le deuxieme terme de cette asymptotique, ainsi que le troisiéme dans le cas ou les deux
premiers s’annulent.

Donnons maintenant plus de détails sur nos résultats. Soit (X,w, J) une variété kah-
lerienne compacte de dimension complexe n. Soit (L,h") un fibré en droites hermitien
holomorphe sur X, et (E,h”) un fibré vectoriel complexe hermitien. Munissons (L, h’)
de sa connexion de Chern (i.e. holomorphe et hermitien) V¥, et (E, h¥) d’une connexion
hermitienne V¥, dont les courbures sont respectivement RY = (VF)2 et RF = (VF)2.

Mis a part dans le début de la section nous supposerons toujours que (L, h%’, V¥)
satisfait la condition de pré-quantification :

_ Vol
27

Soit g7 (-,+) = w(-,J-) la métrique riemannienne sur 7X induite par w et J. Cette
métrique & son tour induit une métrique A2 sur A (T*X) := A*(T*OD X ), voir la

w (0.1.1)
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section [[L.2.1]

Soit Q0*(X,ILP @ E) = €°(X, A% (T*X) @ L? @ E) et 0¥"®F . Q0%(X, [P ® E) —
Q0 +1(X, LP ® E) 'opérateur de Dolbeault induit par la partie de degré (0,1) de V¥. Soit
OLP®E* gon adjoint par rapport au produit scalaire L?. Posons (voir (1.2.6)) :

D, = V2(9M"E 4 gter), (0.1.2)
qui échange les formes de degré impair et celles de degré pair.

Définition 0.1.1. Soit
P,: Q% (X, I[P ® E) — ker(D,) (0.1.3)

la projection orthogonale sur le noyau ker(D,) de D,. L'opérateur P, est appelé la projec-
tion de Bergman. Il admet un noyau lisse par rapport a dvx (y), noté P,(x,y) et appelé le
noyau de Bergman.

Remarque 0.1.2. Si E est holomorphe, alors par la théorie de Hodge et le théoréme d’an-
nulation de Kodaira (voir respectivement [46, Theorem 1.4.1] et [46, Theorem 1.5.6]),
nous savons que, pour p assez grand, P, est la projection orthogonale €*°(X, L” @ E) —
H(X,LP®E). Ici, par [44, Theorem 1.1], nous savons juste que ker(Dp|qo,impair (x, LreE)) =
0 pour p assez grand, de sorte que P,: QP (X [P @ E) — ker(D,). En particulier,
Py(x,x) € € (X, End(A"Pa(T*X) ® E)).

D’apres le théoréme@ D,, est un opérateur de Dirac, ce qui nous permet d’appliquer
le résultat suivant :

Théoréme 0.1.3 (Dai-Liu-Ma, [26, Thm. 1.1]). Il existe b, € €°°(M, End(A"P¥(T*X)®
E)) tels que, pour tout k € N et pour p — 400 :

k
p Pz, ) = be(z)p "+ O(p MY, (0.1.4)
r=0

c’est-a-dire que pour tout k,l € N, il existe une constante Cy; > 0 telle que pout tout

pEN,
k

p " By(w,x) = D br(a)p < Crap "L (0.1.5)
r=0 cgl(X)

Ici | - |1 (xy est la norme €' pour la variable v € X.
Pour simplifier les formules, nous noterons
# = (RF)*? € Q%2(X,End(E)) (0.1.6)
la partie de degré (0,2) de RF (qui est nulle si E est holomorphe). Pour 1 < j < n, soit
I;: A (T"X)®@ E — A% (T*X)® E (0.1.7)
la projection orthogonale naturelle. Le résultat principal de cette partie est

Théoréme 0.1.4. Pour tout k € N, k > 27, nous avons quand p — 400 :

k
P I Py(w,2) Iz = Y Iojby(2) Iz p~" + O(p™ "), (0.1.8)
r=2j
et de plus,
. . J— . ¥ ¥ .
Ioibo;(2)]o; = 5 TG (1) (#1) I, (0.1.9)

o (#3)" est le dual de #] agissant sur (A*(T*X) @ E),.
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Le Théoréme [0.1.4] conduit immédiatement au
Corollaire 0.1.5. Uniformément en x € X, nous avons lorsque p — +00

J
T

1 1 ‘ ‘

2 n-2j n—2j—1
(47)27 2% (j1)2 IO, (0.1.10)

Tr ((I2j Pplaj) (z, %)) =

Remarque 0.1.6. En intégrant (0.1.10)) sur X, nous obtenons

1 1 (12 n—2j —2j-1
TY(Iszpfzj)ZWWH ]’L2p" T+ 0 ), (0.1.11)

qui est le résultat technique principal de Charbonneau et Stern [25 (1.3)]. Le corollaire
peut donc étre considéré comme une version locale de [25], (1.3)]. La constante dans
(0.1.11)) differe de celle dans [25] car nos conventions ne sont pas les mémes que dans [25]
(par exemple, ils choisissent w = v/—1R”, etc...).

Soit RY := —/=1%; R¥(w;,w;) pour (w1, ...,W,) un repére orthonormé de TN X

Soit RTX la courbure de la connexion de Levi-Civita VI de (X, 7). Pour (e1,. .., e2,)
un repére orthonormé de TX, soit ¥ = —3, (RTX(e;,e5)ei, e;) la courbure scalaire
de X.

Pour j,k € N et j > k, nous définissons aussi C;(k) par

1 1 1

Cj(k) = (471')] Qkk" Hg:k+1(25 N 1)7

(0.1.12)

avec la convention [[,.p = 1.

Soit VA”* la connexion sur A%*(T*X) induite par VI¥. Soit VAT ®E ] connexion
sur A%*(T*X) ® E induite par V¥ et VAO", et soit AAT*®F |e laplacien associé. Pour les
définitions précises, voir la section [1.2.1}

Pour tout opérateur A agissant sur un espace hermitien, nous noterons Pos[A] (resp.
Sym[A]) 'opérateur positif (resp. symétrique) associé & A :

Pos[A] = AA* and Sym[A] = A+ A", (0.1.13)

Enfin, pour simplifier les notations, nous définissons To(j), T1(j), T2(j) et T3(j) de la
maniere suivante :

e 7o(0) =0, et pour j > 1,

1 it

SO 1y (Ci) — i) LN (VA ER ) (@) . (0.1.14)

To(j) = Vor 2.2

e 71(0) =T1(1) =0, et pour j > 2,

j—2
LUEES S {(Ci) = Cila+ 1) (VYR ()2 PR ()R

1 - . ,®
+C; (m) { IT (1+5)- 1] RV PR ) ()R (VA PR ) ()0} o,
s=q+2
(0.1.15)
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e 75(0) =0, et pour j > 1,

114 . .
Toi) = -T2 Y { (Ci00) — Cj(k)) - AN 7 ) (@) 5 | o, (0.1.16)
k=0
e pour j > 0,

750) =1y 321 [5 (G40 = 5 ) 2 - VAR
k=0
(0.1.17)

Le deuxieme objectif de cette partie est de calculer le deuxieme terme du développe-

ment (0.1).

Théoréme 0.1.7. Le terme Igjb2j+1(3:)fgj peut se décomposer en une somme de quatre
termes comme suit :

ooy (2) I = Pos[To(i)] + C(1)Sym [(Ti() + To(3) + ()@ Iy ] . (0.1.18)

Par exemple, pour j = 1, en utilisant (RY)* = R, nous trouvons

n

LY (VAP q) ()1

=0
9 /_— X
3 12.% REI: I, — " 12%%;12. (0.1.19)

12873 b3 () I §Pos

Vas)
— 5k (RY BT + Ru RERE ) Iy —

- %Sym [Iz(AAO"M@.)(mﬁ;b}

Le dernier objectif de cette partie est de calculer le troisiéme terme du développement
(0.1.8)), sous 'hypothese d’annulation des deux premiers.

Théoréme 0.1.8. Soit j € [1,n]. Si
IijQj($)IQj = Igjb2j+1(x)12j = 0, (0.1.20)

alors T3 vaut

T3(5) = —V—1Iy; ij gkfkal)%ﬂ "RY (5 I, (0.1.21)
k= O
et
Iyjbyja(w)Ioj = Pos[Ti(j) + Ta(j) + T3(5)]. (0.1.22)

Les théorémes [0.1.4] [0.1.7] et [0.1.8] impliquent le résultat suivant, qui donne des condi-
tions sur la courbure de E pour que le noyau de Bergman se concentre plus rapidement
en degré 0 que dans le cas général.

Corollaire 0.1.9. On a l’équivalence

Igjpp(l',$)12j = O(pn_2j_3) — To =0, (0123)
T
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0.2 Inégalités de Morse holomorphes G-invariantes

La théorie de Morse a pour but de comprendre 'information topologique portée par
les fonctions de Morse sur une variété et en particulier par leurs points critiques. Soit f
une fonction de Morse sur une variété compacte de dimension réelle n. Supposons que les
points critiques de f sont isolés. Notons m;, 0 < j < n, le nombre de points critiques de f
d’indice de Morse j et b; le j-ieme nombre de Betti de la variété. Les inégalités de Morse
fortes assurent alors que pour 0 < ¢ <n

Eq:(—l)q’jbj < Eq:(—l)q’jmj, (0.2.1)
3=0 j=0

aver égalité si ¢ = n. D’apres (0.2.1)), on trouve les inégalités de Morse faibles :
bj <m; pour 0<j<n. (0.2.2)

Dans son article fondateur [65], Witten donna une démonstration analytique des inéga-
lités de Morse en étudiant le spectre de I'opérateur de Schrédinger A; = A + 2|df |2 +tV,
ol t > 0 est un parametre réel et V un opérateur d’ordre 0. Pour t — 400, Witten
montra que le spectre de Ay se rapproche, dans un certain sens, du spectre d’une somme
d’oscillateurs harmonique attaché aux points critiques de f.

Dans [27], Demailly établit des inégalités de Morse asymptotiques analogues pour le
complexe de Dolbeault associé aux grandes puissances tensorielles d’un fibré en droites
hermitien holomorphe (L, k™) sur une variété complexe (M, .J). Les inégalités de Demailly
donnent une borne asymptotique sur les sommes de Morse des nombres de Betti de 0 sur
L? en terme d’une intégrale de la courbure de Chern RY de (L, h*). Plus précisément, on
définit RY € End(T(M9 M) par la formule g"™ (RYu,7) = R (u, ) pour u,v € THOM,
oit g7™ est une métrique riemannienne J-invariante sur 7M. On note M (< q) I’ensemble
des points ot RL est non-dégénérée et a au plus g valeurs propres négatives et on pose
n = dimgc M. On a alors pour 0 < ¢ <n

q n n

S (=1)977 dim HY (M, LP) < Q'/ (—1) (ﬁRL> +o(p"), (0.2.3)
§=0 - JM(<q) 2m

avec égalité si ¢ = n.

Ces inégalités ont eu de nombreuses applications. Par exemple, Demailly les utilisa
dans [27] pour trouver une nouvelle caractérisation géométrique des variétés de Moishe-
zon, améliorant ainsi la solution donnée par Siu [56, 57| de la conjecture de Grauert-
Riemenschneider [36]. Une autre application notable des inégalités de Morse holomorphes
est la démonstration par Siu [58| 29] du théoreme de Matsusaka effectif. Récemment, De-
mailly a utilisé ces inégalités dans [30] pour effectuer un premier pas important dans la
résolution d’une version généralisée de la conjecture de Green-Griffiths-Lang.

Pour démontrer ces inégalités, la remarque clef de Demailly fut que dans la formule
du laplacien de Kodaira [, associé a L?, la métrique sur L joue formellement le role de la
fonction de Morse dans I'article de Witten [65] et le parametre p celui du parametre ¢. La
hessienne de la fonction de Morse devient alors la courbure de (L, h%). La démonstration
de Demailly est basée sur ’étude du comportement semi-classique quand p — +oo de
la fonction de comptage spectral de [,. Par la suite, Bismut redémontra dans [6] les
inégalités de Morse holomorphes en adaptant sa démonstration utilisant le noyau de la
chaleur des inégalités de Morse [5]. Le point clef est que 'on peut comparer le terme de
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gauche de (0.2.3]) avec la trace alternée du noyau de la chaleur agissant sur les formes de
degré inférieur a ¢, c’est-a-dire

q q )
> (-1)77 dim HY (M, LP) Z )43 T2 (ML) [exp(— ZDP)] ) (0.2.4)
=0

avec égalité si ¢ = n. Ensuite, Bismut obtint les inégalités de Morse holomorphes en mon-
trant la convergence du noyau de la chaleur grace a des techniques probabilistes. Demailly
[28] et Bouche [20] donnérent une approche analytique de ce dernier résultat. Dans [46],
Ma et Marinescu donnerent une nouvelle démonstration de cette convergence, remplacant
les arguments probabilistes de Bismut [6] par des arguments inspirés des techniques de
localisation analytique de Bismut-Lebeau [14, Chap. 11].

Quand le fibré L est positif, est une conséquence du théoréeme de Hirzebruch-

Riemann-Roch et du théoréme d’annulation de Kodaira, et se réduit a
T
dim HO(M, L7) = - / (QRL) +o(p™). (0.2.5)
n! Jp o 2w

Dans ce cas, une estimation locale peut étre obtenue en étudiant ’asymptotique du noyau
de Bergman (le noyau de la projection orthogonale de ¢*°(M, LP) sur H°(M, LP)) quand
p — +oo. Nous renvoyons le lecteur au livre [46] et a ses références pour ’étude du noyau
de Bergman.

Dans le cas équivariant, un groupe de Lie connexe compact G agit sur la variété M
et son action se releve a L. Quand L est positif, Ma et Zhang [51] ont étudié le noyau de
Bergman invariant, c’est-a-dire le noyau de la projection orthogonale de €°°(M, LP) sur
la partie G-invariante de HY(M, LP). Soit u 'application moment associée & Paction de G
sur M (voir (0.2.7)). Ma et Zhang [51] établirent que le noyau de Bergman invariant se
concentrait dans tout voisinage U de p~1(0), et que, prés de x~1(0), on avait un dévelop-
pement asymptotique hors diagonale. Ils obtinrent aussi une décroissance rapide du noyau
de Bergman invariant dans les directions normales & p~!(0), qui n’apparait pas dans le
cas classique.

Dans ce chapitre, nous établissons une version G-invariant des inégalités de Morse
holomorphes sous une certaine condition naturelle dans le contexte de Ma-Zhang [51],
mais sans 'hypothese de positivité de L.

Plu précisément, nous considérons une action d’un groupe de Lie connexe compact
G sur une variété complexe M et deux fibrés G-équivariants L et E sur M, avec L de
rang 1, et nous établissons des inégalités de Morse holomorphes similaires a pour
la partie G-invariante de la cohomologie de Dolbeault de LP @ E (voir les Théoréemes
et . Pour ce faire, nous définissons une « application moment » pu: M — Lie(G)
par la formule de Kostant puis nous définissons la réduction de M sous une hypothese
naturelle sur = 1(0) (voir I'Hypothése [0.2.1] “ Nos inégalités sont alors données en termes
de la courbure du fibré induit par L sur cette réduction, et I'intégrale dans 3) portera
sur des sous-ensembles de cette réduction.

Un nouvel élément dans notre cas, en comparaison avec le résultat de Demailly, est la
localisation prés de p~1(0). Nous utilisons une méthode par noyau de la chaleur inspirée
de [6] (voir aussi [46], Sect. 1.6-1.7]), justifiée par le fait qu’un analogue de est vérifié
par la restriction du laplacien de Kodaira & ’espace des formes 1nvar1anteb (cf. le Lemme
. Nous montrons ici que le noyau de la chaleur se concentre dans tout voisinage U
de 1~1(0), et nous étudions son asymptotique prés de p~1(0). Pour cette derniére partie,
nous travaillons avec 'opérateur induit par le laplacien de Kodaira sur le quotient de
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U. Cependant, comme nous devrons intégrer le noyau de la chaleur dans les directions
normales & 1~ (0), nous devons avoir un résultat de convergence plus précis que dans [46),
Sect. 1.6]. En fait, nous montrons une décroissance rapide uniforme du noyau de la chaleur
dans les directions normales, qui est analogue & la décroissance rencontrée dans [51, Thm.
0.2]. Notre approche est largement inspirée de [51].

Il est a noter que, dans la littérature, il existe un autre type d’inégalités de Morse
holomorphes [66], 53], [67], qui relient la cohomologie de Dolbeault de I’ensemble des points
fixes d’une variété kahlerienne compacte M munie d’une action d’un groupe de Lie compact
connexe a la cohomologie de Dolbeault de M elle-méme.

Donnons maintenant plus de détails sur nos résultats. Soit (M, J) une variété complexe
connexe, compacte et de dimension complexe n. Soit (L, hL) un fibré en droites hermitien
holomorphe sur M et (E,h¥) un fibré hermitien holomorphe sur M. Notons V¥ et V¥
les connexions de Chern de L et E, ainsi que R* = (V1)? et RF = (VF)?2 leur courbure.
Soit w la premiére forme de Chern de (L, h%), c’est-a-dire la (1, 1)-forme définie par

W= ERL_ (0.2.6)
2
On ne suppose pas que w est une (1, 1)-forme positive.

Soit G un groupe de Lie connexe compact, d’algebre de Lie g et de dimension réelle d.
On suppose que G agit par biholomorphismes sur (M, J) et que cette action se reléve en
des actions holomorphes sur L et E. Nous supposons de plus que h” et h¥ sont préservées
par G. Les formes RY, RF et w sont alors invariantes.

Dans la suite, si F' est une représentation de G, nous noterons F@ l’ensemble des
éléments de F' qui sont fixés par G. L’action infinitésimale de K € g sur F' sera notée Lf@
ou simplement L£x quand cela n’entraine pas de confusion.

Pour K € g, soit KM le champ de vecteurs sur M induit par K (voir (2.2.2)). Nous
pouvons définir une application u: M — g* par la formule de Kostant

1
C 2im

u(K) (Vo = L) . (0.2.7)

Pour tout K € g, on a alors du(K) = igmw. De plus, 'ensemble défini par
P =puY0), (0.2.8)

est stable par G.
Nous faisons 'hypothése suivante :

Hypotheése 0.2.1. 0 est une valeur régulieére de .

Sous 'Hypothese [0.2.1] P est une sous-variété de M. De plus, par le Lemme 2:3.2] G
agit localement librement sur P, de sorte que le quotient M¢ := P/G est une orbifold, que
nous appelons la réduction de M. Pour la définition et les propriétés de base des orbifolds,
nous renvoyons par exemple a [46l Sect. 5.4].

Notons TY le tangent aux orbites dans P. Comme G agit localement librement sur P,
on sait que TY = Vect(K™, K € g) et que c’est un fibré vectoriel sur P.

Nous montrerons ’analogue suivant de la réduction kdhlerienne classique (voir [37]).

Théoréme 0.2.2. La structure complexe J sur M induit structure complexe Jg sur Mg,
pour laquelle les fibré orbifold Lo et Eg sur Mg induit par L et E sont holomorphes. De
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plus, la forme w descend en une forme wg sur Mg et si R*G est la courbure de Chern de
L¢ pour la métrique h™¢ induite par h*, alors

V-1

o Rle. (0.2.9)

wg =
Enfin, 7, induit un isomorphisme
ker wg ~ (kerw)|p. (0.2.10)

Soit b” la forme bilinéaire sur TM définie par

=Y - _IRL

bA(C) 2

(-,J) =w(-,J). (0.2.11)
Nous montrerons dans le Lemme que b est non-dégénérée en restriction & TY x TY
sur P. En particulier, la signature de bL|Ty><Ty est constante sur P. Nous noterons cette
signature (r,d —r), ce qui signifie que dans toute base orthogonale (pour b*) de TY|p, la
matrice de b” a r éléments diagonaux strictement négatifs et d — r strictement positifs.

On définit RF¢ € End(TM9 Mg) par g(R ¢ u,7) = R*¢ (u, D) pour u,v € T Mg, ou
g est une métrique riemannienne Jg-invariante sur le fibré tangent orbiflod T'M¢. Notons
Mg(q) Vensemble des points x € Mg en lesquels RLG est inversible et a exactement ¢
valeur propres négatives, avec la convention que Mg(q) = 0 si g ¢ {0,...,n — d}. Posons
Mg (< q) = UL Mq(i). Remarquons que M¢(g) ne dépend pas de la métrique g.

Etant donné que G préserve toutes les structures que on s’est donné, il agit naturelle-
ment sur la cohomologie de Dolbeault H®*(M, LP ® E). Le théoréme suivant est le résultat
principal de ce chapitre.

Théoréme 0.2.3. Supposons que G agit fidélement sur M (c’est-a-dire l'identité est le
seul élément de G agissant comme Idys). Alors quand p — 400, on a les inégalités de
Morse fortes suivantes pour ¢ € {1,...,n} :

q n—d
S (1) dim HI (M, 1P @ E)C < 1k(E)—L— / (—1)7 7wl 4 o(p" ),
= (n = d)! Jug(<q-r)
(0.2.12)
avec égalité si ¢ = n.
En particulier, on obtient les inégalités de Morse faibles
n—d
dim HY(M, IP ® E)C < rk(E)h /M ( )(—1)q—rwg*d+o(p"—d). (0.2.13)
*JMg(g—r

Remarque 0.2.4. On suppose temporairement que G agit librement sur P, de sorte que
Mg est une variété.

Si L est positif, alors w est une forme kéhlerienne et u est une vraie application moment.
De plus, (Mg,wg) est la réduction kdhlerienne usuelle de M. D’apres [62, Thm. 0.2], la
quantification et la réduction commutent dans ce cas : pour p assez grand,

H*(M,L” ® E)® = H*(Mg, LY, ® Eg). (0.2.14)

En particulier, comme dans le cas non équivariant, le Théoreme [0.2.3] est une conséquence
de ainsi que des théoremes de Hirzebruch-Riemann-Roch et d’annulation de Ko-
daira, appliqués cette fois a Mg.

Nous montrons ici que méme si w est dégénérée ou si G n’agit pas librement sur P, sous
I’Hypothese on a une estimation similaire pour E?ZO(—I)q*j dim H7 (M, LP @ E)C.
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Le Théoreme [0.2.3] est en fait un cas particulier du Théoreme ci-dessous.
Définissons
G'={geqG : Yz e M, gz =z}, (0.2.15)

qui est un sous-groupe distingué fini de G. Nous verrons en que l'on a aussi
G'={geG :VxeP g -x=zl

Observons que dim(L? ® EU)GO ne dépend pas de v € M. Nous noterons donc cette
quantité simplement dim(L? @ E)C".

Theorem 0.2.5. quand p — 400, on a les inégalités de Morse fortes suivantes pour
ge{l,....,n} :

q
> (~1)477 dim HY (M, LP ® E)°
§=0
< dim(L? ® E)GOﬂ / (—1)7 "W+ o(p" %), (0.2.16)
- (n—d)! Jma(<q—r) e 7
avec égalité si q = n.
En particulier, on obtient les inégalités de Morse faibles

n—d
dim HY(M, L’ @ E)¢ < dim(LP@;E)GOL/ (—1)T "Wl o(p™9). (0.2.17)
(n —d)! Jmg(g—r)
Remarque 0.2.6. L’entier dim(LP ® E)Go dépend de p. Cependant, comme G est fini et
agit par rotations sur L, il existe un k € N (divisant le cardinal de G°) tel que G agisse
trivialement sur L*. On a donc dim(L* @ E)¢” = dim EC".

Expliquons a présent les principales étapes de la démonstration.

Soit ¢™™ une métrique J- et G-invariante sur TM. Soit dvys le volume riemannien
correspondant sur M, et soit VM la connexion de Levi-Civita de (T'M, g"M). Soit 9¥"®F
I'opérateur de Dolbeault agissant sur Q%*(M, LP ® E). Soit ILP®E* son dual par rapport
au produit L? induit par ¢7M™, k' et h¥. Posons

D, = V2 (9H"F 4 gLOE) (0.2.18)

et notons e~ “P5 le noyau de la chaleur associé.
Notons Pg la projection orthogonale de Q%*(M, LP @ E) sur Q%*(M, LP @ E)%. Soit
u N2 u N2
(PGengpPg)(v, v') le noyau de Schwartz de PGefﬁDPPG par rapport a dvys(v').
L’opérateur DIQ) agit sur Q% (M, LP@E)% (c’est-a-dire commute avec Pg) et préserve la
Z-graduation. Notons Tr [PGefﬁDg Pg] la trace de PgefﬁDng agissant sur Q%4(M, LP ®
E). On a alors I'analogue de (0.2.4)) :
Théoréme 0.2.7. Pour tout u >0, peN* et 0 < g<mn, ona

q q
> (1) dim HY (M, LP @ E)¥ <> (=1)977 Tr;[Pge » D5 Pel, (0.2.19)
- =

avec égalité pour ¢ = n.

La suite consiste & estimer Pgef%Dng pour traiter le terme de droite de .

Soit U un petit voisinage ouvert et G-invariant de P, tel que G agisse localement
librement sur son adhérence U.

Tout d’abord, nous avons loin de P le théoreme suivant. Le résultat correspondant de
Ma-Zhang pour le noyau de Bergman est [51, Thm. 0.1].
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Théoréeme 0.2.8. Pour u > 0 et k, £ € N fixés, il existe C > 0 tel que pour tout p € N*
etv,v' € M avec v,v' € M\ U,

‘Pge_%Dng(v, V') y

—k
< Cp (0.2.20)

ot est la norme €Linduite par VI, VE, VTM pL pE et gTM,

ou | -
Passons a l’estimation « prés de P » du noyau de la chaleur. Pour expliquer plus
simplement cette asymptotique, nous supposons ici que G agit librement sur P. Nous
pouvons aussi supposer que G agit librement sur U. Soit B = U/G. Alors Mg et B sont
de vraies variétés. Nous expliquerons dans la Section [2.6.2] comment adapter la preuve des
Théoremes [0.2.3] et [0.2.5] dans le cas d’une action localement libre.
Par le Lemme [2.3.3] on a
TU =TY @ (TY )L, (0.2.21)

Par conséquent nous pouvons choisir pour fibré horizontal des fibrations U — B et P —
M les fibrés
THU = (TY)he et THP = THU‘P NTP. (0.2.22)

En effet, en utilisant (2.1.21]) et le fait que TY C TP, on a
TP=TY &THP. (0.2.23)

Soit gTHP une métrique G- et J-invariante sur T P. Soit ¢g’¥ une métrique G-

invariante sur 7Y et soit g7 la métrique G-invariante sur JTY induite par J et g7 .
D’apres (2.3.19), on peut choisir la métrique g™ de sorte qu’en restriction & P :

H
gMp=g"pog ™ pag" " (0.2.24)

Nous utiliserons cette hypothése sur g7 dans le reste de I'introduction ainsi que dans les
Sections 2.5.1H2.6.21

Supposons que U est assez petit pour étre identifié a un e-voisinage, € > 0, de la section
nulle du fibré normal N de P dans U via l'application exponentielle. Nous noterons les
coordonnées correspondantes v = (y, Z L) c€Uavecy € Pand Z+ ¢ Ny. Remarquons que
d’apres (0.2.23) et (0.2.24)), nous pouvons identifier N, et JTY),.

Soit J € End(T'M|p) tel que sur P

w=g"™@J.,.). (0.2.25)

Nous noterons aussi J l'opérateur induit sur B.

Nous verrons avec que le fibré normal Ng a Mg dans B peut étre identifié avec
le fibré (JTY)p induit sur B par JTY (voir la Section [2.2). En particulier, si 7(y) = z,
nous garderons la méme notation pour un élément de N, et 1’élément lui correspondant
dans Ng,. Dans la Section @ nous verrons que J laisse N¢g stable et nous définirons
ai- € R* tels que

1
Sp(3?|ng) = ——5{ai % ay ) (0.2.26)
47

Soit g7P la métrique induite par g”™ et THP sur TB. Soit ¢"V¢ la métrique induite
sur Ng et dvn, la forme volume correspondante. Pour x € Mg, soit {eiL ?:1 une base
orthonormale de Ng . telles que J2e; = —-1ya;-(x)e;. Nous pouvons alors identifier R?

a2
et Ng , via I'application

d
(Zi,....Z7) eRY = Z+ =" Zef (0.2.27)
=1
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Définissons I'opérateur .Z;- agissant sur Ng o ~ R? par

d

2 == (Vo) et ZH?) - Zd: (0.2.28)

i=1

ot Vyr désigne I'opérateur de différentiation ordinaire sur R¢ dans la direction U. Notons
e—uls (Z+, Z'*) le noyau de la chaleur de .Z; par rapport a duvng., (Z').

Soit g7Meé 1a métrique sur Mg induite par g7™ et T P et dv M, la forme volume corres-
pondante. Notons (-, -)¢ 'extension C-bilinéaire de g"™Ma sur Te M. Nous identifions alors
RLG 3 une matrice hermitienne RLG e End(T(9 Mg) telle que pour V,V’ € T M,

RLe(V, V') = (RE6V, V) q. (0.2.29)
Soit {w;} une base othonormale locale de 7% Mg de base duale {w7}. Posons

wGad = — Z RLG (wz,wj)@j A Zﬁz (0230)

1,3
Soit A la fonction G-invariante sur M donnée par
h(z) = \/vol(G.z), (0.2.31)
et soit k € €°° (T B|m,,)la fonction définie par x|y, =1 et pour x € M¢, Z € T, B,
dvp(z, Z) = k(x, Z)dvr, p(Z) = k(z, Z)dvpg (T)dung , (2). (0.2.32)

Le résultat suivant est une version de [5I, Thm. 2.21] pour le noyau de la chaleur dans
notre situation.

Théoréeme 0.2.9. Supposons que G agit librement sur P. Pour tout u > 0 et m € N fixé,
on a la convergence suivante, quand p — +oo et pour |Z+| < ¢ :

_up2

Wy 24 (Poe 7" Po) ((y. 24, (4, 27)) =
li—l(x, Zi) det(R%G)e?’“"d(m)

(27[')n—d det (1 - eXp(—?uRéc))

e—uffj(\/ﬁZJ_’\/ﬁZJ_)@IdEpn—d/Q

+ O 4+ plZH)T™), (0.2.33)

ot x = 7(y) € Mg et le terme O(:) est uniforme. De plus, la convergence est pour la

topologie €*° en la variable y € P. Ici, nous utilisons la convention que si une valeur
det(R5C)

det (l—exp(—uRic))

Grace aux Théoremes [0.2.7] [0.2.8 et [0.2.9] on obtient le Théoréme [0.2.3] dans le cas ou

G agit librement sur P, par intégration sur M.

L o 1
propre de R;& est nulle, alors sa contribution a est 5

0.3 Asymptotique des formes de torsion analytique holo-
morphe
La torsion analytique holomorphe a été définie dans [54] par Ray et Singer comme

I’analogue complexe de la torsion réelle pour les fibrés vectoriels plats. Elle s’obtient comme
déterminant régularisé du laplacien de Kodaira d’un fibré vectoriel holomorphe sur une
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variété complexe compacte. La torsion apparait notamment dans I’étude du déterminant
de la cohomologie de la fibre d’une fibration holomorphe menée par Bismut-Gillet-Soulé
dans [12].

La torsion analytique a une extension dans le cas des familles : les formes de torsion
analytique, définies d’abord par Bismut-Gillet-Soulé [11], puis par Bismut-Kéhler [I3] et
Bismut [9], & divers degrés de généralité. La partie de degré zéro de ces formes n’est autre
que la torsion de Ray-Singer le long de la fibre. Les formes de torsion analytique ont eu
beaucoup d’applications, en particulier car elles ont été introduites, notamment par Gillet
et Soulé, comme la contribution analytique au formalisme de I'image directe en géométrie
d’Arakelov. En effet, la torsion apparait dans le théoréeme de Riemann-Roch arithmétique
[35] et les formes de torsion dans le théoreme de Riemann-Roch-Grothendieck arithmétique
en degré supérieur [34].

La torsion analytique a aussi d’autres extensions. Dans [39], Kohler et Roessler ont uti-
lisé une version équivariante de la torsion pour démontrer un théoréme de Riemann-Roch
en Kp-théorie arithmétique équivariante. Récemment, Burgos Gil, Freixas i Montplet et
Litcanu ont étendu dans [23] les classes de torsion analytique holomorphe aux morphismes
quelconques entre variétés algébriques lisses en donnant une définition axiomatique de ces
classes. Ils ont aussi classifié les théories ainsi obtenues. Dans [22], les mémes auteurs
ont utilisé leur théorie des classes de torsion généralisées pour démontrer un théoréme
de Riemann-Roch-Grothendieck pour les morphismes projectifs généraux entre variétés
arithmétiques régulieres.

Dans [I7], Bismut et Vasserot ont calculé 'asymptotique de la torsion analytique as-
sociée a des puissances croissantes d’un fibré en droites positif en utilisant la méthode
du noyau de la chaleur de [6] (voir aussi [46, Sect. 5.5]). Dans [18], ils ont aussi étendu
leur résultat dans le cas ou les puissances du fibré en droites sont remplacées par les puis-
sances symétrique d’un fibré positif (de rang quelconque) en utilisant une astuce due a
Getzler [33]. Ces asymptotiques ont joué un réle important dans un résultat d’amplitude
arithmétique de Gillet et Soulé [35] (voir aussi [59, Chp VIII]).

Dans cette partie, nous donnons une version en familles, et au niveau des formes, des
résultats de Bismut et Vasserot pour les formes de torsion analytique.

Nous considérons d’abord le cas des formes de torsion d’une fibration associées aux
puissances d’'un fibré en droites donné, positif le long des fibres. Ceci correspond & [17].
Nous utilisons ici une stratégie similaire & celle de cet article, mais des difficultés sup-
plémentaires surviennent ici, dues aux formes différentielles horizontales qui apparaissent
dans la superconnexion de Bismut (par rapport au laplacien de Kodaira) utilisée dans la
définition des formes de torsion. En effet, les opérateurs que nous utilisons ici ont une
partie nilpotente (la partie de degré non-nulle sur la base) qui doit étre prise en compte,
spécialement lors des estimations des résultantes ou des noyaux de la chaleur. De plus,
pour donner un formule asymptotique, nous devons calculer explicitement des super-traces
de termes contenant une exponentielle couplant formes horizontales et variables de Clif-
ford verticales. Ces termes rendent le calcul bien plus compliqué que dans [I7]. Notons
aussi que dans tout nos résultats de convergence €°°, nous devons prendre en compte les
dérivées le long de la base.

Ensuite, nous considérons le cas des formes de torsion d’une fibration associées a I'image
directe des puissances d’un fibré en droites sur une variété plus grosse. Nous devons pour
cela faire une hypothese de positivité partielle sur le fibré en droites. Notre résultat géné-
ralise [I8] dans deux directions. Premiérement, nous travaillons en famille. Deuxiémement,
il est facile de voir que le résultat de [18] s’applique en fait a 'image directe des puissances
d’un fibré en droites sur une variété plus grosse quand cette variété est donnée par un G-



24 INTRODUCTION

fibré principal avec G compact et connexe. Nous ne supposons pas que cela soit le cas ici,
et par conséquent nous ne pouvons pas utiliser la méme astuce que dans [I8] pour réduire
le probléme a notre premier résultat. Dans le méme esprit, quand la base est compacte
kéhlerienne et que la fibration est kdhlerienne, nous montrerons comment associer notre
premier résultat a [I3] et [4I] pour obtenir simplement l’asymptotique désirée modulo
Imd + Imd. Cependant cette méthode ne peut pas aboutir en général.

Dans le cas général, nous utilisons la méme approche par le noyau de la chaleur que
dans notre premier résultat. Cependant, en plus des difficultés indiquées ci-dessus, nous
devons ici gérer le fait que la dimension du fibré sur lequel on travail croit vers l'infini.
En particulier, nous ne pouvons espérer trouver un opérateur limite lors du changement
d’échelle, pas plus que de coefficients limites pour le développement du noyau de la cha-
leur ; et dans toute nos démonstrations, nous devons avoir des estimations uniformes sur
des espaces qui changent. Pour contourner ce probléme, nous nous inspirons de [15] [16]
en utilisant le formalisme des opérateurs de Toeplitz de [46]. L’idée est d’utiliser la norme
d’opérateurs sur les matrices pour avoir des bornes uniformes sur les opérateurs de Toe-
plitz, et de remplacer la convergence vers des objets limites par 'approximation par des
objets a coefficients opérateurs de Toeplitz.

Donnons a présent plus de détails sur nos résultats. Soit M et B deux variétés com-
plexes. Soit w: M — B une fibration holomorphe dont la fibre X est compacte et de
dimension complexe n. Dans ce chapitre, nous voulons étre plus précis dans nos notations
concernant les fibrés tangents. Aussi, nous noterons Tg X le tangent réel de la fibre et T'X
le tangent holomorphe, qui n’est autre que Tg X vu comme espace complexe grice a la
structure complexe JT®X de la fibre. Soit TeX = TrX ® C le fibré tangent complexifié et
TOO X 7O X « TeX les espaces propres pour les valeurs propres ++1/—1 de la structure
complexe. Rappelons que 1’on a un isomorphisme canonique TX ~ 709 X Dans la suite,
nous utiliserons des notations similaires pour les autres espaces tangents qui apparaissent.

Soit (m,w) une structure de fibration hermitienne au sens de la Section c’est-a-
dire que w est une (1, 1)-forme lisse sur M qui induit une métrique hermitienne hTX le
long des fibres.

Soit (&,h%) et (L,h") deux fibrés vectoriels hermitiens holomorphes sur M, avec L
de rang 1. Notons R la courbure de Chern de (L, h"). Nous faisons I'hypotheése de base
suivante :

Hypothése 0.3.1. La (1,1)-forme /—1R est positive le long des fibres, ce qui signifie
que pour tout 0 #= U € TOOX on a

RL(U,T) > 0. (0.3.1)
Soit RXL ¢ End(7T'X) la matrice hermitienne telle que pour tout U,V € T X,
RUU, V) = (RYFU, V) o (0.3.2)

Par 'Hypothese RX:L est définie positive.

Nous supposons qu'’il existe pg € N tel que I'image directe Rim, (£ ® LP) soit localement
libre pour p > pg et i € {1,...,n}, et s’annule pour 7 > 0.

Dans la suite, tous les résultats sont vrais pour p > pj, et nous ne répéterons
pas cette hypothese.

Remarque 0.3.2. Si la base B est compacte, ’'Hypothese implique que pour p assez
grand l'image directe R'm,({ ® LP) est automatiquement localement libre et s’annule pour
i > 0.
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Munissons £ ® L? de la métrique h¢®L” induite par h¢ et h. Nous pouvons alors définir
(voir la Section [3.2) les formes de torsion analytique holomorphe 7 (w, h¢®F") associée &
(m,w) et (€ ® LP, hE®LY).

Soit

v—1 v—1
oM = "Rl ot ©¥=*—R" 0.3.3
o o B mexxmex (0.3.3)
les premiéres formes de Chern de (L, h%) et (L|x, h"IX) respectivement.

Pour a une forme sur B, nous notons a*) sa composante de degré k. Nous pouvons
maintenant énoncer le premier résultat principal de cette partie, qui est une extension de
[17] dans le cas des familles.

Théoréme 0.3.3. Soit k € {0,...,dim B}. Alors la composante de degré 2k de la torsion
T (w, h®L") associée a w et h*®L" admet le développement asymptotique suivant quand
p — +00

. S XL (2k)
pfk‘g(u%h&@Lp)(Qk) — I‘ég) </}( ].Og [det (p'gﬂ->‘| e@M+(p1)@X> + 0(pn)’ (034)

pour la topologie de la convergence €° sur les compacts de B.

Détaillons maintenant le second résultat de cette partie. Soit N, M et B trois variétés
complexes. Soit m: N — M et mo: M — B deux fibration holomorphes, dont nous
supposons les fibres respectives Y et X compactes. On a alors une troisieme fibration
holomorphe, 73 := my o m: N — B, dont la fibre est compacte et notée Z. Notons nx
(resp. ny, nz) la dimension complexe de X (resp. Y, Z). Il est a noter que m|z: Z — X
est une fibration holomorphe de fibre Y. La situation est résumée dans le diagramme
suivant :

Y —7——N

3
1 U

X—M——2B
2

Donnons nous (72, w™) une structure de fibration hermitienne (voir la Section .
Notons Tg M =Tx1te" I’espace horizontal correspondant.

Soit (£, h%) un fibré hermitien holomorphe sur M, et soit (1, h") et (L, h*) deux fibrés
vectoriels hermitiens holomorphes sur N, avec L de rang 1. Notons V% la connexion de
Chern de (L, h*) et R la courbure correspondante.

Comme ci-dessus, nous faisons une hypothese de positivité sur L :

Hypothése 0.3.4. La (1,1)-forme /—1R" est positive le long des fibres de 73, ce qui
signifie que, pour tout 0 £ U € TZ,

RL(U,T) > 0. (0.3.5)

En particulier, —VZ;IRL nous permet de définir des métriques g’#% et ¢gT®Y sur TR Z et

TeY (voir (B-L1).
Supposons qu’il existe pg € N tel que, pour tout p > pg, I'image directe R*m; «(n® LP)
soit localement libre et R'my .(n ® LP) = 0 si i > 0. Pour p > py,

F,:=H(Y,(n® LP)|y) (0.3.6)
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définit donc un fibré holomorphe Z-gradué sur M (voir la Section , qui est muni
d’une métrique L2, notée hf?, induite par h", hY et gTkY

Pour p > pp, nous supposons aussi que les images directes R*7my « (EQF)) et R*m3 . (77E®
n ® LP) sont localement libres. On a alors pour ¢ > 0

Rimy (£ ® Fp) ~ Rimg o (7i6 @1 ® LP). (0.3.7)

Remarque 0.3.5. Si la base B est compacte, ’'Hypothése implique 'existence d’un pg
tel que pour p > pg les conditions ci-dessus soient satisfaites : R*my (§®LP), R*mo « (§® F))
et R*ms3 (77§ ®@n®LP) sont localement libres et s’annulent en degré non nul. En particulier,

H*(X,(€® Fy)lx) = BOX.(E® Fy)|x) ~ H(Z (xje®n @ IP)|z).  (03.8)

Ici encore, tous les résultats sont vrais pour p > pg, et nous ne répéterons
pas cette hypothése.

Munissons § ® F}, de la métrique h¢®Fr induite par h¢ et h'». Nous pouvons alors
construire, comme dans la Section les formes de torsion .7 (w™, h¢®¥r) associées & w™
et (£ ® Fp, hS®r),

Soit

THN = (12)*, THEN = (TY)*, (0.3.9)

ot1 'orthogonal est pris par rapport & RY. Alors
27 .=THNNTZ (0.3.10)
est 'orthogonal de TY dans T'Z. De plus,
H * H * H *
Tg N ~m3TB, TyN~mTM et TyZ~nTX. (0.3.11)
Remarque 0.3.6. Les fibrations (1, g™, THN) et (m1|z,g™*Y, TH Z) sont des fibrations

kahleriennes au sens de la Section

Soit R¥L ¢ m5End(T X) la matrice hermitienne telle que pour U,V € TX,si UH, VH ¢
Tf Z désignent les relevés horizontaux de U, V', alors

REUHE V™) = (RYU, V) o (0.3.12)
Par 'Hypothese RXL est alors définie positive.

Soit
v—1 v—1
oV =" "Rl ot ©7="—"Rn iz (0.3.13)
2 2
Nous pouvons maintenant énoncer le second résultat principal de cette partie, qui est

une extension du Théoréme et une version en famille de [I8] (voir I'introduction de

la Section .

Théoréme 0.3.7. Soit k € {0,...,dim B}. Alors la composante de degré 2k de la torsion
T (w, he®Tr) associée a wM et hE®Tv admet le développement asymptotique suivant quand
p — +00

5X,L (2k)
pfkg(wM’ hﬁ@Fp)(Qk) — M <‘/2 log [det (@)1 6@N+(p1)@z> n 0(an)’

2
(0.3.14)
pour la topologie de la convergence €° sur les compacts de B.
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Comme nous le verrons dans la Section [3.4] nous allons utiliser le formalisme des
opérateurs de Toeplitz pour démontrer ce théoreme. Rappelons la définition d’un opérateur
de Toeplitz donnée dans [46, Def. 7.2.1].

Soit b € B. Pour x € X := my ' (b), soit P, la projection orthogonale

Pyu: L*(Yy,n® LP) — H°(Yy,n ® LP), (0.3.15)
ot Yy := iy H(x).

Définition 0.3.8. Un opérateur de Toeplitz sur Y, est une famille d’opérateur 7, €
End(L?(Y,,n ® LP)) vérifiant les deux propriétés suivantes :

(i) pour tout p € N, on a
T, = Py TPy (0.3.16)

(i) il existe une suite f, € €°(Y,End(n)) telle que, pour tout k € N, il existe C, > 0
telle que

Au cours de la démonstration du Théoréme [0.3.7] un résultat intermédiaire important
sera que le noyau de la chaleur associé a la superconnexion de Bismut est asymptote a un
opérateur de Toeplitz. Précisons maintenant ce résultat. Soit B, , la superconnexion de
Bismut associée a wM et (€@ F),, h*®?) (voir la Section. Par le Théoréme By

est un opérateur elliptique du second ordre le long de la fibre. Soit exp(—Bg u /p) le noyau

)(z,2’) le noyau de Schwartz

< Cpp F L (0.3.17)

k
Tp - prrp ,acfer,ac
r=0

o0

de la chaleur correspondant. Pour b € B, soit exp(—Bf, w/p

lisse de exp(—B2, , ) par rapport a dvx,(«'). On a alors

p,u/p

exp(—B2,,;,)(x,7) € End (A}(TB) ® (A**(T*X,) © € © F, ) ). (0.3.18)

Pour a > 0, soit 1), 'automorphisme de A(TgB) tel que pour o € A(TEB)
Yo = ala. (0.3.19)
Soit €, la forme définie dans (3.4.172)). Nous montrons alors :

Théoréme 0.3.9. Soit k € N. Pour p — +00, on a lasymptotique suivant pour la norme
d’opérateur sur End (A3 (T B) ® (A% (T*X,) @ € ® F,)) et la norme d’opérateur pour les
dérivées d’ordres inférieurs a k en les variables (b,x) € M, uniformément pour u dans un
compact de R*_,

wl/\/f) exp(_Bg,u/p)(x7 l’)
5X,L
B pnx _Qu,(:c,») det(R(x7))

(2m)nx " P det (1 — exp(—uRé’,,)))

®Ide, Ppo + o(p"¥). (0.3.20)

Ici, le point désigne la variable dans Y.

Remarque 0.3.10. La preuve du Théoréme que nous donnons ici n’utilise en réalité
pas le fait que L est positif le long de la fibre Z, mai seulement le long de la fibre Y.






Chapter 1

The first terms in the expansion of
the Bergman kernel in higher
degrees

1.1 Introduction

The Bergman kernel of a Kéhler manifold endowed with a positive line bundle L is
the smooth kernel of the orthogonal projection on the kernel of the Kodaira Laplacian
OF = 9Lob* + 9L*9L. The existence of a diagonal asymptotic expansion of the Bergman
kernel associated with the p** tensor power of L when p — +00 and the form of the leading
term were proved in [61], [24] and [69]. Moreover, the coefficients in this expansion encode
geometric information about the underlying manifold, and therefore they have been stud-
ied closely: the second and third terms were computed by Lu [40], X. Wang [64], L. Wang
[63] and by Ma-Marinescu [49] in different degrees of generality (see also the recent paper
[68]). This asymptotics plays an important role in various problems of Kéhler geometry;
see for instance [3I] or [32]. We refer the reader to the book [46] for a comprehensive
study of the Bergman kernel and its applications. See also the survey [43].

In fact, Dai-Liu-Ma established the asymptotic development of the Bergman kernel in
the symplectic case in [20], using the heat kernel (cf. also Ma-Marinescu [45]). Recently,
this asymptotics in the symplectic case found an application in the study of variation of
Hodge structures of vector bundles by Charbonneau and Stern in [25]. In their setting,
the Bergman kernel is the kernel of a Kodaira-like Laplacian on a twisted bundle L ® F,
where E is a (not necessarily holomorphic) complex vector bundle. Because of that, the
Bergman kernel is no longer supported in degree 0 (unlike it did in the Kéhler case), and
the asymptotic development of its restriction to the (0, 2j)-forms is related to the degree
of ‘non-holomorphicity’of E.

In this chapter, we will show that the leading term in the asymptotics of the restriction
to the (0,27)-forms of the Bergman kernel is of order p?™X~2/ and we will compute it.
That will lead to a local version of [25, (1.3)], which is the main technical results of
their paper; see Remark After that, we will also compute the second term in this
asymptotics, as well as the third term in the case where the first two vanish.

We now give more detail about our results. Let (X, w, J) be a compact Kéhler manifold
of complex dimension n. Let (L,h") be a holomorphic Hermitian line bundle on X,
and (E,h*) a Hermitian complex vector bundle. We endow (L, h’) with its Chern (i.e.,
holomorphic and Hermitian) connection V¥, and (F,h”) with a Hermitian connection
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VE, whose curvatures are respectively RV = (V1)2 and RF = (V)2
Except in the beginning of Section we will always assume that (L, h%, V) sat-
isfies the pre-quantization condition:

W= ERL.
2m
Let g"*(-,-) = w(,J-) be the Riemannian metric on 7X induced by w and J. It
induces a metric A2 on A%*(T*X) := A*(T*OD X)), see Section
Let LP = L®P be the p'" tensor power of L. Let Q%*(X, [PQE) = € (X, A**(T*X)®
LP ® E) and 0""®F . Q0*(X [P @ E) — QU*+1(X, [P ® E) be the Dolbeault operator
induced by the (0, 1)-part of VZ (cf. ([.2:3)). Let 9"®E* be its dual with respect to the
L?-product. We set (see (1.2.6)):

D, = V2(9M"F 4 gHOE), (1.1.2)

(1.1.1)

which exchanges odd and even forms.

Definition 1.1.1. Let
P,: Q% (X, I[P ® E) — ker(D,) (1.1.3)

be the orthogonal projection onto the kernel ker(D,) of D,,. The operator P, is called the
Bergman projection. It has a smooth kernel with respect to dvx(y), denoted by P,(x,y),
which is called the Bergman kernel.

Remark 1.1.2. If E is holomorphic, then by Hodge theory and the Kodaira vanishing the-
orem (see respectively [40, Theorem 1.4.1] and [46, Theorem 1.5.6]), we know that, for p
large enough, P, is the orthogonal projection ¢ (X, LP ® E) — HY(X,LP ® E). Here,
by [44, Theorem 1.1], we just know that ker(Dp|qo.cdd(x,rgr)) = 0 for p large, so that
Py: QUeven (X [PQF) — ker(D,). In particular, Py(z, ) € € (X, End(A"V*Y(T*X) @ E)).

By Theorem D, is a Dirac operator, which enables us to apply the following
result:

Theorem 1.1.3 (Dai-Liu-Ma, [26, Thm. 1.1]). There ezist b, € € (X, End(A***(T*X) @ E))
such that for any k € N and for p — +o0:

k

p " Py(x,x) =Y be(x)p" +O(p "), (1.1.4)
r=0

that is for every k,l € N, there exists a constant Cy; > 0 such that for any p € N,

k
p "Py(z, ) — Z b (x)p™" < Cpp L (1.1.5)
r=0 ¢1(X)

Here | - |41(xy is the €' -norm for the variable x € X.
To simplify the formulas, we will denote by
# = (RF)*? ¢ Q"2(X,End(E)) (1.1.6)
the (0,2)-part of R” (which is zero if E is holomorphic). For j € [1,n], let
L A (T"X)®@ E — A% (T*X)® E (1.1.7)

be the natural orthogonal projection. The first main result in this chapter is
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Theorem 1.1.4. For any k € N, k > 2j, we have when p — +o0:

k
p "I Py, ) Inj = Y Tojbp(x)Ioj p~" + O(p™*71), (1.1.8)
r=2j
and moreover,
b _ N opi J ,
Igjbgj(flf)fzj = (47T)2j 22].(],!)2[2] (ﬂgn) (‘%x) IQJ, (1.1.9)

where (#3)" is the dual of %) acting on (A>*(T*X) ® E),.
Theorem [I.1.4] leads immediately to

Corollary 1.1.5. Uniformly in x € X, when p — +00, we have

Tr (I Pploj) (x,x)) = 1(1j,)g H‘%%

2 n—2j —|—O( n—2j—1) (1 1 10)
(4m)27 22 (! b b ' .

Remark 1.1.6. By integrating (|1.1.10)) over X, we get

Tr (I Pplaj) = 11)2 H«%]’ .

n—2j n—2j—1
(47)2 227 (5! PO ), (1.1.11)

which is the main technical result of Charbonneau and Stern [25, (1.3)]; thus Corollary
can be viewed as a local version of [25, (1.3)]. The constant in (1.1.11)) differs from
the one in [25] because our conventions are not the same as theirs (e.g., they choose

w=+/—1R etc...).
Let RY := —/—=13, R (w;, ;) for (wy,...,W,) an orthonormal frame of TOD X Let

RTX be the curvature of the Levi-Civita connection VI¥ of (X, g7X), and for (ey,. .., e2n)
an orthonormal frame of TX, let 7% = — i (RTX(e;,ej)ei, ej) be the scalar curvature
of X.

For j,k € N and j > k, we also define C;(k) by

1 1 1
(47)7 2kE! Hi:k+1(28 + 1)’

C;(k) = (1.1.12)

with the convention that [[,cp = 1.

Let VA”" be the connection on A%*(T*X) induced by VI¥X. Let VA"*®E be the
connection on A%*(T*X)® E induced by VE and VA"* and let AA*®E e the associated
Laplacian. For precise definitions, see Section [I.2.1]

For every operators A acting on a Hermitian space, we will define Pos[A] (resp. Sym[A])

the positive (non necessarily definite) operator (resp. the symmetric operator) associated
to A:

Pos[A] = AA* and Sym[A] = A+ A" (1.1.13)
Finally, to simplify the notation, we will define To(j), T1(j), 72(j) and T3(j) as follows:
e 70(0) =0, and for j > 1,

n j—1

To(j) = \/1277 SN I (CJ»(j) - Cj(k))%’g{_k_l(V%j’°®E9?.)(x)<%”;IO. (1.1.14)
=0 k=0
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e 71(0) =T1(1) =0, and for j > 2,

IZ] Z Z { ( (q + 1))%] (¢+2) (vAO 0®E% )(l‘)(@g—m(vgj?-@E%)(x)t@;n
q 0m=0
+C;(m) { [T (1+ 213) - 1] A (TN ) (1) 7 (VA OB ) ()2 ) I,
s=q+2
(1.1.15)

e 73(0) =0, and for j > 1,

j—1
o) = 11 3 { (Cilh) — G3)) - B (AN SE ) )k L Ty, (11.16)
k=0
e for j >0,
J )
k=0
(1.1.17)

The second goal of this chapter is to compute the second term in the expansion (|1.1.8)).

Theorem 1.1.7. We can decompose Iij2j+1($)IQj as the sum of four terms:
Injbay 1 (@) Ia; = Pos[To()] + C(1)Sym [(Ti () + o) + Ta)) (@) Iy | . (1.1.18)
For instance, for j = 1, using the fact that (Rﬁ)* = Rf, we find

12873 Irbs ()15 = éPos

V-1
6

e i(vﬁf’@%)(wﬂol - o5vm [B(AY" P2 ) ()71 1)

=0
) X
Vo g RER T, — %Iggzx@;fg. (1.1.19)

L (RE R R + R RERE) I —

The last goal of this chapter is to compute the third term in the expansion (|1.1.8]),
assuming that the first two vanish.

Theorem 1.1.8. Let j € [1,n]. If

IijQj(w)IQj = IijQj_H(x)IQj = 0, (1.1.20)
then T3 equals ‘
T5(j) == —V/—1Iy; zjj 07()92] "RY 0T (1.1.21)
= 4m(2k + 1)
and
Ijbajia(x) oy = Pos[Ti(j) + Ta(j) + T3 (5)]- (1.1.22)

Theorems [1.1.4] [1.1.7] and [T.1.§ yields to the following result.
Corollary 1.1.9. We have:

L Py(z,2)I2; = O(p" " ¥73) <= { To(j) =0, (1.1.23)
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This chapter is organized as follows. In Section we compute the square of D), and
use a local trivialization to rescale it, and then give the Taylor expansion of the rescaled
operator. In Section [1.3] we use this expansion to give a formula for the coefficients b,
appearing in , which will lead to a proof of Theorem In Section we prove
Theorem [[.1.7) using again the formula for b,. Finally, in Section [I.5 we prove Theorem
[[.1.8) using the technics and results of the preceding sections.

In this whole chapter, when an index variable appears twice in a single term, it means
that we are summing over all its possible values.

Acknowledgments
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1.2 Rescaling D; and Taylor expansion

In this section, we follow the method of [46], Chapter 4], that enables to prove the
existence of b, in in the case of a holomorphic vector bundle E, and that still
applies here (as pointed out in [46, Section 8.1.1]). Then, in section 3 and 4, we will use
this approach to understand Io;b,I5; and prove Theorems [I.1.4]and [I.1.7]

In Section we will first prove Theorem [1.2.3] and then give a formula for the
square of D), which will be the starting point of our approach.

In Section we will rescale the operator DIQ, to get an operator .%;, and then give
the Taylor expansion of the rescaled operator.

In Section [1.2.3] we will study more precisely the limit operator .%5.

1.2.1 The square of D,

For further details on the material of this subsection, the lector can read [46]. First of
all let us give some notations.

The Riemannian volume form of (X, ¢”™¥) is given by dvx = w"/n! . We will denote
by (-,-) the C-bilinear form on TX ® C induced by g7*.

For the rest of this Section we will fix (w1, ...,w,) a local orthonormal frame of
TWO X with dual frame (w',...,w"). Then (@y,...,w,) is a local orthonormal frame of
TODX whose dual frame is denoted by (@', ..., w"), and the vectors

e

W(wj —@j) (1.2.1)

(wj +w;) and ey =

1
€2j—1 = \ﬁ

form a local orthonormal frame of T'X.

We choose the Hermitian metric hA”* on A (T*X) := A*(T*OD X) such that
{@Wt A AWF[1 < jy < -+ < jip < n}is an orthonormal frame of A%®(T*X).

For any Hermitian bundle (F, h") over X, let #°°(X, F) be the space of smooth sections
of F. It is endowed with the L?-Hermitian metric:

(51, 89) = /X (51(x), $2(2))rdvg (2). (1.2.2)

The corresponding norm will be denoted by || - |12, and the completion of (X, F') with
respect to this norm by L?(X, F).
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Let 0F be the Dolbeault operator of E: it is the (0, 1)-part of the connection vE
5 = (vP)"'  6(X.B) » ¢ (X, T"OVX 0 I). (1.2.3)
We extend it to get an operator
oF: Q% (X, E) — Q¥ (X, F) (1.2.4)
by the Leibniz formula: for s € €°°(X, E) and o € €°(X, A%*(T* X)) homogeneous,
I (a®s)=(0a)® s+ (—1)8% @ IFs. (1.2.5)
We can now define the operator
DF = V2 (97 4 07) - Q°*(X, E) — Q"*(X, B), (1.2.6)

where the dual is taken with respect to the L?- norm associated with the Hermitian metrics
hA” and hP.

Let VAT"X) be the connection on A(T*X) induced by the Levi-Civita connection
VTX of X. Since X is Kihler, VI¥ preserves 7OV X and T X, Thus, it induces a
connection VIV on T*OD X and then a Hermitian connection VA" on A% (T*X).
We then have that for any o € €>°(X, A%*(T* X)),

VA o = VAT X, (1.2.7)

Note the important fact that VAT"X) preserves the bi-grading on A (T*X).
Let VA"*®F .— YA @1 41 ® VE be the connection on A%*(T*X) ® E induced by
VA" and VP

Proposition 1.2.1. On Q%*(X, E), we have:

AE _ —ij AO’°®E
0% =w ANV, ,

J
AE*x _ ;A QF
0% = —igg; Vi, .

(1.2.8)

Proof. We still denote by V¥ the extension of the connection V¥ to Q**(X, E) by the
usual formula VE(a ® 5) = da ®@ s + (—=1)48% A VEs for s € €°(X,E) and a €
€= (X, A(T*X)) homogeneous. We know that d = £ o VAT"X) where ¢ is the exterior
multiplication (see [46, (1.2.44)]), so we get that VF = & o VA" X)®F Using (1.2.7), it
follows that

58 = (VEYOL = 79 A V%j"@)E,

which is the first part of (1.2.8)).
The second part of our proposition follows classically from the first by exactly the same
computation as in [46, Lemma 1.4.4]. O

Definition 1.2.2. Let v = 010 + 0% e TX = TAOX ¢ TOD X | and OV* e 701 x
the dual of v%0 for (-,-). We define the Clifford action of TX on A%*(T*X) by

e(w) = V2 (3" A —iyon). (1.2.9)
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We verify easily that for u,v € TX,
c(u)e(v) + c(v)e(u) = —2(u, vy, (1.2.10)

and that for any skew-adjoint endomorphism A of T'X,
1 1 _ .
Z(Aei, ejye(e;)c(e;) = _§<ij’ W;) + (Awe, Wy )W™ A i,

1 1
+ 5 {Awe, W), + §<Am,@m>mf AT A . (1.2.11)

Let V9 be the Chern connection of det(T(19) X) := AM(T10) X)), and V! the Clifford
connection on A%*(7*X) induced by V7X and V9 (see [46, (1.3.5)]). We also denote by
V the connection on A%*(T*X) ® E induced by V¢! and VF. By [46, (1.3.5)], (1.2.11))
and the fact that V9 is holomorphic, we get

VOl = vA”", (1.2.12)

Let D%F be the associated spin® Dirac operator:

2n
cE __ Ao Cl, 00,e 0,0
D —Z:lc(ej)vej.ﬂ (X,E) = Q" (X, E). (1.2.13)
]:

By (1.2.8]) and (1.2.12)), we have

Theorem 1.2.3. D is equal to the spin® Dirac operator D acting on Q%*(X, E).
Remark 1.2.4. Note that all the results proved in the beginning of this subsection hold
without assuming the pre-quantization condition ((1.1.1]), but from now on we will use it.

Let (F,h") be a Hermitian vector bundle on X and let V¥ be a Hermitian connection
on F. Then the Bochner Laplacian AF acting on €°°(X, F) is defined by

2n
AF =% ((vﬁ;)Q - vggjxej) : (1.2.14)
j=1
On Q%*(X), we define the number operator N by
Nlaoix) = Js (1.2.15)

and we also denote by A the operator A’ ® 1 acting on Q%*(X, F).

The bundle L? is endowed with the connection V¥ induced by V¥ (which is also its
Chern connection). Let VF®F .= V1" 214 1® V¥ be the connection on LP ® E induced
by VI and VF. We will denote

D, = DL"®E, (1.2.16)

Theorem 1.2.5. The square of D, is given by

. 1
D2 = ANRLPEE _RE (. 755) — 2pn + AmpN + 2 (RE + 2Rdet) (wp, W )T™ A i,

+ RE (wy, wy, )i, i, + RE (W, Wy )W A T™. (1.2.17)
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Proof. By Theorem we can use [46, Theorem 1.3.5]:

X 1
p2=aCy 1 (RLP@E + 2Rdet> (eqr e5)cles)eles), (1.2.18)

4 2

where 7 is the scalar curvature of X. From (T.2.12), we sce that ACl = AA®*®LGE
Moreover, r* = 2R (w;,w;) and R¥'®F = RE 4 pRL. Using the equivalent of (T.2.11))
for 2-forms (substituting A(-,-) for (A-,-)) and the fact that R* and R are (1, 1)-forms,

(1.2.18)) reads

o 1 1
D}Q) — AAO RLPRFE + §Rdet(w]‘,@j) _ (RE(wj,wj) +pRL(U)j,@j) + 2Rdet(wj’wj))
1
42 (RE +pRY + 2Rdet) (w0, T JT™ A i, + R (w0, )iy i,
+ RE(wy, wy W' Aw™.

Thanks to ([.1.1), we have R (wy, Wy,) = 278¢m. Moreover, N' = 3, @" Aig,, thus we
get Theorem O

1.2.2 Rescaling D’

In this subsection, we rescale Dg, but to do this we must define it on a vector space.
Therefore, we will use normal coordinates to transfer the problem on the tangent space
to X at a fixed point. Then we give a Taylor expansion of the rescaled operator, but the
problem is that each operator acts on a different space, namely

E, = A" (T"X)® [’ ® E,

so we must first handle this issue.

Fix z9 € X. For the rest of this chapter, we fix {w;} an orthonormal basis of Ta(;[l)’O)X ,
with dual basis {w’}, and we construct an orthonormal basis {e;} of T}, X from {w;} as
in .

For ¢ > 0, we denote by BX (zg,¢) and B0 (0, ¢) the open balls in X and T}, X with
center xg and 0 and radius e respectively. If expg)fo is the Riemannian exponential of X,
then for  small enough, Z € BT0%(0,¢) s exp} (Z) € B¥(z¢,¢) is a diffeomorphism,
which gives local coordinates by identifying Ty, X with R?" via the orthonormal basis {e;}:

(Z1,..., Zon) ER* = > Zie; € Ty X. (1.2.19)

7

From now on, we will always identify B7=0X(0,¢) and BX(zo,¢). Note that in this iden-
tification, the radial vector field R = ), Z;e; becomes R = Z, so Z can be viewed as a
point or as a tangent vector.

For Z € BT:X(0,¢), we identify (Loz,hg), (Ez,hE) and (A%*(T*X),hd"") with
(Lag, hE), (Egy, hE) and (A%*(T7 X),h2d ") by parallel transport with respect to the

connection V¥, V¥ and A2 along the geodesic ray t € [0,1] — tZ. We denote by I'",
I'E and TA”* the corresponding connection forms of V¥, V¥ and VA,

Remark 1.2.6. Note that since VA" preserves the degree, the identification between
A%*(T*X) and A®*(T X) is compatible with the degree. Thus, F/Z\O’. €®; End(A%(T*X)).
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Let Sp be a unit vector of Lg,. It gives an isometry L =~ C, which induces an

isometry
Epry =~ (A" (T*X) ® E)yy =: By (1.2.20)

Thus, in our trivialization, Df) acts on [E,,, but this action may a priori depend on the
choice of Sp. In fact, since the operator D2 takes values in End(E, ) which is canonically
isomorphic to End(E),, (by the natural identification End(LP) ~ C), all our formulas do
not depend on this choice.

Let dvrx be the Riemannian volume form of (T, X, g70X), and x(Z) be the smooth
positive function defined for |Z| < e by

dvx (Z) = k(Z)dvrx(Z), (1.2.21)
with (0) = 1.
Definition 1.2.7. We denote by Vi the ordinary differentiation operator in the direction
U on T,,X. For s € ¢°(R*",E,,), and for t = %, set
(St8)(2) = s(Z/1),
v, = tSt_lmlmvm%_l/QSt,

1 L
Vo=V + 3R (Z.), (1.2.22)
oipt _ t2St_1l<61/2D12)I€71/2St,
L =— Z(Vo,ei)Z +4nN — 2mn.

)

Let ||-||z2 be the L2norm induced by h¥=0 and dvrx. We can now state the key result
in our approach to Theorems [[.1.4] and [I.1.7}

Theorem 1.2.8. There exist second-order formally self-adjoint (with respect to || - ||12)
differential operators O, with polynomial coefficients such that for all m € N,

m
L=Zy+ Y 'O+ 0™ ). (1.2.23)
r=1
Furthermore, each O, can be decomposed as
0, =0%+0,2+ 0,2 (1.2.24)
where OF changes the degree of the form it acts on by k.

Proof. The first part of the theorem (i.e., equation (1.2.23])) is contained in [47, Theorem
1.4]. We will briefly recall how they obtained this result.
Let ®5 be the smooth self-adjoint section of End(E,,) on BT=0X (0, ¢):

1
®p = —R"(w;, w))+2 (RE + 2Rd6t> (W, Wi )T™ A i,

(1.2.25)
+ RE (wg, wy, )iw, i, + RE (W, Wy )W A T™.
We can see that we can decompose ®p = % + ®}* + %, where
1
dY = RE(wj,Ej) +2 (RE + 2Rdet> (wg, Wy, )W™ A iz, preserves the degree,
(1.2.26)

qu:Q — RE(wg,ﬁm)ﬁz Aw™ rises the degree by 2,

®,.* = R¥ (wp, wy,)im,iw,, lowers the degree by 2.
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Using Theorem [1.2.5] we find that :

D2 = ANELPOE | p(_9mn 4 AnN) + . (1.2.27)

Let g;5(Z) = g7 (ei, ¢;)(Z) and (gij(Z))ij be the inverse of the matrix (gi;(2)),;. Let
(VIXe;) (2) = TE(Z)ex. As in [6, (4.1.34)], by and (T.2.27), we get:

. 1
Vi = kY2(tZ) <v. T + T, + trfz) k~V2(t2),
¢ (1.2.28)

L= =97 (t2) (Vi Vie, = T (t2)Vie, ) — 270 + 4nN + 2 (t2).

Moreover, = (det(g;;))!/?, thus we can prove equations as in [46, Theorem 4.1.7]
by taking the Taylor expansion of each term appearing in (|1.2.28)). Note that in [46], every
data has to be extended to T, X to make the analysis work, but as we admit the result,
we do not have to worry about it and simply restrict ourselves to a neighborhood of xg.

Now, it is clear that in the formula for .%; in (1.2.28)), the term
L0 1= =g (tZ) (Vie,Vie; = D5 (EZ)Vie, ) = 2mn + 47N + 20%(¢2)  (1.2.29)

preserves the degree, because " does (as explained in Remark . Thus, using
(1.2.26)) and taking Taylor expansion of .%; in ([1.2.28]), we can write

! (1.2.30)
PO (tZ) =Y 0P
r=2

From (|1.2.30)), we get (1.2.24).
Finally, due to the presence of the conjugation by x/2 in (1.2.22)), .% is a formally

self-adjoint operator on €°°(R?", E,,) with respect to || - ||z2. Thus, % and the O,’s also
are. O

Recall that Z = (RF)%? € Q2(X,End(E)).

Proposition 1.2.9. We have

O; =0. (1.2.31)
For Oy, we have the formulas:
052 =Rpy, O3 = (R, (1.2.32)
and
o_ L, orx E — "2
0y = §<Rw0 (Z,ei)Z,ej)V0,e;Vo.e; — Ry (wj,wj) — FO

1
- <<3R50X(Z, er)er + ngoX(z, 2)Z, ej> —-RE (Z, ej)> Vo, (1.2.33)

Proof. For F = L, E or A>*(T*X), it is known that (see for instance [46, Lemma 1.2.4])

Z (aafF)xo(ej)g - T j— 1 Z (aaRF)Io(Zv ej)Za

|a|=r ’ |a|=r—1

= (1.2.34)
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and in particular,
Z(ej) 2 IEO( 76]) (‘ | )' ( e )

Furthermore, we know that
9ij(Z) = 6+ O(|1Z]?) : (1.2.36)
it is the Gauss lemma (see [46, (1.2.19)]). It implies that
K(Z) = |det(gi;(2))['/* =1+ 0(|Z]?). (1.2.37)
Moreover, the second line of [46] (4.1.103)] entails

\/Qng(z, ej) = (JZ,e;) + O(|Z]%), (1.2.38)

and thus by (|1.2.34) and (1.2.38)

1
rt = 5RQQO(Z, ej) +O(|Z). (1.2.39)

Using (1.2.28)), (1.2.35), (1.2.37) and (1.2.39)), we see that

Vi = Vo + O(t?). (1.2.40)

Finally, using again (1.2.28]), (1.2.36)) and (1.2.40), we get O; = 0.
Concerning 02i2, from (|1.2.30)), we see that

05 = ©1*(0) = RE, (W, We) W' AW = (RE)? = R, (1.2.41)
02—2 — (I)EQ(O) — Rfo (U)Z,wm)i@ﬂ.@m = ((Rf())O,Q) = (%xo)*, 4.

Finally, by and [46], (4.1.34)], we see that our .2 corresponds to .%; in [46].
Thus, by and [46, (4.1.31)], our 0 is equal to their Os (this is because in their
case, F is holomorphic, so R¥ is a (1,1)-form and there is no term changing the degree
in (OF"®F 4 9L"®E*)2 hut the terms preserving the degree are the same as ours). Hence
follows from [46], Theorem 4.1.25]. O

1.2.3 Bergman kernel of the limit operator %

In this subsection, we study more precisely the operator .%.

We introduce the complex coordinates z = (z1,...,2,) on C* ~ R?". Thus, we get
Z =24z w; = \/Qa%j and w; = \/56%]_. We will identify z to }; zjaizj and 2z to }_; gja%j
when we consider z and z as vector fields.

Set N
bj = —2V076%j, bj = 2V07%j,
1.2.42
b= (b1,....bn), ZL=-) (Voe)* —2mn. ( )
By definition, Vo =V + %Riﬁo (Z,-) so we get
0 0
b, = —-2— + nz;, b =2—— + T2, (1.2.43)

aZi ! azz
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and for any polynomial g(z,2) in z and Z,

[bi, b+] = —47‘(’67;]', [bz, b]] = [bj_, bj_} = 0,
_ 9 _ o 9 _ (1.2.44)
{Q(Z, Z)a bj] = 259('27 2)7 [g(z, Z)a b ] = _2ﬁg(zv Z)
j J j
Finally, a simple calculation shows:
£ = bibf and 4 =L + 4N (1.2.45)

Recall that we denoted by ||-||;2 the L?-norm associated with h*=0 and dvrx. As for this
norm b} = (b;)*, we see that .Z and % are self-adjoint with respect to this norm.
The next theorem is proved in [46, Theorem 4.1.20]:

Theorem 1.2.10. The spectrum of the restriction of £ to L*(R®") is Sp(Z|r2(r2n)) =
47N and an orthogonal basis of the eigenspace for the eigenvalue 4wk is

b <zﬁ exp <—72T|z]2)> , with o, B € N" and zi:ai =k. (1.2.46)

Especially, an orthonormal basis of ker(Z|12g2ny) is

181\ /2
(7%') 2P exp (—2]2\2) , (1.2.47)

and thus if #(Z, Z') is the smooth kernel of & the orthogonal projection from (L?(R?"),||-
|lo) onto ker(.Z) (where ||-||o is the L?-norm associated to g2*) with respect to dvrx (Z'),
we have

P(2,2") = exp <—72r(|z]2 +P -2z z’)) . (1.2.48)

Now let PV be the orthogonal projection from (L?(R?",E,,),|| - ||z2) onto N :=
ker(.%), and PN (Z, Z") be its smooth kernel with respect to dvrx(Z’). From (1.2.45)), we
have:

PN(z,72"y = 22,72 . (1.2.49)

1.3 The first coefficient in the asymptotic expansion

In this section we prove Theorem [I.1.4] We will proceed as follows.

In Section following [46, Section 4.1.7], we will give a formula for b, involving
the O,’s and %.

In Section [1.3.2] we will see how this formula entails Theorem

1.3.1 A formula for b,

By Theorem [1.2.10[ and (|1.2.45]), we know that for every A € d the unit circle in C,
(A — %) ! exists.
Let f(\,t) be a formal power series on t with values in End(L?(R?",E,,)):

fNt) = iotrfr(A) with f.(\) € End(L*(R*", E,,)). (1.3.1)
r=0
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Consider the equation of formal power series on t for A € §:

+00
()\ - .;%0 - Z tr(’)r> f()\, t) = IdL2(R2”,EIO)' (132)

r=1

We then find that
fo) = (A= Z)7,

v 1.3.3
fr<)‘) - (A_XO) 1zojfr—j(/\)' ( )
j=1
Thus by (1.2.31]) and by induction,
fr(\) = Yo AL 0. (A-L) O, | (A= L) (1.3.4)
r1+---;7ék:r
ri>

Definition 1.3.1. Following [46, (4.1.91)], we define .%, by

> 1
F, = m/éfr()\)d)\, (1.3.5)

and we denote by .%,.(Z, Z') its smooth kernel with respect to dvrx(Z’).

Theorem 1.3.2. The following equation holds:
br(:EO) = e9527"(0*))' (136)

Proof. This formula follows from [46, Theorem 8.1.4], as [46], (4.1.97)] follows from [46],
Theorem 4.1.24], remembering that in our situation, the Bergman kernel P, is not sup-
ported in degree 0. O

1.3.2 Proof of Theorem [1.1.4l

Let Ty(A\) = A=%) 1O, ... (A= %) 71O, (A= %) ! be the term in the sum
corresponding to r = (r1,...,71). Let N+ be the orthogonal of N in L?(R?" E,,), and
PN" be the associated orthogonal projector. In Ty(A), cach term (A — .%)~! can be
decomposed as

A= Z) = (A — )PV %PN. (1.3.7)
Set .
LN (N =(M—%)'PYN, V) = TP (1.3.8)

By (1.2.45)), % preserves the degree, and thus so do (A — %)~ !, LN" and LV,
For n = (n1,...,Mkt1) € {N, NLYE+L et

TA) = L (N)Oy, ... L™ (A)O,, L+1()). (1.3.9)

We can decompose:

(N = > TN, (1.3.10)

N=(1M1,-,Mk+1)
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and by (1.3.4) and (L3.9)
1
Typ = ——— > /T"(A)d)\. (1.3.11)
2my/ =1, s T
(M1 Mht1)

Note that LN™ (M) is an holomorphic function of A, so
/LNL(A)OTI LN (N0, LN (\)dA = 0. (1.3.12)
é
Thus, in (1.3.11)), every non-zero term that appears contains at least one LY (N):

/Tr"()\)d)\ # 0 = there exists ig such that n;, = N. (1.3.13)
6

Now fix k and j in N. Let s € L2(R?" E,,) be a form of degree 27, r € (N\ {0, 1})* such
that 3,7 = 2r and 9 = (91,...,Mks1) € {N, NL}**1 such that there is a ig satisfying
iy = N. We want to find a necessary condition for I5; Ty (A)I2js to be non-zero.

Suppose then that Io;Ty(A)I2js # 0. Since Lo = %PN, and N is concentrated in
degree 0, we must have

deg (O, L"0+1 (\)O LT (A)Op L4 (W) ) =0,

Tig+1 * *

but each L7 (\) preserves the degree, and by Theorem each O,, lowers the degree at
most by 2, so

0 = deg (Or, L0 (\)Opy - L™ (N O L (N Iy ) > 25 — 2(k — ig + 1),

and thus
2j < 2(k —ig + 1). (1.3.14)
Similarly, L™ (A)O,, ...L" (X)O,, L"+1(X)Is;s must have a non-zero component in

degree 2j and by Theorem [I.2.§ each O,, rises the degree at most by 2, so 2j must be less
or equal to the number of O,,’s appearing before (’)%, that is

2j < 2(ip — 1). (1.3.15)

With (T.3.14) and (T.3.15), we find
45 < 2k. (1.3.16)

Finally, since for every ¢, r; > 2 and Zi-“:l r; = 2r, we have 2k < 2r, and thus
45 <2k < 2r. (1.3.17)

Consequently, if r < 25 we have Iy; Ty (A\)I2; = 0, and by (1.3.11)), we find Iy;. %o, Io; =
0. Using Theorem [1.3.2] we find
I>;b.15; = 0,

which, combined with Theorem entails the first part of Theorem

For the second part of this theorem, let us assume that we are in the limit case where
r = 2j. We also suppose that j > 1, because in the case j = 0, [46] (8.1.5)] implies that
bo(z0) = F0(0,0) = Ip2(0,0) = Iy, so Theorem [1.1.4]is true for j = 0.

In I5;.#4i15;, there is only one term satisfying equations (|1.3.14)), (1.3.15)) and (1.3.17):
first we see that imply that » = k = 2§ and for all ¢, r; = 2, while and
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(1.3.15) imply that the 7o such that n;, = IV is unique and equal to j. Moreover, since the
degree must decrease by 25 and then increase by 2j with only £ = 2j O,,’s available, only
OF 2 and Oy 2 appear in I5;Z4jI5j, and not 09. To summarize:

1 _ Jj1 _ _ J
R /6 Ly (A= %)~ PV" 0f?) TPV (02200 = 2) 1PV Iy

— [2j (goflPNLogﬁ)] pN (OQ—QDE/pofleL)J IQj
_ J _ _1\J
= I (%7'05%) PN (0 %7") Iy, (1.3.18)
because by ([.2.45), L2(R?", (A>>9(T*X) ® E),,) C N+, so we can remove the PN,

Let A = Iy; (fo_lOgrz)J PN Since (05%)* = O5? (see Proposition [1.2.9) and % is
self-adjoint, the adjoint of A is A* = PV ((’)2_2.,%*1)j I>;, and thus

I2jy4j[2j = AA*. (1.3.19)

Recall that P = 21 (see (1.2.49)). Let s € L*(R*", E,,), since % = .Z + 47N and
ZLPs =0, the term (Fs)%y, is an eigenfunction of %y for the eigenvalue 2 x 4m. Thus,
we get

L0 PN s = L4702 Ps = Ly ((Ps) Rwy) = i%%o@& (1.3.20)

Now, an easy induction shows that

1 1 .
A= 3 1P, P =

11 .
(An)i 2 x4 x -+ x Ky P (1.3.21)

(47T)j QTﬂIQj zo

Let A(Z,Z') and A*(Z, Z") be the smooth kernels of A and A* with respect to dvpx (Z').
By 1319 ; I2jy4j12j(070) = fRQn A(O, Z)A*(Z, O)dZ Thanks to

[, PO.2)P(Z,0)dZ = (2 0 2)(0.0) = 2(0,0) = 1 (1.3.22)

and ((1.3.21)), we find ([1.1.9).

1.4 The second coefficient in the asymptotic expansion
In this section, we prove Theorem m Using (|1.3.6), we know that
Igjbgj_HIzj (0, O) = Igjg4j+212j (O, 0) (1.4.1)

In Section [[.4.1 we decompose this term into three terms, and then in Sections [I.4.2]
and we handle them separately.

For the rest of the section we fix j € [0,n]. For every smoothing operator F' acting
on L?(R?*" E,,) that appears in this section, we will denote by F(Z, Z') its smooth kernel
with respect to dvrx (Z').
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1.4.1 Decomposition of the problem

Applying inequality with 7 = 2j + 1, we see that in I;. %4121, the non-zero
terms 57y (A\)dA appearing in decomposition satisfy k = 25 or k = 2j + 1. Since
> =47 +2and r; > 2, we see that in Iy;. %4512, there are three types of terms 7,7(\)
with non-zero integral, in which:

o for k = 2j:

— there are 25 — 2 O,,’s equal to O and 2 equal to O3: we will denote by I the sum
of these terms,

— there are 2j — 1 O,,’s equal to Oz and 1 equal to O4: we will denote by II the sum
of these terms,

o for k=254 1:

— all the O,,’s are equal to Oy: we will denote by III the sum of these terms.

We thus have a decomposition
Iyj Fsji0l; =1+ 114 111 (1.4.2)

Remark 1.4.1. Note that for the two sums I and II to be non-zero, we must have j > 1.
Moreover, in the two first cases, as k = 2j, by the same reasoning as in Section [1.3.2

(1.3.14) and (1.3.15) imply that the i such that 1, = N is unique and equal to j, and
that only (’);“, O3 and (’)ff2 appear in I and II, and not some (’)91_.

1.4.2 The term involving only O,

Lemma 1.4.2. In any term T}(\) appearing in the term II1 (with non-vanishing integral),
the i such that n;, = N is unique and equal to j or j + 1. If we denote by III, and III,
the sum of the terms corresponding to these two cases, we have:

J
I, = Y (% 03 ML 109 (L1032 PN (0, 47V Iy,
k=0

(1.4.3)
11T, = (I11,)*,

III = 111, + IIT,.

Remark 1.4.3. For the same reason as for (|1.3.18]), we have removed the PN"s in (11.4.3)
without getting any problem with the existence of %~

Proof. Fix a term T}!()\) appearing in the term III with non-vanishing integral. Using
again the same reasoning as in Section [1.3.2] we see that there exists at most two indices
ip such that n;, = N, and that they are in {j,j + 1}. Indeed, with only 2j +1 O,,’s at
our disposal, we need j of them before the first PV, and j after the last one.

Now, the only possible term with n; = 141 = IV is:

(Lo PNoyPN (02 %) .
To prove that this term is vanishing, we will use [49]. By (1.2.33)), [49] (3.13),(3.16b)] and
[49, (4.1a)] we see that 209 = 0, and so
PNOYSPN = 20821, = 0, (1.4.4)

we have proved the first part of the lemma.
The second part follows from the reasoning made at the beginning of this proof, and
the facts that ig is unique, 09 is self-adjoint and (.,?0*1(’);2)* = (’)2_2.20*1. d
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Let us compute the term that appears in :
I, ;. := I (L O3 F( LN (L OFA PN (052 % 1) ;. (1.4.5)
With , we know that
PN(Og2%y Y Iy = (4710]2]1],9 (%1, 1, (1.4.6)
and
Lj(Z 03 H (A 09 (L% o) P
- @;mbj(c%10#)]”?%%03@5@)%. (1.4.7)
Let
5 5 11 (1.4.8)
B =15 (552,
By [49, Lemma 3.1], we know that
Ryineg = Reinkg = Rigom = Regem and 75 = 8 Rinmgq. (1.4.9)

Once again, our 09 correspond to the Oy of [49] (see (1.2.33) and [49, (3.13),(3.16b)]),
so we can use [49, (4.6)] to get:

1 4
OY%% P = (Gbmbqumngkze + 3beRejuge = gbququkzﬂ{n - bqu;z@) A P,
(1.4.10)
Set
1 4
a= gbmbqumqukzz, b= gbqu}quZa 1.411)
- i 4.
c= fgbqumngkzygz;n, d= bqREjzz.
Thanks to (1.2.45), (1.2.46) and (1.4.10), we find
b+c+d
L 0% P21, = ( a )%k I 1.4.12
0 2Two T 0T \Yn(2 4 2k) " An(142k)) T w070 ( )
and by induction, (|1.4.7) becomes
Lj(L o) H 4 o9) (L o5 ) PN (1.4.13)
1 1 , a b+c+d
= L@k k- P,.
(47)i+T 2k 2%, ((2 o) 242) g2k (4 2j)) Hao P 1o
Lemma 1.4.4. We have:
1 1
(a%k 2)(0,Z) = 67“5‘%‘%50‘@(0’ zZ), (0% 2)(0,2) = —grgg%;fo,@(o, Z), (1.4.14)

(ct 2)(0,2) =0, (d%k )

E gk
(0,2) = —2RE%E 2(0, 7).
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Proof. This lemma is a consequence of the relations ([1.2.44) and (1.4.9). For instance, we
will compute (b%% 22)(0, Z), the other terms are similar.

4
(b%*, 2)(0, 2) = <3bqRékqug%§0 9) (0, 2)

4

1
Rg,c,d%k 2(0,2) = —gr;g%k 2(0,2).

Using ((1.3.22)), (1.4.5)), (1.4.6) and (1.4.12)), we find
GCj(k) ) X G, (k) E | gk )"
- Ny R ) Iz
o2k +1)) ™ 2r(2h 4 1) aa| P (#4,) 1
(1.4.15)
Notice that 2qu = RE (\/ia%q7 \@8%(1) = RE (wq,w,) = \/—1Rf7$0 by definition. Con-
sequently,

111, (0,0) =

k1
L,(0,0)= Loy G5 (1), © | (Cona G+ 1=

‘[2] Z‘@j g |: ( J+1(] +1) %)rﬁ’ 47_‘_?2]{(_31) FRAIO:| (;@] ) Igj.

(1.4.16)

1.4.3 The two other terms

In this subsectlon we suppose that j > 1 (cf. Remark- Moreover, the existence
of any .%,~! appearing in this section follows from the reasoning done in Remark -,
and this operator will be used without further precision.

Due to ((1.2.30)), we have

d /o 0. 0%

o = < (®52(62)) li=o = 25— 5, (0) + 2 (0) and (1.4.17)
. 92 2 5.5. 92

OIQ _ ZiZj 0°X. _ 0°%. 0 Zizj O°X. (1.4.18)

2 8216,2] (0) + le] 82265]( ) + 2 8518% (0)
The sum I can be decomposed inyo 3 ‘sub-sums’: I, I, and I, in which the two O3’s
appearing are respectively both at the left of PN, either side of PN or both at the right
of PV (see Remark . As usual, we have I, = (I,)*.
In the same way, we can decompose II = II, + II;: in II, the O4 appears at the left of
PN and in II; at the right of PY. Once again, II;, = (II,)*.

Computation of I;(0,0)
To compute I, we first compute the value at (0, Z) of the kernel of
Ay = Lj( L o5 Y AT o) (LT o 2 L. (1.4.19)
By ((1.3.21]) and ([1.4.17)),

_ . _ 1 1
Ak = IZ](X(J 10;2)J b 1(30 10;2) (47T)k 2Tk' 50 yl@
1 1 0. _O0%.

T '(30710;-2)]'716713071 P

— k

¢ 0z; (0) t 621
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Now by Theorem [1.2.10} if s € N, then z;s € N, so by the same calculation as in (1.3.21]),

1 1 B 3 OR.
(dr)F 2R (I%‘ (Lo A [ i, (0 >] 7 @Io) (0,2)
— Li . k— 18% k ) .
~ (4m)i 244 <I2J |:<%g;0 0z, V% ]219[0> (0,2) = 0. (1.4.21)
Now by and the formula (1.2.48)), we have
(b7 2)(2,2)) = 0 and (6:2)(2,2') = 25z = 5) (2, 2)) (1.4.22)
Thus,
1 1 _ 3 OR.
471')7“% (Igj(g 1O+2)J k— 13 1 [Zz s ( )] :@k r@IO> ( Z/) (1'4‘23)
1 1 _ _ 8% bz ~
= (47r)k2Tk! <Izj($ 1O+2)J k— 13 1 {8_ (0 )%k} (271-_'_2;) 910> (Z,Z/)

11 B O%.
= (dm)F 2FE <12j($ opT [azz( )%k}

1 bi 1 )
X <47r(2k+2+1)27r+ An(2k +2)° )L@I())(Z’Z)

_ 1 1 kla% k| 5 /
_(47r)12{7'< [%)% oz, (0)2%; } 2'910) (Z2,2°)
j—k—19%.

1 1
+ . : A
(4m)J 2k kI TT, (2 + 1) < % { N

(0)%" ] wa @10> (2, 2)).

For the last two lines, we used that if s € N, then Z(b;s) = 4wb;s (see Theorem [1.2.10)).

Thus, by ([.1.12) and (T.4.20)—(T.4.23)

4,0.2) = 471T)k2klk! (Igj(g —10f2) k1 gy [zl%‘f (0 )} 7 @10) (0, 2)
= (C(5) = C;(k)) Iy [%;Ok 1%‘? 0 )%k] . 2(0,2) 1. (1.4.24)

We know that (2, 2)* = 2,2, and [¢n 2mZqe” gz = (5mq, SO

(A1, 47)(0.0) = ~ 133 [ (C) — C500) )23, S 0) 2%
<[ (ei) - ey )l S it
(1.4.25)
Finally,
i—1
1,0,0) = I, {JZ EOR CM))%’%J“%‘?(O)%’:O]
k=0 v
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Computation of 1,(0,0) and 1.(0,0)

First recall that 1.(0,0) = (I,(0,0))", so we just need to compute I,(0,0). By the
definition of 1,(0,0), for it to be non-zero, it is necessary to have j > 2, which will be
assumed in this paragraph. Let

Agyg = Ioj(L O 2 (AT 05 (L 03 (AT 05) (LT 03 2,
(1.4.27)
the sum I,(0,0) is then given by

1,(0,0) :/R% (ZAM(O,Z)) X ((41)J 2}‘ 15, %’ @IO>*(Z,o)dvTX(Z). (1.4.28)
k0

In the following, we will set

bi
27
Using the same method as in (|1.2.44)), (1.4.21)), (1.4.22)) and (1.4.23), we find that there
exist constants C’éj, C’,g/ given by

bi = (1.4.29)

Cre = 11 01 ok+0+1 : ’
LT ()AL RO (4 f + 1)
» ) ) (1.4.30)
T (AR oo TR (25 4 1)
such that
(L O Lo BT o) (LKL of) I, (1.4.31)
L (0% O%. 0%, 0%. .
=% 1{82 (0)%5087(0)%ﬁ Chzizy + % ——(0)22), 82/( )R%, Ch oz (bi+ Z))
O%. 0. i
o (0)98%, S (0)584,5(CF b + Ch2h)
O%. 0%. _— - _
o (O, 52 (01684, (5 + Z)(CE b + CLiz) } 21
O%. 0%, 0%, O%. Y
:.,%0 { 82‘ ( )%];06 ( )%ﬁ C,%’gzizi/ + = 62 ( )‘%50 821( )%£00é7g(bizi/+7+zi/zl{)
0%, O%. N )
o (0)%%, — 9% (0)%5, <Cl%,z(bi’zi + 7) +C;,£Zizz{’>
O, S O, (CRolbiby + 2050) + Chalbizy + i) | 2,

Using Theorem [1.2.10, (1.2.44) and (|1.4.22]), we see that there exist constants C’ Kb
1=3,...,10, such that

C’%ez lie -1 » ! 041@@:0114 -1 j .
sk, Camy- D T (2s) I " (Am)i D T (25 + 1)
C’?k , = C? 1 1 6 2 1 !

| ‘ s —C : :
s IR R ()i ’
(4 )i —(tt41) [T 025 +1) ’ ()i (k) [Tite42(29)
1.4.32)
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and

5ot

OF. oy, 9% —+ Ciabiz) (1.4.33)

k—0—2 3
Ak (0, 2) = Iy; («@] {8% (0)%y, 920 (0 )(Cj,k,e
OR., . . OZ.
5, 075, 5= (0)(
O, O, - - ~
+ (0)%% 7 (0 )<C7Mbibi/ +08M2ibi/ + O ibizy —I—C;,%jzizi/)}%ﬁoﬂl()) (0,2)

0z;

0
5 6
Cs k7£bi/zz‘ + %Cj,k‘,é>

+ J7

0% oy, 22 0) (05, 5 (0)

T 0z; T

OX.
0z;

OX. _
(0685, 52 (0)(4C 0 = 2010 = 20+ C]l,%,g)zizi/}%ﬁo,@(o, 7).
Now with [ z;zy 22(0,2)2(Z,0)dZ = 0, we can rewrite ((1.4.28):

OX. OX.
k—t-2 [ (13 4 K
1.(0,0) = =~ =1y Z%J { Cire = Cing) oz (0)Zz, 2 (0)

0. 0. N
+(Copp = Cort)5— Bz, (0%, —— 5z, (0 )}ﬁﬁo (Q%O) Iy (1.4.34)

By (T.1.12), (T.4.30) and (T.4.32),

Cs,k,e =GC;(), C4k,e =Cj(k+L+1),

] ]’

’ 1 (1.4.35)
s=k+0+2
We can now write more precisely:
0. OR.

I 25 1)) i (a+2) 9% g—m m
2(0,0) 2j qZOmZO{( Cjla + ))% o5, (V2L 5 (07,

_ j—(q+2) Y2 g—m m y .
[1114:[2 (1 + ) 1] 2N 97 (0)Z o5, (0)%’%} (‘%xo) Iy;.

(1.4.36)

Computation of I1(0,0)

Recall that I1(0,0) = I1,(0, 0)+ (I1,(0, 0))*. The computation of II,(0,0) is very similar
to the computation of 1,(0,0), and is simpler, so we will follow the same method.
Let

By := Ipj (L OFY A TIOP) (LT 0 2 0,

the sum II,(0,0) is then given by

IT,( / <ZBk (0 Z) <(4 V 2}' I %! yfo)*(z, 0)dvrx(Z).  (1.4.37)
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Using (1.4.18)), we can repeat what we have done for (1.4.31]) and (1.4.33). We find
that there is a constant C' (which we do not need to compute) such that

(k+1) O*%. k Cj(j) - Cj(k)

)=
<oz>—12]{% e 0, =

j 0*%. 3.5
j—(k+1) 9 F- L iZi
+«%xo 07z;0zy © )% c 9 }‘@(0, Z)Iy. (1.4.38)
Thus, we get
C,(j Jj—1 . 2 N
11,(0,0) = J; n> (000 - 5025 0 LX (oygt () 1y (1.430)
k=0 0%
Conclusion

In order to conclude the proof of Theorem we just have to put the pieces together.
But before that, as we want to write the formulas in a more intrinsic way, we have to note
that since we trivialized A*(T*X) ® E with VA""®F  since w; = \f%, and thanks to
[49, (5.44),(5.45)], we have

%( 2 (
0z; V2
. 1 .

9205 (0 = (AR (o).

With these remarks and equations ((1.4.3)), (1.4.16[), (1.4.26)), (1.4.36)), (1.4.39) used in
decomposition (|1.4.2), we get Theorem

0X.

0= e

VA CER) (o), 0) = —= (Vi,""%.) (wo) and

vl

1.5 The third coefficient in the asymptotic expansion when
the first two vanish

In this section, we prove Theorem Using (1 , we know that
Igjb2j+212j (0, O) = Igjg4j+4fgj (O, 0) (1.5.1)

Here again, we will first decompose this term into several terms in Section [I.5.1] and
then in Sections [1.5.2] [T.5.3] and [1.5.4] we handle them separately.
For the rest of the section we fix j € [1,n], and we suppose that

By Theorems and this is equivalent to
R =0
{ v (1.5.3)
To(j) =0

For every smoothing operator F acting on L?(R?",E,,) that appears in this section,
we will denote by F(Z,Z’) its smooth kernel with respect to dvpx(Z’). Moreover, recall
that every operators A we have

Pos|A] = AA* and  Sym[A] = A+ A", (1.5.4)



1.5. THE THIRD COEFFICIENT IN THE ASYMPTOTIC EXPANSION WHEN THE FIRST TWO
VANISH o1

1.5.1 Decomposition of the computation

With the same reasoning as in Section we see that in the decomposition
of I5;F4j14la;, the non-zero terms [Ty (\)d\ appearing satisfy k = 2j, 2j + 1 or 25 + 2.
Moreover, we can find the possible terms by adding one term to or modifying the subscript
of the terms we mentioned in section The list of possible terms is as follows.

I. The terms such that k = 25 + 2.

Here, there are up to three indices i such that n; = N is and are in {j,j + 1,7 + 2}.
Moreover, the only O,’s appearing are some Os’s. The possibilities are now

I-a) 2j 4 2 times 052,
I-b) 2j times OF? and 2 times O.
II. The terms such that k =25 + 1.

Here, there are one or two indices ¢ such that n; = N is and are in {j,j + 1}, and
there is exactly one (92 that appears in these terms. We regroup them in relation to
the O,, that they contain.

II-a) 27 times O3 and 1 time OY,

II-b) 25 — 1 times OF?, 1 time OY and 1 time OF?,

II-¢c) 25 — 1 times 0212’ 1 time (9?2 and 1 time O,

I1-d) 25 — 2 times 032, 1 time OF and 2 times O3>
III. The terms such that k& = 2j.

Here, the ig such that 7;, = N is unique and equal to j, and no O? appears in these
terms. We regroup them in relation to the O,, that they contain.

I1-a) 2j — 4 times OF% and 4 times OF2,

I11-b) 2j — 3 times OF2, 2 times 032 and 1 time OF?,
III-c) 25 — 2 times (9552 and 2 times (’)fo,

I1-d) 25 — 2 times OF?2, 1 time 052 and 1 time O
IT-e) 2j — 1 times O3 and 1 time OF2.

This list seem quite long, but fortunately most of the terms will ultimately vanish due
to the fact that they make appear some terms involved in Io;bojlo; and Izjbajy112;.

In the sequel, the contribution to the third coefficient of the terms of type I-a), I-b),
etc. will be denoted by Ty,), T1.y,), etc.

1.5.2 The terms of type 1

We first begin with the following observation.

Lemma 1.5.1. For any j-tuple (ai,...,a;) of positive integers, we have
J
X(al,...7aj) = I2] H D%O_a203_2 PN = 0 (155)
i=1

Proof. This is an easy extension of the computation (1.3.21]), using the fact that %/ =
0. O
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The terms of type I-a)

In these terms, only some O;EQ appears, so there is either a unique ¢y such that n;, = N
which is then equal to j or j + 2, either exactly two such ¢g’s which are then j and j + 2.
Each term that is in the second case is a sum of term of the form

- X(a1,...,aj)OEQi”o_bOSrZX(*a; ..... a!) (1.5.6)

with a;,a,b € {1,2} (exactly one is equal to 2). By Lemma [1.5.1] these terms vanish.
Now, each term in the first case is equal or adjoint to a term of the form

j+2 A .
I, (H fo_l(’?gi) Py <I2j (30—1(9;2)9 @IO) , (1.5.7)

=1

where ¢; € {—2, 42} (exactly one of the ¢;’s is equal to -2). By Lemma, these terms
vanish.
Finally, every term of type I-a) vanishes and T1.a) = 0.

The terms of type I-b)

Using Lemma [1.5.1] as above, we see that the only non-zero terms of this type satisfy
that before the first index i such that 7; = N and after the last, there must be a O
appearing. As a consequence, the cases where two or three 7;’s are equal to N lead to
vanishing terms. We now deal with the terms where 7,1 = N and for i # j+1, 7, = N L
Such terms are of the form

(B3 (7 Oy 27 O8(24 7 05 ) (Iy (A1 OF) ™ 247 08(4 7 07%)" 7)) |

(1.5.8)

for 0 < k, k' < j. By the computations of Section and in particular (1.4.15)), we find
L (L0 471 03( L4 0 21y =

e[l | C, (k) Cy(k)
L.k | (. 1)— J X _ J V—1RE FP1I,.
25 {6 <CJ+1(3+ ) 27r(2k+1)>r$ In(2h + 1)V ] AP Do

(1.5.9)

Observe that 7% commutes with Z, and that 27 = 0, so the contribution of the terms
of type I-b) is finally Ty = Pos [T5(j)].

1.5.3 The terms of type II

The terms of type II-a)

In these terms, there are either only Oy 2 appearing at the right of the first PN or only
OF 2 appearing at the left of the last PV. Either way, all these terms vanish by Lemma

Hence Ty1,) = 0.

The terms of type II-b)

For these terms, there are two possibilities.

Firstly, there are two indices ¢ such that n; = N, and then they are equal to j and
j + 1. In this case, either before the first PV, either after the last, there are j O;r Dy (or
Oy 2’s) that appear, so all these terms vanish.
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Secondly, there is a unique 7g such that n;, = N and it is equal to j or j + 1. We
denote by S (resp. S2) the sum of the term for which iy = j (resp. ip = j + 1). Then
S1 =55 and

$p =3 { (L7105 N L0 (LT O L
k.l

X {Izj(30—1(9;2)j—£$0—10g(30—10;2)23310}*

= {Z I2j(30_1(9;2)j_k_1(30_1012)(30_1032)'“«@10}
k

X {Z Igj(go10;2)14,%103(3010;2)@10} .
)4

(1.5.10)

By (1.4.15) and (1.4.39) we find that the contribution of the terms of type II-b), i.e.
SI(O’O) + 52(070)7 is CZ1H—b) = Sym [7-2(3)7?5,(.])*]

The terms of type II-c)

The computation is the same as for terms of type II-b), except that in the case of a
unique ¢o such that 7;, = NN, in (1.5.10) we must replace OIQ by (9§r 2 and 09 by Og.
Recall that Ay has been defined in (1.4.19). By (1.4.24) and (1.5.3), we find that the

contribution of the terms of type II-c) is the symmetric operator associated to
*
{Z Ak} {Z Igj(.,%—1(9;2)J’—E.,s,ﬂo—log(zo—lof)@fo} . (1.5.11)
k V4

By ([:5.3) we get Tiro) = 0.

The terms of type II-d)

Here again, we have the same possibilities concerning the indices ¢ such that n; = N
as for terms of types II-b) or II-c). If there are two such indices, then they are equal to j
and j + 1 and between the two corresponding P"’s we will have the term OJ. By ,
these terms vanish.

We now suppose that there is a unique ¢y such that n;, = N. Then i9 = j or j + 1.
As %) = 0, any term where the two O3’s and the O appear on the same side of PV will
vanish. A term where there is 1 Qs at the left and 1 O3 at the right of PV is equal or
adjoint to

1
I (H .,%—IOZ;) PIy x Ay, (1.5.12)
i=1

where a; = 2 or 3 and ¢; = +2 except for exactly one i; satisfying a;; = 2 (for which
g, =0). By (1.4.24) and (1.5.3)), the sum of this terms vanishes.

Finally, the only possibility is that the two O3’s appear on the same side of PV, and O
on the other side. Recall that Ay, has been define in ([1.4.27). The sum of the remaining
terms is equal to

Sym

{Z Ahg} {Z 12],(301(/);2)ij010(2)(3010;-2)7713310} :| . (1.5.13)
T m

As a consequence, the contribution of terms of type I1-d) is Ti.q) = Sym [71(j) 75 (5)*]-
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1.5.4 The terms of type III

The computations rely on similar arguments that the ones undertaken in Sections[1.5.2
and We will therefore give the contribution of each sub-type directly.

The terms of type III-a)

The contribution of these terms is Tirr.,) = Pos [T1(j)].

The terms of type III-b)
The contribution of these terms is Tiir1,) = Sym [71(5)72(5)"]

The terms of type III-c)

The contribution of these terms is Tijrc) = Pos[Ta(j)].

The terms of type ITI-d)

The sum of all these terms vanishes: Tyjrq) = 0.

The terms of type IIl-e)

This terms vanishes, so that Tije) = 0.
By all the computations of Sections [I.5.2] [I.5.3] and [I.5.4] we get Theorem [I.1.§]




Chapter 2

G-invariant Holomorphic Morse
inequalities

2.1 Introduction

Morse Theory investigates the topological information carried by Morse functions on
a manifold and in particular their critical points. Let f be a Morse function on a compact
manifold of real dimension n. We suppose that f has isolated critical points. Let m,,
(0 < j < n) be the the number of critical points of f of Morse index j, and let b; be
the Betti numbers of the manifold. Then the strong Morse inequalities states that for

0<q<n,
q

q
S (1)1 < Y (1), (2.1.1)
5=0 j=0

with equality if ¢ = n. From (2.1.1)), we get the weak Morse inequalities:

bj <m; for 0<j<n. (2.1.2)

In his seminal paper [65], Witten gave an analytic proof of the Morse inequalities by
analyzing the spectrum of the Schrodinger operator A; = A + t2|df|? + ¢V, where t > 0
is a real parameter and V an operator of order 0. For ¢ — 400, Witten shows that the
spectrum of A; approaches in some sense the spectrum of a sum of harmonic oscillators
attached to the critical point of f.

In [27], Demailly established analogous asymptotic Morse inequalities for the Dolbeault
complex associated with high tensor powers LP := L®P of a holomorphic Hermitian line
bundle (L,h") over a compact complex manifold (M,.J). The inequalities of Demailly
give asymptotic bounds on the Morse sums of the Betti numbers of & on LP in terms of
certain integrals of the Chern curvature R” of (L,h%). More precisely, we define RL ¢
End(TMOM) by ¢"™™ (REu,T) = R (u,D) for u,v € THO M, where g™ is a J-invariant
Riemannian metric on 7M. We denote by M(< ¢) the set of points where R” is non-
degenerate and have at most ¢ negative eigenvalues, and we set n = dimc M. Then we
have for 0 < g <n

q 7 n
S (1) dim HY (M, L?) < 21'/ (—1)¢ (ﬁRL> +o(p™), (2.1.3)
7=0 n!t JM(<q) 2m
with equality if ¢ = n. Here H’(M, LP) denotes the Dolbeault cohomology in bidegree
(0,7), which is also the j-th group of cohomology of the sheaf of holomorphic sections of
LP.
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These inequalities have found numerous applications. In particular, Demailly used
them in [27] to find new geometric characterizations of Moishezon spaces, which improve
Siu’s solution in [56, 57] of the Grauert-Riemenschneider conjecture [36]. Another notable
application of the holomorphic Morse inequalities is the proof of the effective Matsusaka,
theorem by Siu [58, 29]. Recently, Demailly used these inequalities in [30] to prove a
significant step of a generalized version of the Green-Griffiths-Lang conjecture.

To prove these inequalities, the key remark of Demailly was that in the formula for
the Kodaira Laplacian [, associated with L?, the metric of L plays formally the role of
the Morse function in the paper Witten [65], and that the parameter p plays the role of
the parameter t. Then the Hessian of the Morse function becomes the curvature of the
bundle. The proof of Demailly was based on the study of the semi-classical behavior as
p — +o0 of the spectral counting functions of [J,. Subsequently, Bismut reproved in [6] the
holomorphic Morse inequalities by adapting his heat kernel proof of the Morse inequality
[5]. The key point is that we can compare the left hand side of with the alternate
trace of the heat kernel acting on forms of degree < ¢, i.e.,

q q )

S (~1)7 dim HI (M, LP) < S (—1)777 T 4L [exp ( - qu)] , (2.1.4)
- — p
7=0 7=0

with equality if ¢ = n. Then, Bismut obtained the holomorphic Morse inequalities by
showing the convergence of the heat kernel thanks to probability theory. Demailly [28]
and Bouche [20] gave an analytic approach of this result. In [46], Ma and Marinescu gave a
new of this convergence, replacing the probabilistic arguments of Bismut [6] by arguments
inspired by the analytic localization techniques of Bismut-Lebeau [14, Chap. 11].

When the bundle L is positive, is a consequence of the Hirzebruch-Riemann-
Roch theorem and of the Kodaira vanishing theorem, and reduces to

dim HO(M, IP) = 2 [ (X2RE)™ + o(p™). (2.1.5)

7 \/jl
n! / M ( 2
In this case, a local estimate can be obtained by the study of the asymptotic of the Bergman
kernel (the kernel of the orthogonal projection from €°°(M, LP) onto H°(M, LP)) when
p — +00. We refer to [46] and the reference therein for the study of the Bergman kernel.

In the equivariant case, a connected compact Lie group G acts on M and its action lifts
on L. When L is positive, Ma and Zhang [51] have studied the invariant Bergman kernel,
i.e., the kernel of the projection from ¢°°(M, LP) onto the G-invariant part of H°(M, LP).
Let 1+ be the moment map associated with the G-action on M (see ) Ma and Zhang
[51] established that the invariant Bergman kernel concentrate to any neighborhood U of
©~1(0), and that near u~1(0), we have a full off-diagonal asymptotic development. They
also obtain a fast decay of the invariant Bergman kernel in the normal directions to x~*(0),
which does not appear in the classical case.

In this chapter, we establish G-invariant holomorphic Morse inequalities in under cer-
tain natural condition in the context of Ma-Zhang [51] but without the assumption that
L is positive.

More precisely, we consider an action of a connected compact Lie group G on a compact
complex manifold M and two G-equivariant vector bundles L and E on M, with L of rank
1, and we establish asymptotic holomorphic Morse inequalities similar to for the
G-invariant part of the Dolbeault cohomology of LP ® E (see Theorems and .
To do so, we define a “moment map" pu: M — Lie(G) by the Kostant formula and we
define the reduction of M under natural hypothesis on ;~1(0) (see Assumption .
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Our inequalities are then given in term of the curvature of the bundle induced by L on
this reduction, and the integral in will be over subsets of the reduction.

A new feature in our setting when compared to Demailly’s result is the localization
near 1~ 1(0). We use a heat kernel method inspired by [6] (see also [46, Sect. 1.6-1.7]),
the key behind that an analogue of still holds (see Lemma for the Kodaira
Laplacian restricted to the space of invariant forms. We show that the heat kernel will
concentrate in any neighborhood U of p~1(0), and we study the asymptotic of the heat
kernel near 1~1(0). For this last part, we work with the operator induced by the Kodaira
Laplacian on the quotient of U. However, as we will have to integrate the heat kernel in
the normal directions to ~1(0), we need a more precise convergence result that in [46],
Sect. 1.6]. Indeed we also need to prove a uniform fast decay of the heat kernel in the
normal directions, which is analogous to the decay encountered in [51, Thm. 0.2]. Our
approach is largely inspired by [51].

Note that in the literature, there exists another type of holomorphic Morse inequalities
[66, B3], 67], which relate the Dolbeault cohomology groups of the fixed point-set of a
compact Kéhler manifold M endowed with an action of a compact connected Lie group
G to the Dolbeault cohomology groups of M itself.

We now give more details about our results. Let (M,.J) be a connected compact
complex manifold. Let n = dim¢c M. Let (L, h*) be a holomorphic Hermitian line bundle
on M, and (E,h*) a Hermitian complex vector bundle on M. We denote the Chern (i.e.,
holomorphic and Hermitian) connections of L and E respectively by V¥ and V¥, and
their respective curvatures by RV = (V)2 and RF = (VF)2. Let w be the first Chern
form of (L,h"), i.e., the (1,1)-form defined by

iy

w 2T

(2.1.6)

We do not assume that w is a positive (1, 1)-form.

Let G be a connected compact Lie group with Lie algebra g. Let d = dimgr G. We
assume that G acts holomorphically on (M, J), and that the action lifts in a holomorphic
action on L and E. We assume that h” and h¥ are preserved by the G-action. Then R”,
R¥ and w are G-invariant forms.

In the sequel, if F is any G-representation, we denote by F¢ the space of elements of
F' invariant under the action of G. The infinitesimal action of K € g on any F will be
denoted by L%, or simply by £Lx when it entails no confusion.

For K € g, let K™ be the vector field on M induced by K (see (2.2.2)). We can define
amap pu: M — g* by the Kostant formula

1

WK) = 5 (vf(M - LK) . (2.1.7)

Then for any K € g, du(K) = igmw. Moreover the set defined by
P = u"0) (2.1.8)

is stable by G.
We make the following assumption:

Assumption 2.1.1. 0 is a reqular value of .

Under Assumption P is a submanifold. Moreover, by Lemma G acts locally
freely on P, so that the quotient Mg = P/G is an orbifold, which we call the reduction of
M. For definition and basic properties of orbifolds, we refer to |46l Sect. 5.4] for instance.
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We denote by TY the tangent bundle of the orbits in P. As G acts locally freely on
P, we know that TY = Span(K™, K € g) and that it is a vector bundle on P.
The following analogue of the classical Kéahler reduction (see [37]) holds.

Theorem 2.1.2. The complex structure J on M induces a complex structure Jg on Mg,
for which the orbifold bundles L, Eg on Mg induced by L, E are holomorphic. Moreover,
the form w descends to a form wg on Mg and if R¥G is the Chern curvature of Lg for
the metric h*¢ induced by h*, then

v—1

=Y __Rle, 2.1.
wa o R (2.1.9)

Finally, m, induces an isomorphism
ker wg ~ (ker w)|p. (2.1.10)

Let b~ be the bilinear form on TM

V-1

2T

Then we will show in Lemma [2.3.3] that when restricted to TY x T'Y, the bilinear form
bl s non-degenerate on P. In particular, the signature of bL\TyXTy is constant on P.
We denote by (r,d —r) this signature, i.e., in any orthogonal (with respect to b%) basis of
TY |p, the matrix of b” will have r negative diagonal elements and d — r positive diagonal
elements.

We define RE¢ € End(T(19 Mg) by g(R*¢u, ) = R (u,7) for u,v € T0 Mg, where
g is a Jg-invariant Riemannian metric on the orbifold tangent bundle T'Mg. We denote by
Mg (q) the set of x € M such that R%G is invertible and has exactly g negative eigenvalues,
with the convention that if ¢ ¢ {0, ..., n—d}, then Mg(q) = 0. Set Mq(< q) = UL Mg (i).
Note that Mg (q) does not depend on the metric g.

As G preserves every structure we are given, it acts naturally on the Dolbeault coho-
mology H®(M, LP ® E). The following theorem is the main result of this chapter.

bl = RE(-,J) =w(-, ). (2.1.11)

Theorem 2.1.3. Assume that G acts effectively on M (i.e., the only element of G acting
as Idys is the identity). Then as p — +oo, the following strong Morse inequalities hold

forqe{l,...,n}

q n—d
—1)777 dim ,LP® <r —1)" Twg " tolpm ),
1)477 dim HY (M, LP ® E)° < rk(E)- 1)97" w4 o(pn
= (n = d)! Jmg(<q-r)
(2.1.12)
with equality for ¢ = n.
In particular, we get the weak Morse inequalities
pnfd

dim HO(M, 17 © ) < k() o /M ( )(—1)q—rwg*d+o(p"—d). (2.1.13)

*JMg(g—r

Remark 2.1.4. We assume temporarily that G acts freely on P, so that Mg is a manifold.

If L is positive, then w is a K&hler form and p is a genuine moment map. Moreover,
(Mg, wg) is the usual Kéhler reduction of M (see [37]). By [62, Thm. 0.2], quantization
and reduction commute in this case: for p large enough,

H*(M,LF @ E)¢ ~ H*(Mg, LY, ® Eg). (2.1.14)
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In particular, as in the non equivariant case, Theorem [2.1.3|is, in this case, a consequence
of (2.1.14)) and of the Hirzebruch-Riemann-Roch theorem and of the Kodaira vanishing
theorem, both applied in this case on Mg.

We prove here that even if w is degenerate or if G does not act freely on P, under
Assumption we have the same estimate for Z?ZO(—l)q_J dim HY (M, L’ @ E)© as the

one given by the holomorphic Morse inequalities on Mg for Z?;S(—l)q*j dim H/ (M, LP ®
E)C.

Theorem [2.1.3]is in fact a particular case of the more general Theorem below.
Set

G'={geqG : g-x=uxforany z € M}, (2.1.15)

which is a finite normal subgroup of GG. Note that we will see in that we also have
G'={geG : g-xv=uxforany z € P}.

Observe that dim(L2 ® E,)% does not depend on v € M. We will thus denote it
simply by dim(LP @ E)¢".

Theorem 2.1.5. As p — +o0, the following strong Morse inequalities hold for q €

{1,...,n}
q . .

(=1)%77 dim HY (M, LP @ E)®
=0

J
n—d
. p —r, n—d n—d
gmmy®m@——7/ (14w 4 o(p" %), (2.1.16)
(n —d)! Jag(<q—r) “

with equality for ¢ = n.
In particular, we get the weak Morse inequalities

n—d

dim H(M, L’ @ E)® < dim(LP @ E)%° L '/ (—1)T "Wl o(p™). (2.1.17)
(n—d)! Jma(g—r)

Remark 2.1.6. The integer dim(LP ®E)GO depends on p. However, as G is finite and acts
by rotations on L, there exists k € N (a divisor of the cardinal of G°) such that G° acts
trivially on L*. In particular, we have dim(L* @ E)% = dim EC".

We now explain what are the main steps of our proof.

Let g™ be a J- and G-invariant metric on TM. Let dvy; be the corresponding
Riemannian volume on M, and let VT be the Levi-Civita connection on (T'M, g"™).
Let 0¥®F be the Dolbeault operator acting on Q0 (M, LP @ E). Let 0L"®F* be its dual
with respect to the L? product induced by g7, h% and h¥. We set

D, = V2 (9H'9F 4 gL E), (2.1.18)

and we denote by e~ " » the associated heat kernel.

We denote Pg the orthogonal projection from Q%*(M, LP ® E) onto Q%*(M, LP @ E)C.
u M2 u N2
Let (PGe75DPPg)(v, v’) be the Schwartz kernel of Pge” » PP P with respect to dvpr (V).
Note that the operator D2 acts on Q%*(M, LP ® E)¢ (ie., commutes with Pg) and

preserves the Z-grading. we denote by Tr, [Pge_%Dz Pg] the trace of PGe_%DI%PG acting
on N%4(M, L? ® F). We then have an analogue of (2.1.4)):
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Theorem 2.1.7. For any u >0, p € N* and 0 < g <n, we have

q q
> (=1)477 dim HY (M, LP @ E)° <> (—1)977 Tr; [Pge” » PPG], (2.1.19)
- =

with equality for g = n.

We now give the estimates on PGe_%D% Pg to treat the right-hand side of .

Let U be a small open G-invariant neighborhood of P, such that G acts locally freely
on its closure U.

First, we have away from P the following theorem. The analogous result of Ma-Zhang
for the Bergman kernel is [51, Thm. 0.1].

Theorem 2.1.8. For any fired u > 0 and k,¢ € N, there exists C > 0 such that for any
p € N* and v,v' € M with v,v' € M\ U,

‘Pge_%Dng(v, N < oph, (2.1.20)

cbﬂl

where | - |z is the € -norm induced by VE, VE, VIM L hE and ™M,

We now turn to the “near P” asymptotic of the heat kernel. To explain simply this

asymptotic, we assume now that G acts freely on P. We can thus also assume that G acts
freely on U. Let B = U/G. Then Mg and B are here genuine manifolds. We will explain
in Section how to adapt the proof of Theorems and to the case of a locally
free action.
We again denote by TY = Span(K™, K € g) the tangent bundle of the orbits in U.
By Lemma [2.3.3] we have
TU =TY @ (TY )k, (2.1.21)

Then we can choose the horizontal bundles of the fibrations U — B and P — Mg to be
THU = (TY)Lt and THP = THU‘P NTP. (2.1.22)
Indeed, using and the fact that TY C TP, we see that
TP=TY aTHP, (2.1.23)

Let gTHP be a G-invariant and J-invariant metric on T#P. Let 7Y be a G-invariant
metric on TY and let g’7Y be the G-invariant metric on JTY induced by J and ¢*Y.
Then by (2.3.19), we can chose the metric g”™ on TM so that on P:

H
g Mp=g"pegpeg" " (2.1.24)

We will use this condition on g7 in the rest of the introduction as well as in Sections
Suppose that U is small enough so that it can be identified with a e-neighborhood,
e > 0, of the zero section of the normal bundle N of P in U via exponential map. We
denote the corresponding coordinate by v = (y, Z+) € U with y € P and Z+ € N,. Note
that by (2.1.23)) and (2.1.24) we can identify N, and JTY,,.
Let J € End(T'M|p) be such that on P

w=g"J- ). (2.1.25)
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We also denote by J the induced operator on B.

By , the normal bundle Ng of Mg in B can be identified with the bundle
(JTY)p induced on B by JTY (see Section [2.2). In particular, if m(y) = z, we keep the
same notation for an element of IV, and the corresponding element in Ng .. Then we will
see in Section that J stabilize the bundle Ng, and we will define af- € R* such that

Lo ot
Sp(32|n.) = ~iafm 2 art (2.1.26)
T
Let g2 be the metric on TB induced by ¢”™ and THP. Let g"N¢ be the induced
metric on Ng and dvy, the corresponding volume form. For x € Mg, let {e 1 be an
orthonormal basis of Ng . such that J i Zl = 47172 af-( ) e; . We can then 1dent1fy Rd with
Ng,; via the map
d
(Z&,...,Z3) eRY = ZH =" Zief (2.1.27)

=1

We now define the operator .Z;- acting on Ngz ~ R? by

gjz—i((v#)Q alZt| ) Za (2.1.28)

=1

where V7 denotes the ordinary differentiation operator on R? in the direction U. We
denote by e (Z+, Z'-) the heat kernel of £+ with respect to dvn , (Z'F). Note that

we have an explicit formula for e=4%i (Z+,2'") (see ([2:6.12)), but we do not give it to
have a simpler asymptotic formula for the heat kernel.

Let g"™¢c be the metric on Mg induced by g™ and TH P and dv M, the corresponding
volume form. We denote by (-,-)g the C-bilinear extension of g7 ¢ on TMg ® C. Then
we can identify RY¢ with the Hermitian matrix RY¢ € End(T(%Mg) such that for
V.,V e TOO Mg,

RLe(V, V') = (REeV, V). (2.1.29)

Let also {w;} be a local orthonormal frame of 739 Mg with dual frame {w’}. Set

wed = — ZR (w;, wj)w’ /\sz (2.1.30)

Let h be the G-invariant function on M given by

h(z) = y/vol(G.x), (2.1.31)

and let k € €°°(T'B|m,) be the function defined by x|y, = 1 and for x € Mg, Z € T, B,
dvp(z, Z) = k(x, Z)dvr, B(Z) = k(z, Z)dvmg (z)dong , (2). (2.1.32)

The following result is a version of [51, Thm. 2.21] for the heat kernel in our situation.

Theorem 2.1.9. Assume that G acts freely on P. For any fized u > 0 and m € N, we
have the following convergence as p — +oo for |Z+| < e:

_up2
h(y,Zi)Z(PGe prPG) ((y7 ZL)’ (y’ ZL)) _
kY@, Zh)  det(RLe )2
(27[')71701 det (1 - eXp(—2uR£G))

efufj(\/ﬁZJ_’\/ﬁZJ_)@IdEpnfd/Z

+ OV V201 4 plZH)T™), (2.1.33)
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where x = 7(y) € Mg and the term O(-) is uniform. The convergence is in the €°-
topology in y € P. Here, we use the convention that if an eigenvalue of Rifg; is zero, then
. . . det(RﬁG) .1
its contribution to 0 18 5.

det (l—exp(—uRwoc)) 2u

From Theorems 2.1.7], 2.1.8 and [2.1.9] we get Theorem [2.1.3]in the case where G acts
freely on P by integration on M.

This chapter is organized as follows. In Section we recall some constructions
associated with a principal bundle. In Section [2.3] we apply the constructions and results
of Section 2.2] to our situation to define the reduction of M and to descend the different
objects we are given on it, thus proving Theorem In Section [2.4] we prove the
localization of the heat kernel near P, i.e., Theorem In Sections [2.5] we assume
for simplicity that G acts freely on P and U, and study the asymptotic of the heat
kernel near P by localizing the problem and studying a rescaled Laplacian on B. We
thus obtain Theorem [2.1.9] Finally, in Section [2.6] we prove the G-invariant holomorphic
Morse inequalities (Theorems and and we show how to use Theorem to

get estimates on the other isotypic components of the cohomology H*(M, L ® E).

2.2 Connections and Laplacians associated to a principal
bundle

In this section, we review some results of [51, Chp. 1] for the convenience of the reader.

Let G be a connected compact Lie group of dimension d that acts smoothly and locally
freely on the left on a smooth manifold M of dimension m. Then 7: M — B = M/G is
a G-principal bundle and B is an orbifold. We denote by TY the relative tangent bundle
of this fibration.

Note that in [5I, Chp. 1], Ma and Zhang assumed that G acts freely on M, but as
explained in the introduction of [51, Chp. 1] and in [51} Sect. 4.1], the results of [51, Chp.
1] extend to the case where G acts only locally freely, essentially because when we work
on orbifold quotients, we in fact work with invariant sections on M.

Let ¢"™™ be a G-invariant metric on TM, and V™ the corresponding Levi-Civita
connection on TM. We denote by T M the orthogonal complement of 7Y in TM. For
U € TB, we denote by U the horizontal lift of U in T'M, that is m,UY = U and
U c THM. Let : TM — g be the connection form corresponding to 77 M, and let ©
be its curvature, i.e., the horizontal form such that

oUH viy = _pTY[UH vH] (2.2.1)

where PTY is the natural projection TM =TY & THM — TY.

The metric ¢”™ induces a metric g”Y (resp. gTiM Yon TY (resp. THM). Let 7B
be the metric on T'B induced by gTHM , and let VI'B be the corresponding Levi-Civita
connection.

Let (F,h") be a G-equivariant Hermitian vector bundle with G-equivariant Hermitian
connection V¥'. Then G acts on €°(M, F) by (g.5)(z) = g.s(g~'z).

Any K € g induces a vector field K™ on M given by

0
KM - ~ —sK 4. 2.2.2
x 95 8206 x ( )

For K € g, recall that Lx is the infinitesimal action of K on any G representation. Let
pf € € (M, g* @ End(F)) be defined by

pF(K) = Vi — L. (2.2.3)
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Using the identification TY ~ M x g, we can identify p with g € € (M, TY ®End(F))“
such that
(i KMy = 1 (K). (2.2.4)
Let Fp be the orbifold bundle on B induced by F, i.c., Fp, = € (7 ! (2), F|-1(,))°.
Then there is a canonical isomorphism

Ta: €°(M,F)¢ =5 €>°(B, Fp). (2.2.5)

The invariant metric A induces a metric h'® on Fp. For s € €>°(B, Fg) and U € TB,
we define
ViPs:= Vs (2.2.6)

Observe that V2 is the restriction of the connection V¥ — u(0) to €>°(M, F)C. Let R'5
be the curvature of V¥2. Then by [51], (1.18)] we have for V,V’' € TB

R (V, V') = RE(VI V') — pF(0)(V, V). (2.2.7)

Let dvys be the Riemannian volume on (M, 7). We endow €>°(M, F) with the L?
product induced by ¢”™ and hF":

(s, ') = /M<s, Y (2)dvar (). (2.2.8)

In the same way, g’ ® and hf® induce a L? product (-,-) on €>(B, Fp).
For z € M, we denote by vol(G.z) the volume of the orbit of G.z endowed with the
restriction of g7 M. Define the G-invariant function h on M by

h(z) = \/vol(G.x). (2.2.9)

Then h define a function on B, which is still denoted by h. Note that A is smooth only on
the regular part of B. However, we can extend it continuously to get a smooth function h
on B. Then h also define a smooth function on U.

The map

® = hrg: (€°(M,F)°,(-,-)) = (€=(B, Fp),{-,-)) (2.2.10)

is then an isometry.

Let {u;}™ be an orthonormal frame of T M. For any Hermitian bundle with Hermitian
connection (F, hE, vF ) on M, the Bochner Laplacians AP Ay are given by

m

AP =-%" ((vﬁ) vau ) . Ay =AC (2.2.11)

=1

Let {f;}% ,be a G-invariant orthonormal frame of TY with dual frame {f'}¢ |, and
let {e;}™7% be an orthonormal frame of TB. Then {e, f;} form an orthonormal frame
of TM.

For 0,0’ € TY ® End(F), let {(0,0"),rv € End(F') be the contraction of the part of
c®c in TY @ TY with g”¥. Note that

d
@ i) gry =Y (5", )2y € End(F). (2.2.12)
I=1
Theorem 2.2.1. As an operator on € (B, Fg), PAF®~1 is given by
AP = AFE — (3P i) v — BT Aph. (2.2.13)
Proof. This is proved in [51, Thm. 1.3]. O
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2.3 The reduction of M and the Laplacian on B

This Section is organized as follows. In Section [2.3.1] we apply the constructions and
results of Section 2.2 to our situation to define the reduction of M and to descend the
different objects we are given on it. We prove, under Assumption [2.1.1], some properties of
the reduction that are well-known in the case where w is positive and get Theorem [2.1.2
In Section we compute the operator induced on U/G by the Kodaira Laplacian.

We use here the notations of the introduction. In particular, let (M, J) be a connected
compact complex manifold of dimension n, let (L, h%) be a holomorphic Hermitian line
bundle on M and (E,h¥) a Hermitian complex vector bundle on M. We denote the
associated Chern curvatures by RY and RF. Let w = gRL be the first Chern form of
(L, h"), which is not assumed to be positive. Let G be a connected compact Lie group
with Lie algebra g. Let d = dimg G. We assume that G acts holomorphically on (M, J),
and that the action lifts in a holomorphic action on L and E. We assume that h” and h¥
are preserved by the G-action.

Recall that V% denotes the Chern connection of (L, h%) and that the moment map s
is defined by 2imu(K) = VL&, — L for K € g. Let P = ;~1(0) and U a small tubular

KM
neighborhood of P. Finally, we set Mg = P/G.

2.3.1 The reduction of M
We begin by proving the following result.

Lemma 2.3.1. The map p is smooth on M and is linear in K. Moreover, it is moment
map of the G-action on M, i.e., u is G-invariant and for any K € g,

du(K) =igmw. (2.3.1)

Proof. First, as both V% v and L satisfies the Leibniz rules and preserves h”, we know
that VL, — Lk is €°°(M)-linear, thus, under the canonical isomorphism End(L) = C,

Vi — Lx € €°(M,iR). (2.3.2)

This proves the first part of Lemma [2.3.1
As V% is G-invariant, we have g - (V&s) = Vé*y(g -s) for Y € €°(M,TM), s €
¢>°(M,L) and g € G. Thus, taking g = e ¥ for K € g and differentiating at t = 0, we

get

LxVis = Vign yis + ViLis,  thatis [Lx, V'] =0. (2.3.3)
Using the definition of , becomes
(2imp(K) + Vi) Vs = Vi yys + Vi 2imu(K) + Vio)s. (2.3.4)
This, together with , yields to
Y (u(K)) = w(KM,Y), (2.3.5)

which is (2.3.1))

Finally, it is easy to prove that g, K™ = (AdgK)™ and g (Lxs) = Lada, k(g - ), so

2img- (u(K)s) = (V(LAdgK)M — Lag,x)(9 - 5), (2.3.6)

and thus
(g ) = Ady-ip. (2.3.7)

The proof of Lemma [2.3.1] is complete. O
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Lemma 2.3.2. The group G acts locally freely on P.
Proof. By (12.3.1)), we have for x € P, V € T, M and K € g,
WM V), = (dop(V)) (K. (2:3.8)

In particular, if KM = 0, then (d,pu(V))(K) vanishes for all V € T, M. Assumptionm
the differential dypu: T, M — g* is surjective, hence K = 0. O

Lemma 2.3.3. When restricted to TY x TY, the bilinear form b" is non-degenerate on
P.

Proof. First, observe that for z € P, V € T,M and K € g, equations (2.1.11)) and (2.3.1]
yield
VE(EM JV), = —w(KM V), = —(depn(V)) (K). (2.3.9)

Let x € P,V € T,M and K € g. Then by (2.3.9)

JV € (TY )bt »

<— dpu(V)=0 <= V eTP, (2.3.10)

the last equivalence coming from the fact that P = x~1(0). In particular, dim(TY )%t =
dimTP = 2n — d, the last identity coming from the fact that 0 is a regular value of pu.
Moreover, dimTY = d (because G acts locally freely on U) and TY + (TY) ot = TU.
This is possible only if this sum is direct, i.e., TY N (TY)1% = {0}. We have proved our
lemma. O

By Lemma we have
TU =TY @ (TY )L, (2.3.11)
Then we can choose the horizontal bundles of the fibrations U — B and P — Mg to be
THU = (TY)** and THP = THU‘P NTP. (2.3.12)
Indeed, using and the fact that TY C TP, we see that
TP=TY TP (2.3.13)

Let (Lg, hte,VE¢) and (Eg, hPo, VF6) be defined from (L, h*, V), (E,h¥ VF) and
THP as indicated in Section We also define wg by

wa(V,V') = w(VH v, (2.3.14)
Note that to P = u=1(0), (2.2.7) gives
RE |, (V, V') = R p(VH V'), (2.3.15)

From ([2.1.6)), [2.3.14) and (2.3.15)), we see that if R*G is the curvature of VX¢, then

V=1
we = ?RLG. (2.3.16)
Lemma 2.3.4. We have
TH U‘P — JTP

(2.3.17)
TU|p =TP® JTY.

In the second line, the sum is orthogonal with respect to b*.
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Proof. Recall that THU = (TY)*.. Thus the first identity in (2.3.17) follows from
2.3.10).

Concerning the second, we have for V € TP and K € g,

VH(IKEM V) = w(EM V)y = (dops(V)) (K) = 0. (2.3.18)

Using and the facts that b is non-degenerate on JTY and that dimTU =

dimTP 4+ dim JTY, we get the second identity in . O
Using Lemma and , we find firstly

TU|p=THP&TY © JTY, (2.3.19)

the decomposition being orthogonal for b%, and secondly
THP=TPNJTP. (2.3.20)

In particular, T P is stable by J, so we can define an almost-complex structure on Mg
in the following way. For V € T Mg, we denote V' its lift in 7 P, and we define the
almost complex structure Jg on Mg by

(JeV)H = Jvi). (2.3.21)

Lemma 2.3.5. The almost complex structure Jg is integrable, thus (Mg, Jg) is a complex
manifold.

Proof. Let u,v € €°(Mg,T''Mg). Then there are U,V € €°°(Mg,TMg) such that

u=U—-v-1JgU, v=V—-+v-=-1JgV. (2.3.22)
Using ([2.3.21]), we find
u =UH —/—1JU" , v=VH" -/ 1JVHE c TYOM N T P. (2.3.23)

As both THOM and TcP are integrable, we have [ul,vH] € TV9M N T¢P, i.e., there is
W € €°°(M,TM) such that

W o) =W — V=1JW, (2.3.24)

and moreover W, JW € TP. Thus, W € TP N JTP = THP and we can write W = X
for X a section of T'M¢. Hence

[u,v] = moJull o] = m (X — V=1JXH) = X — V/=1JeX € T M. (2.3.25)
By the Newlander-Nirenberg theorem, ([2.3.25) means that Jg is integrable. ]

Lemma 2.3.6. The bundles Lg and Eg are holomorphic. Moreover, Vie and VEG gre
the respective Chern connections on Lg and Eg.

Proof. We first prove the result for Lq.
Observe that for U,V € T Mg,

we(JaU,JgV) = w(JUH Vi) = w(UH, V) = we(U, V). (2.3.26)
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Hence, wg is a (1, 1)-form, and so is R*¢ by (2.3.16). We decompose V¢ into holomorphic
part and anti-holomorphic part,

vie = (vie)ho 4 (vhe)0l, (2.3.27)

As RFe is (1,1), we have
(VEe)oh)? = o, (2.3.28)

For s € €>°(Mg, Lg), we define
otcs = (Vie)0ls, (2.3.29)

Let sg be a local frame of Lg near zg € Mg. Then we can write (VLG)O’lsO = asg for

some (0, 1)-form a. By (2.3.28)), we have
0= ((VE)2 1250 = (da)so. (2.3.30)

Thus, da = 0. By the (local) d-lemma, there is a function f defined near z( such that
Of = —a. Thus, B B
oL sg + (9f)so = 0. (2.3.31)

This shows that defines a holomorphic structure on L, for wich e/ sg is a local
holomorphic frame near x.

Finally, V¢ is clearly Hermitian with respect to h*¢, and is holomorphic by the
definition , so V¢ is indeed the Chern connection on L.

We now turn to Eg. Here again, it is enough to prove that R¥¢ is a (1,1)-form (see
for instance [38, Prop. 1.3.7]). As R is a (1,1)-form, shows that it is equivalent
to prove that ©|puprup is a (1,1)-form.

Let u=U—+/—=1JU and v = V —/=1JV be in (T? P)*0. As U,V, JU and JV are in
THP =TPNJTP and TP is integrable, we have [u,v] € TcP. Moreover, as u and v are
of type (1,0) and J is integrable, [u,v] is also of type (1,0), and thus [u,v] = —iJ[u,v] €
JTcP. In conclusion, [u,v] € TH P and by (2.2.1)), ©(u,v) = 0. O

Lemma 2.3.7. We have kerw|p C THP, and T, induces an isomorphism
ker wg >~ kerw|p. (2.3.32)

Proof. Let V € TU|p be such that w(V,-) = 0. Then we also have b*(V,-) = 0. Thus V
is in particular in (TY)+er = THU. Moreover, V is also orthogonal (for b*) to JTY, so
is in 77 P by Lemma [2.3.4

As wg(me i) = w(-, ), we know that m, maps kerw|p in kerwg, and is injective as
kerw|p C THP. Finally, if V € kerwg, then w(VH V') = 0 for V! € THP. In fact, as
the decomposition in is orthogonal for b”, we have w(VH V') =0 for V' € TU|p,
and thus V¥ € kerw. The proof of our lemma is complete. ]

By (2.3.16)) and Lemmas [2.3.5] [2.3.6] and [2.3.7] we have proved Theorem [2.1.2]

2.3.2 The Kodaira Laplacian and the operator induced on B
We define the vector bundle &, and E, (p > 1) over M by

E=N*(T"M)® E.

0 (2.3.33)
E,=A"*(T"M)® E® L".
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Then we have Eg = €.

Recall that g7 is a J- and G-invariant metric on TM (we do not assume that
holds in this section). We endow ¢*°(M,E,) with the L? scalar product associated with
g™  hl and h¥ as in . Then the Dolbeault-Dirac operator D), defined in
is a formally self-adjoint operator acting on €*°(M,E,).

We now recall the Lichnerowicz formula for the Kodaira Laplacian Dﬁ.

Let V'™ he the Levi-Civita connection on (M, g?™). We denote by pTHOM the
orthogonal projection form TM @r C onto TO M. Let yIOM o preOMgTM prtOM
be the induced connection on TWO M. We endow det(T70M) with the metric induced
by g™ and we denote by V9 the Hermitian connection on det(7"°M) induced by
A , and let Rt its curvature.

Let (wy,...,w,) be an orthonormal frame of (T(LO M, gTM), and (ey, .. ., ea,) be the
orthonormal frame of (T'M, g"™) given by

1 v—1
€2j—1 = ﬁ(w]’ —|—@j) and €2j = 7\/5

Let {€*} be the dual basis of {ex}. The Clifford action of TZM on A%*(T*M) is defined
by linearity from

(’LUj —@j). (2.3.34)

c(w;) == V2w A and c(W;) == —\/ﬁi@j. (2.3.35)
We define a map, still denoted by c(-), on A(TEM) by setting for j; < --- < ji:
(e N Nek) = clej,) ... clej,). (2.3.36)

Let TTM and It be the connection forms of VI'™™ and V¢ associated to the frames
{e;} and wy A - - - Awy,. Define the the Clifford connection on A%*(T*M) (see [46], (1.3.5)])
by the following local formula in the frame {@w™ A --- A W% }:

1 1
VOl =d+ 1 Z(FTMei, ej)clei)c(ej) + §Fdet. (2.3.37)
0,

We also denote by V¢! the connection on € induced by VC! and VE.
Let Q be the real (1,1)-form defined by
Q=g"™M(. ). (2.3.38)
On A%*(T*M), we define the Bismut connection V5! by

\/fc(iv(a —0)Q). (2.3.39)

VB =v{ +

This connection, along with V¥ and V%, induces connections V¢ and VE» on & and E,.
Moreover, we know that (see e.g. [46, Thm. 1.4.5])

2n
D, =Y cle;)Ver. (2.3.40)
=1

Let AF» is the Bochner Laplacian on E, induced by VEr. Tt is given by the following
formula: if (g/) is the inverse of the matrix (g;;) = (¢4 (e;, e;)), then

APr = —g¥ (VLE;’VIE; —VZ ) . (2.3.41)

TMe,
Ve
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Let 7 be the scalar curvature of (M, g7™)

of End(€) given by

. Let g be the smooth self-adjoint section

M _ _ _
Ve = % +¢(R” + %Rd‘*) + \/2716(309) - %|(3 - 9))*. (2.3.42)

Set also .
wqg = — Z RL(wi,@j)w‘] A i@i,

" (2.3.43)
7= R'(w;,w).

The Lichnerowicz formula (see for instance [46, Thm. 1.4.7 and (1.5.17)]) reads
D2 =A™ — p(2wy + 1) + Vg, (2.3.44)

Let u®, 4P and p®» be the moment maps induced by V¥, VB and VFr as in (2.2.3).
Recall that p is defined in (2.1.7). Then we have

{ p = 2imp,

. (2.3.45)
pEr = 2impp + P + Bl

Assume now that G acts freely on P, and recall that we then choose the G-invariant
neighborhood U of P so that G acts freely on its closure U. Using the procedure of Section
for U — U/G = B and g"™|;;, we can define the operator @Dg@fl induced by DZ on
B. Thanks to Theorem [2.2.1] and (2.3.44)), we find that in the case of a free G-action on
P7

D20 = APrE — p(2wy + 7) + We — (@, i®r) oy — h Aph. (2.3.46)

Here, we have kept the same notation for an element in € (U, End(E,))“ and the induced
element in ¢°°(B, End(E, p)), and we will always do in the sequel.

2.4 Localization near P

The goal of this section is to prove the localization of Pgef%DzPG near P, i.e., we
prove Theorem [2.1.8

Let inj™ be the injectivity radius of (M, g”™), and € €]0, inj™|.

For z9 € M, we denote by BM (xg,¢) and BT=0M (0, ¢) the open balls in M and T, M
with center g and 0 and radius ¢ respectively. If exp% is the exponential map of M,
then Z € BT (0,¢) — exp}l(Z) € BM(xo,¢) is a diffeomorphism, which gives local
coordinates by identifying T,, M with R*" via an orthonormal basis {e;} of Ty, M:

(Z1,..., Zay) ER*™ = > Zie; € T, M. (2.4.1)
7

From now on, we will always identify BT=0%(0,¢) and BM (2, ¢).

Let o1, ... 2N be points of M such that {Uy = BM (), )}, is an open covering of M.
On each U we identify Ez, Lz and A>*(T;M) to E,,, Ly, and A%*(T} M) by parallel
transport with respect to VE, VI and VB! along the geodesic ray t € [0,1] — tZ. We
fixe for each k = 1,..., N an orthonormal basis {e;}; of T,;, M (without mentioning the
dependence on k).

We denote by Vy, the ordinary differentiation operator in the direction V' on T, M.
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Let {¢x }x be a partition of unity subordinate to {Uy}x. For £ € N, we define a Sobolev
norm || - [| e, on the £-th Sobolev space H'(M,E,) by

¢ d
1502y =00 30 (10, - Ve, (us) 2o (2.42)
k j=0i1,..ij=1
The following two results are [46, Lem. 1.6.2] and [46, Prop. 1.6.4]. We reprove them
here for the sake of completeness.

Lemma 2.4.1. For any m € N, there exists C,, > 0 such that for any p € N, u > 0 and
s € H2m+2(M7 EP);

m+1
[18][3p2m+2py < Crnp™ > 0™ Y| DY s 2. (2.4.3)
j=0

Proof. Let €;(Z) be the parallel transport of e; with respect to V7™

t €10,1] = tZ. Then {e;}; is an orthonormal frame of T'M.

Let TP, 'L and T'®! be the corresponding connection form of V¥, VX and VB with
respect to any fixed frame for E, L and A%*(T*M) which is parallel along the curve
t € [0,1] = tZ under the trivialization on Uy. By (2.3.40)), on each U, we have

along the curve

VE = V4P 4 TP 4 pIh Dy = @)V (2.4.4)
Thus, using elliptic estimates we know that there are C,C’,C” > 0 such that
Isllz2y < CUIDs] L2 +p*[151172). (2.4.5)

Let @ be a differential operator of order 2m, m € N with scalar principal symbol and
with compact support in Uy. Then [DI%, Q)] is a differential operator of order m + 1. More

precisely, from and , we know that it has the following structure:
[Dg, Q] = (order 2m + 1) + (order 2m)(1 + p) + (order 2m — 1)(p + p?). (2.4.6)

Thus, with , we have
1Qsl 2y < C(IID7Qsl L2 + 171 Qs]172)

(2.4.7)
< CIQD2s] 2 + p?1Q5 |2 + B sl Zpamsny)-
This entails
Isllzmsy < CUDES oy + 525l 3gamer ), (248
from which we get (2.4.3) by induction. O
Let f: R — [0,1] be a smooth even function such that
1 for |t| < €/2,
t) = 2.4.9
1) {Ofor\t\>5. ( )
Foru >0,¢>1and a € C, set
. dv
Fu(a) = / V20 oy (—02/2 uv) ——,
(@) = [ eV exp(=? 2) ()
. dv
Gy :/ V20 oxp(—0?/2)(1 — , 2.4.10
(a) = | e xp(—v”/2)( f(\/ﬂv))m ( )

dv
Vor

Hucla) = [ eV3 exp(=?/2u)(1 - f(v/cv))
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These functions are even holomorphic functions. Moreover, the restriction of F, and
Gy, to R lies in the Schwartz space S(R), and

G% <a\/u/p> = H%J(a) and Fy,(vDp)+Gy(vDy,) = exp (—U2D§) for v > 0. (2.4.11)

Let Gy (vL,)(z,2") be the smooth kernel of G, (vL,) with respect to dvpr(z').

Proposition 2.4.2. For any m € N, € > 0, there exist C > 0 and N € N such that for
any u > 0 and any p € N*,

Gy (Valon,) ()

< Cp" exp e (2.4.12)
em(MxM) 16u ) o

Here, the €™ -norm is induced by VE, VE, VB hL hE and ¢™™.

Proof. As imame™® = 6‘2:; e™? we can integrate by part the expression of a™H, c(a) given
in (2.4.10)) to obtain that for any m € N and ¢ > 0, there is a Cy, . > 0 such that v > 0
and ¢ > 1,

2
m 3
my <O, 7 _ . 2.4.13
fféﬁ‘a us(@)] < Cmes exp( 16“) ( )

Let @ be a differential operator of order 2m, m € N with scalar principal symbol and
with compact support in Ug. Using Lemma [2.4.1 and (2.4.13)), we find that for m’ € N,

(L 1 (L,)Qs, )| = [(s, QHa 1 (L) L)

< Cllsllpe |[He 1 (Lp) Ly" s o)
m
4 —45 |l 734 ’
< Csl|2p™ Zop /173 PRTO ATl (2.4.14)
]:
Am—+k 82]9 /
< OKp™™mexp | =2 | Isllezlls'lle-
Thus,
m’ 2 < Am—+kom 52]9
HLP H%J(Lp)QsHLQ < CKp oxp |~ o | sz (2.4.15)

We deduce from this estimate — and using once again Lemma and (2.4.13]) — that if
P, Q are differential operators with scalar principal symbol of order 2m/, 2m respectively
and with compact support in Uy, Uy respectively, then there is a positive constant C,,
such that

2
w 2 < , 4m+km _ € p
HPH;J(LP)QSHLQ < Coprp oxp |~ o | sz (2.4.16)
By the Sobolev inequality, (2.4.11)) and (2.4.16), we get Proposition [2.4.2] O

Proof of Theorem[2.1.8. As 0 is a regular value of u, there is ¢y such that
2 Mae, := p~H(B% (0,2€)) — BY (0, 2€) (2.4.17)

is a submersion. Note that Ma, is an open G-invariant subset of M.
Fix ¢, ¢ small enough so that My, C U and d™ (z,y) > 4 if v € M., and y € M\ U.
We set Vo, = M\ M,,, which is a smooth G-manifold with boundary 0V,,. Then M \U C
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We denote by D), p the operator D, acting on V, with the Dirichlet boundary condi-
tion. Then D, p is self-adjoint.

By [60, Sects. 2.6, 2.8] and [46, Append. D.2], we know that the wave operator
cos(uDp, p) is well defined and its Schwartz kernel cos(uDp p)(z,2) only depends on the
restriction of D, to G - BM (z,u) N V,, and vanish if d™ (x,2") > u. Thus, by ([2.4.10),

Fu ( u/pr> (e,0/) = Fu ( u/pr,D) (@,2)) it e M\U.  (24.18)

Let s € €°(M,E,)¢ with supp(s) C V,. Since D, commutes with the G-action, we
know that D,s € Q%*(M,LP ® E)¢. Moreover, from the Lichnerowicz formula (2.3.44)

and the fact that supp(s) C V,, we get
(D25, 5) = [VErs|22 — p{(wq + )5, 5) + (Wes, ). (2.4.19)

Moreover, as s € QU*(M, LP @ E)¢, ([2.2.3) gives

Vs = (Li + i (K))s = 1 (K)s, (2.4.20)
and thus by ,
IV*rsll72 20 37 IV drslifa = C D I (K)sll
[ )
> Cp| lulsl3a — C'lsl13 (2.421)
> Cegp®|sl|72 — C'|ls|72-
Thanks to and , we have
(Dgs,s> > Op?||s||32. (2.4.22)

In particular, as Pg preserve the Dirichlet boundary condition, there are C,C’ > 0 such
that for p > 1,

Sp(PeD2 pPe) C [Cp?, +ool. (2.4.23)

By the elliptic estimate for the Laplacian with Dirichlet boundary condition [60, Thm.
5.1.3] and (2.4.4)), we can prove that Lemma still holds if we replace therein D, by
D, p and take s € H*"*2(M,E,) N H{(M,E,). Thus, using (2.4.23) and

sup |a™F s (ay/u/p)| < Conoup™. (2.4.24)

u
a>Cp? P

instead of (2.4.13)), we find as in (2.4.16)) that for any @, Q) differential operators of order

2m, 2m’ with scalar principal symbol and with support in U;, U; and for any k € N

Qrs (vulrD,)Q's

< Connr ™" ls]l 22+ (2.4.25)
L

Thus, using Sobolev inequality as in the proof of Porposition [2.4.2] (2.4.11]), (2.4.12) and

(2.4.18)), we get Theorem m O
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2.5 Asymptotic of the heat kernel near P for a free action

We assume in this Section that G acts freely on P and U.

In this section, we prove Theorem In Section [2.5.1], we work near P and replace
our geometric setting by a model setting, in which M is replaced by G x R>*~¢ P by
G x R?"72d x {0} and the different bundles are trivial. We can then define a rescaled
version of %Dg, and in Section 2_52|7 we prove the convergence of the heat kernel of the
rescaled operator. In Section [2.5.3[we compute the limiting heat kernel to finish the proof
of Theorem 2.1.9

2.5.1 Rescaling the operator ®D2d"

This section is analogous to [51l Sect. 2.6], with the necessary changes made.
We fix 29 € Mg and ¢ €]0, inj™ /4].
Recall that we have the following diagram:

P=p1(0) U

o

Mg~ B

Recall that gTHP is a G-invariant and J-invariant metric on T7 P, g7V is a G-invariant
metric on TY and ¢’/7" is the G-invariant metric on JTY induced by J and ¢”¥. Then
by (2.3.19)), we can chose be a G-invariant metric g” on M such that on P:

H
g Mp=9g"pog ™ pag" " (2.5.1)

Let gTHU be the restriction of g”™ on THU. Let g7 (resp. g"*¢) be the metric on
TB (resp. TM¢) induced by gT"'vu (resp. gT"'P ).
By (2.1.23) and Lemma we know that

THU|p = JTY|p& JT"P = JTY|p & T"P. (255.2)

As a consequence, if Ng denotes the normal bundle of M¢ in B, then Ng can be identified
as
Ng ~ (TMg)* s = (JTY)B| e, (2.5.3)

where (JTY)p denotes the bundle over B induced by JTY.
Let VT2 be the Levi-Civita connection on (T'B,g"?). Let PN¢ and PTMc be the
orthogonal projections from T'B|y, to Ng and T'M¢ respectively. Set

VNG — PNG (VTB|MG)PNG, VTMG — PTMG (VTB|MG)PTMG,

0yTE — yNe g yTMe A=vTE|, —OyTE, (2.5.4)
For W € T, ,M¢g, let u € R — x,, = exp%G (uW) € Mg be the geodesic in Mg starting
at xo with speed W. If |W| < 4e and V' € Ng ,, let TV be the parallel transport of V'
with respect to V¢ along to curve u € [0,1] +— x,, = exp%c (ulV).
It Z € T, B, we decompose Z as Z = Z9 + Z+ with 29 € T,,Mg and Z+ e NG zo,
and we identify Z with expi e (ZO)(Tzo Z1). This gives a diffeomorphism
o

W: BTeoMc (0, 4¢) x BNG=0(0,4¢) =5 % () C B, (2.5.5)
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where % () is an open neighborhood of g in B. Note that % (z¢)NMg = BT=oMc (0, 4¢) x
{0}.

In the sequel, we will indifferently write BT=0Mc (0,4e) x BNG=0 (0, 4¢) or % (xg), xo
or 0, etc...

We identify (Lg)z, (Eg)z and (E,)p,z with (Lp)zy, (EB)z, and (Ep)p., by using
parallel transport with respect to VE5, VEB and V(Er)s along the curve u € [0,1] — 7, =
uz.

Fix yo € 7 (z0). We define 7: [0,1] — M to be the curve lifting v such that aai;‘ €
T;JZU. As above, on 71 (BT=0B(0,4¢)), we can trivialize L, E and E, using the parallel
transport along v with respect to the corresponding connections. By , the previous
trivialization are naturally induced by this one.

This also gives a diffeomorphism

7Y (BT B(0,4¢)) ~ G x BT=0P(0, 4¢), (2.5.6)
and the induced G-action on G' x BT=05(0,¢) is then

9-(9',2) = (99, Z). (2.5.7)

Let {e?} and {e}} be orthonormal basis of Ty, Mg and Ng 4, respectively. Then
{e;} = {€?,ei} is an orthonormal basis of Ty, B. Let {e’} be its dual basis. We will also

1771

denote W, (e?), W, (eit) by {€?}, {e;}, so that in our coordinates,

) o

370 = ey (2.5.8)

Yozt

In what follows, we will extend the geometric object from BT=05(0,4¢) to R?"~¢ ~
Ty, B (here the identification is similar to (2.4.1])) to get analogue geometric structures on
G x R?"~4 a5 on M, an thus work on

My := G x R4 (2.5.9)

instead of M.

Let Lo be the trivial bundle L|g.,, lifted on My. We still denote by VL, Rl the
connection and metric on Lo over m~!(B7=05(0,4¢)) induced by the above identification.
Then h” is identified with the constant metric hX0 = hlvw. We use similar notations for
the bundle E.

Let ¢: R — [0,1] be a smooth even function such that

(v) = 1 for |v| < 2, (25.10)
A= 0 for |v| > 4. o
Let ¢.: My — My defined by
0e(0,7) = (9 0(|21/2) 2). (25.11)

Let V0 = 0*VE. Then V0 is an extension of V¥ outside 7= 1(B7=05B(0, 4¢)).

Let PTY be the orthogonal projection from T'M onto TY. For W € TB, let WH ¢
THU be the horizontal lift of W. Then we can define the Hermitian connection V0 on
(Lo, h0) — G x R?"=4 by

VR = 9 4 (1 - (|Z]/2) RE, (2, PLY). (2.5.12)
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We can compute directly the curvature R0 of V%0: if we denote (1, Z) just by Z, then
L H
Ry® =RL (P - P )+ Ry (P U Py )
H H
+¢*(121/e)Ry 2y (Pyy T P )

H
+e(121/e) Ry z) = By (Pyy 7 P ) (2.5.13)

*

+121/2)777 A

+(e)121/2) 7
where Z* € T}, B is the dual of Z € T, B with respect to the metric ngB.

The group G acts naturally on My by and under our identifications, the action
of Gon L, E on G xT=B (0,¢) is exactly the G-action on L|g 4., E|c.y-

We define a G-action on Lg, Fy by the action of G on G.yp. Then it extends the
G-action on L, E on G xT=8B (0,¢) to M.

By Lemma [2.34] we know that

[RL (2 — Ry 1(Z7, PRy )

L H pTHU
ARy (27, Py ),

R(Ll ZO)(ZH KM = R(l zo)((ZL) KM, (2.5.14)

For (1,7) € G x R*~4_ ([2.5.7) gives gos*K(J‘l/IOZ) = K} for K € g. Thus, by (2.1.7),
(2.5.12) and (2.5.14)), the moment map pg: Mo — g* of the G-action on My is given by

po(K)1,2) = t(K)p.(1,2) + %(1 —o(1Z1/) Ry, (ZH)T K ). (2.5.15)

Now, from the construction of our coordinate, we have pg = 0 on G x R?"~2¢ x {0},
Moreover,

(K ). (1,2) = %Rﬁ,m (e(121/e)(Z )", KM) + O(e(1 2] /)| 21 ZH)). (2.5.16)

Thus, from our construction, Lemma|2.3.3|and (2.5.3), (2.5.15) and (2.5.16]), we know that

ot (0) = G x R?"=2 % {0}, (2.5.17)
Let

9™ (g, 2) = g™ (e(9,2)) and  Jolg, Z) = J(¢e(9, Z)) (2.5.18)

be the metric and almost-complex structure on My. Let 7% M be the anti-holomorphic

cotangent bundle of (Mg, Jy). Since Jo(g, Z) = J(ve(g, Z)), (>;<[2;)JOMO is naturally iden-

tified with T ([() 1) 20 7 Mo.
We can now construct all the objects corresponding to those of Section in this
new setting and denotes them by adding subscripts 0, e.g. Eqj, vdeto yClo B gEop

.. Then, we can define the Dirac operator D:f)\/fo on My, which satisfies
DéMO’Z — AIEO,p _ p(2wd’0 + 7'0) —+ \Ilgo, (2519)

By (2.3.44)) and the above constructions, we know that D2 and DM0 coincide on 71 (BT=05(0, 2¢)).
We can identify A%®(T} (5,2yMo) with AO*(T, M) by 1dent1fy1ng first AO*(T7 (5.2yMo)

with A% (T (0. 2)] M) and then identifying A% ‘(T;E(g’z) ;M) with A *(1,,, M) by parallel
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transport with respect to VB0 (see (2.3.39)) along u € [0,1] — (g, up(|Z|/€)Z). We also
trivialize det(T(% Mp) in this way using Vdeto,

Let g7Bo be the metric on By = R**~% induced by g7, and let dvp, by the cor-
responding Riemannian volume. We denote by TY, the relative tangent bundle of the
fibration My — By, and by ¢7¥° the metric on T'Y, induced by g7 ™o,

The operator @D{,VIOQCITl is also well-defined on T, B ~ R~ More precisely, it is
an operator on the bundle (Eg ,)p, over By induced by Eg, , and by , it is given
by

1

(I)Dé\/foaq)fl — A(Eo,p)BO _p(QWO,d + 7.0) + \Ijgo _ <ﬁE0,p’ﬁ]EO,P> T

Apho. (2.5.20)

gTYo —

Let exp(—uDﬁ"O’z)(Z, Z") be the smooth heat kernel of Dé\/IO’Q with respect to dvyy, (Z').

Lemma 2.5.1. Under notation of Proposition |2.4.9 and the above trivializations, the
following estimate holds uniformly on v = (g9, 2),v' = (¢, Z') € G x BT=5(0,¢):

_up2 u HMo,2

2
_u €
e v rv)—err ((9,2),(9,2") SC’pNeXp(——p),

16w

Proof. By , Dé\/fo’z has the same structure as DZ. Thus Lemma nd Propo-
sition are still true if we replace DIQ) therein by D%O’Q. Moreover, as D, 02 and Df)
coincide for |Z| small and the finite propagation speed of the wave equation (see e.g. [46],
Thm. D.2.1]), we know that

(2.5.21)

Py (VuioD,) (0 =Fs (VuroDi) (9. 2).) (2.5.22)

if v = (g, Z) under the above trivializations. Thus, we get our Lemma by (2.4.11]). O

We still denote Pg the orthogonal projection from Q%*(U, L? ® E) onto Q%*(U, LP ®
E)Y. Let dg be the Haar measure on G. Then we have

(PGefiDgP(;)(v,v') = / (9,9 - eiﬁL”(gflv,g’U’)dgdg’. (2.5.23)
GxG

If we again denote by Pg the orthogonal projection from Q%*(My, LE® Ey) onto Q%*(My, LA

_upMo,2
FE)Y, then we have a similar formula as (2.5.23)) for (Pge »Dp Pg). Thus, as G preserve
every metrics and connections, Lemma [2.5.1] implies

Corollary 2.5.2. Under notation of Proposition the following estimate holds uni-
formly onv = (g9,2),v' = (¢, Z") € G x BT20B(0,¢):

’p
16w

u yMo»

(Pee™ 325 P (v,0) — (Pee 320" Pe) (9, 2), (¢, 2)))| < CpN exp (= =2), (2.5.24)

Let S, be a G-invariant unit section of L|gy,. Let pr be the projection G x R"~4¢ — G.
Using St and the above discussion, we get two isometries

Eo, = A" (T*Mp) ® By @ L ~ pr*(€lay,) and  (Bop)B, = EBay- (2.5.25)

Thus, <I>D£40’2¢_1 can be seen as an operator on £p 4. Note that our formulas will not
depend on the choice of Sy, as the isomorphism End((Eo,)p,) ~ End(€p 4, ) is canonical.
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Let dvrp be the Riemannian volume of (7,,B, gTB ). Recall that  is the smooth
positive function defined by

dvp,(Z) = k(Z)dvrp(Z) = Kk(Z)dvmg (zo)dong ., (2.5.26)

with (0) = 1.

As in , we denote by RYB, RFB and RPB the curvature on Lp, Fp and
(A%*(T*M)) , induced by VE, V¥ and V® on M.

Asin (224), p € TY, i¥ € TY ® End(E) and P € TY ® End(A%*(T*M)) are the
sections induced by p, ¥ and pP' in and .

We denote by Vy, the ordinary differentiation operator on 7, B = By in the direction
V.
We will now make the change of parameter ¢t = ﬁ €10, 1].

Definition 2.5.3. For s € ¥°(R**~% &) and Z € R?"~ < get

(S8)(Z) = s(Z/1),

V, = S, k12w Eor)se i~ 112,
_ L org

Vo=V (Z.), (2.5.27)

% = 1257 k2o M2 712G,

1
g() = _5 Z (VO,ei)2 - 2wd,aco — Tz + 47T2|PTYJ$0Z’2'
i

Proposition 2.5.4. When t — 0, we have

Vtyei = Vo’ei + O(t) and % =%+ O(t) (2528)
Proof. Let T'lB, T'EB and I'Bis be the connection form of VI8, VEB and VBB with
respect to fixed frame of Lg, Eg and (A%*(T*M)) p Which are parallel along the curve

u € [0,1] = uZ under our trivialization on BT=05(0, 4¢).

By (2.5.27)), we have for |Z| < e/t
Vie(2) = M2 (t2) {Ver + (17012 (e0) + 4012 (e3) + 017 (e0)) k12 (12) . (2.5.29)

It is a well known fact (see for instance [46, Lemma 1.2.4]) that for if I' = I'*2 (resp.
['F2 TBB) and R = R" (resp. RFB, RPiB), then
1
Tz(e:) = 5By (Z,0) + o(|12)?). (2.5.30)
Thus,
(07F (ei) + TR (e) = O (),
. . (2.5.31)
t Ty (e) = 3l (Ze) + O (1)
The first asymptotic development in Proposition follows from ¢(0) = x(0) = 1,
([©5.29), ([£.5.30) and (2.5.31).
Let (g% (Z)) is the inverse of the matrix (g;;(2)) := (g?oB(ei, ej)). By (2.3.41)), (2.5.20))
and (2.5.27)) we have

,%(Z) = _gij (tZ) <vt76ivt76]‘ - tvt,VZ,BOej> - <t/jE0’p7t/jE0’p>gTY (tZ)
1
ho

— (w0 +70)(tZ) + 12 (Ue, + - Apyho ) (t2). (25.32)
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With the asymptotic of V; above, (2.3.41]) and the fact that g (0) = &;; we find

~g7(t2) (vt,eivt,ej - tvtvvgfoej) =2 (Voe) +0(t). (2.5.33)

)

Moreover,
1
— (200070{ + T())(tZ) + t2 (\I/go + %A30h0> (tZ) = —de,mo — Txo O(t) (2.5.34)

Now, by (2.3.1)), (2.1.25) and the fact that z,, = 0 for yo € P, m(yo) = xo, we get for
Keg

— e, KMy, = w(EM, efl) = Vo (u(E) = (VT i, KMy, (2.5.35)
Thus,
20y (2) = V5 1il22y + O(1Z2) = [PTY 30y Z20v + O(1Z]°). (2.5.36)
Note that
(™t grv = —47r2}2|ﬁ|§w + (dimp+ (@7 + 5, pF + 5 gy (2.5.37)

Thus, we get the second asymptotic development in Proposition by using (2.5.32)),
[©5.33), (2.5.34), [@.5.36) and ([@.5.37). O

2.5.2 Convergence of the heat kernel

In this section, we prove the convergence of the heat kernel of the rescaled operator.
Note that here we must have a more precise result than in [46, Sect. 1.6] because in
the proof of Theorem (see Section we will have to integrate along the normal
directions, and thus we need a result of decay in these directions. To obtain it, we draw
our inspiration form [51].

Recall that & = A%*(T*Mj) ® Eg and that we have trivialized the Hermitian bundle
(&0,By> h‘gO’BO) on By = Ty, B by identifying it to (£p 4, th»ZO). Recall also that pg: My —
g* is the moment map of the G-action on Mj.

Let || - || z2 be the L2-norm on €°°(By, £p,4,) induced by g'=0? and h¥7=0 as in (2:2.8).

Let {f;} be a G-invariant orthonormal frame of TY on 7~ (B (2, 4¢)), then { fo,(Z) =
filg:(g,2))} is a G-invariant orthonormal frame of 7Yy on M.

Definition 2.5.5. Set
1
Dy ={Vee, 1<i<om—d; (o, fou)(t2), 1 < U< d}, (2.5.38)

and for k € N*, let D} be the family of operators @ acting on ¢°°(Ty, B, £B 4,) which can
be written in the form Q = Q1 ... Q. with Q; € D;.

For s € €°°(By,Epx,) and k € N*, set

to = llsllzz,

m
2.5.39
2 2o+ 3 S NQsIo. (2:5.39)

=1 QeDy]

Is

ls
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We denote by H}" the Sobolov space H™(By, B z,) endowed with the norm || - ||¢m,, and
by H, ! the Sobolev space of order —1 endowed with the norm

(2.5.40)

/
5,58)t,0
lollr = sup Do
vem\oy |18'llto
Finally, if A € Z(H¥, H"), we denote by ||A] fm the operator norm of A associated
with [[ - [t 5 and || - [[¢m.
Then .%; is a formally self-adjoint elliptic operator with respect to || - ||t,0 and is a
smooth family of operators with respect to the parameter x¢g € Mg.
We denote by €.°(Bo, B z,) the set of smooth section of £p ;, over By with compact
support.

Proposition 2.5.6. There exist constants C1,Ca,Cs > 0 such that for any t €]0,1] and
any s,s" € €2°(Bo, EB )
(L5, 5 )e0 > Chllsl[F1 — Collsl[o,

(2.5.41)
(s, s Yeo| < Csllsleallslle1-

Proof. From (2.5.32)) and (2.5.39)), we have

(L5, ho = [ Visll2g — B 7500) oy (12)s,5),

1
+ <5{1 ( — (2wo,q + 10) + 12 (11150 + h—OABOhO))s, s>t0. (2.5.42)

By ([2.5.15) and our constructions, we know that for Z € Tk 5, B with |Z| > 4e,

150r (K) 1,7 = 2imp po(K) 1,2y = pRjO (ZzHH, K;g). (2.5.43)

Thus, from (2.2.12)), (2.5.15)), (2.5.37)) and (2.5.43)), we get

d
~ ~ 1, 2
— ({0 [Eor) oy (t2)s,5), 0 > 200 Y HZWO’ f&,)(tz)sHt (= Ctlslfe. (25.44)
=1 ’

Now, (2.5.41)) follows from (|2.5.42)) and (2.5.44)). O
Let I" be the contour in C defined in Figure 2.1]

A

—2C,

Y

Figure 2.1: The contour I
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Proposition 2.5.7. There exist to > 0 and C > 0, a,b € N such that for any t €0, o]
and any X € T, the resolvant (A — %)™ exists and

C,

-7 <

(2.5.45)
H()\—ft - Ht <C(1+|AP).

Proof. Note that .%; is self-adjoint operator, thus (2.5.41)) implies that (A — ,,2”,5)71 exists
for A € I" and there is a constant C' > 0 (independent on A) such that

[

<C. (2.5.46)

On the other hand, if Ay €] — 0o, —2C%], then (2.5.41)) also implies that

1,1 1

[Go—2)7Y|, " < o (2.5.47)
Then, using the fact that
A=) =M-L) " =20 -L) e -2)7, (2.5.48)
we find that )
_111—1,0
H(A—.Zt) 1” (14 CIA = o). (2.5.49)
t Cl

Finally, exchanging the last two factors in (2.5.48) and applying (2.5.49), we get

_1y-11 |A — /\0]
A7 <= CIA— A
[CEZI c1 T AR =D (2.5.50)
<O+ \P).
The proof of our Proposition is complete. O

Proposition 2.5.8. Take m € N*. Then there exists a contant C,, > 0 such that for any
t€10,1], Q1,...,Qm € Dy U{Zi}?2"T% and s,5' € €2°(Bo,EB.xy),

)<[Q1, Qs [Qo L] .]]s,s'>w’ < Collslealls'llea. (2.5.51)

Proof. First, note that [V, Z;] = ;5. Thus by (2.5.32)), we know that [Z;, %] satisfies
(2.5.51).

Using (2.5.15)) and (2.5.43)), we see that (Ve,(fo, fo,))(tZ) is uniformly bounded with
its derlvatlves for t € [0,1], and for |Z| > 4e,

(Ve (o, fo))(Z) = (ei(io, fou)) ,, = wao(fou, €i)- (2.5.52)
Thus, [+{fio, fou)(tZ), %] also satisfies ([2.5.51).
Let RY0)B0 and R(€0)B0 be the curvatures of the connections on (Lo)g, and (£)s,

induced by V0, Vo and VB, Then by (2.5.27)), we have

[Vieis Vie;] = (RUL0)Bo 1 tzR(SO)BO)tZ(ei,ej). (2.5.53)
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By (2.5.32), (2.5.52) and (2.5.53)), we find that [V, %] has the same structure as
%, for t €]0,1], by which we mean that it is of the form

Zaw (t,tZ)V1e,Vie, +Zb (t,tZ2)V e, + c(t, tZ)
?]

+ 3 |t e2)5 o, o 02) + &7, | (2550
; g

where d’ € C, and a;j, b;, ¢ and d; are polynomials in the first variable, and have all their
derivatives in the second variable uniformly bounded for Z € R?"~% and ¢ € [0,1]. Note

that in fact, for [V, 4], d =0 in (2.5.54).

The adjoint connection (V)* of V; with respect to (-, )¢ is given by
(V)" ==V — t(n_1V/<c) (t2). (2.5.55)

Note that the last term of (2.5.55)) and all its derivative in Z are uniformly bounded for
Z € R?» and t € [0,1]. Thus, by (2.5.54) and (2.5.55)), we find that (2.5.51)) holds when

m = 1.
Finally, we can prove by induction that [Q1, [Q2,...[Qm,-Z]...]] has also the same
structure as in (2.5.54)), and thus satisfies (2.5.51)) thanks to (2.5.55)). O

Proposition 2.5.9. For any t €]0,ty], A € T and m € N,
A —Z)"H(H™M) c HP (2.5.56)

Moreover, for any o € N>"=¢, there exist K € N and Cam > 0 such that for any
€1]0,1], Ae T and s € €°(Bo, EB .z ) s

|22 =2)7's, ) < Com@a DY SN2 sl e (2557)

o
mt o' <a

Proof. Let Q1,...,Qm € Dt and Qm1, -+ Qyjal € {Z,}?gl Then we can express the
operator Q1 ... Quqal (A — Z)~! as a linear combination of operators of the type

[Q1,[Q2, - [Qe, A=) . JQus1 - Quugja) With €< m+ |al. (2.5.58)

We denote by % the family of operator 7% = {[Q;,, [Qjs, - - - [Qj,,-Z] - .. ]]}. Then any
commutator [Q1, [Q2,...[Qs (A — Z)71]...]] can be expressed as a linear combination
operators of the form

A=) "R\ -L) R P\ - %) with Fj € % (2.5.59)

Moreover, by Proposition the norm | - ||;"™" of any element of .% is uniformly
bounded by C. As a consequence, using Proposition [2.5.7 we see that there is C' > 0 and
N € N such that the || - |¥'-norm of operators in is bounded by C(1 + [A|*)Y
Thus, Proposition holds. O

Let e=%(Z,Z') be the smooth kernel of the operator e™%* with respect to dvrg(Z’).
Let my, : TB Xz, TB — Mg be the projection from the fiberwise product T'B Xy, TB
onto Mg. As % depends on the parameter zg € Mg, then e=%(-,-) can be viewed as a
section of 73, (End(€p)) over TB Xy, TB.
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Let V™6™ 4€8) 16 the connection on T, End(Ep) induced by V5. Then Vi EndEn)

hE and gTM induce naturally a €™-norm for the parameter xg € Mg on sections of
T (End(Ep)).

As above, we will decompose any Z € T,,,B as Z = Z0 + Z+, with Z; € Ty, Mg and
Z+ S NG,xo-

Theorem 2.5.10. There exists C' > 0 such that for any m,m’,m”,r € N and uy > 0,
there is C > 0 such that for any t €]0,to], uw > up and Z,Z' € T, B = By
glal+le’l gr

—u
0zea7@ o (42

sup (L4 |2+ 2"

laf,Ja’|<m

¢ (Mg)

1’L TTm Cl
C(1+ |20 + |Z0]) 2 ntrmFhem exp(4Cgu—;|Z—Z’\2>, (2.5.60)

where | - |%m’(M) denotes the €™ -norm for the parameter xo € Mg.

Proof. By (2.5.45)), we know that for k € N*,

vz _ (FDMH (1) /Fe—ux()\ g ARY (2.5.61)

2imuk—1

Then for m € N, we know from Proposition that for @ € UQ"ZIDf, there are
Cp > 0and M € N such that for A € T,

IR = Z) ™[I < Cin (1 + INP)M. (2.5.62)
Moreover, taking the adjoint of (2.5.62]), we deduce

I = )" QI < Crn (14 [AP)M. (25.63)

From (2.5.61)), (2.5.62) and (2.5.63)), we have for Q,Q’ € U, D;:

HQ@ 20, (2.5.64)

Let ||-||,» be the usual Sobolev norm on (T, B, £,) induced by h=0 and the volume

form dvrx(Z):
1sll7,=>" > [IVey, -+ Vey,sll5- (2.5.65)
L<miy,...,5¢

Then by (2.5.29) and (2.5.39), for any m € N there exists C/, > 0 such that for s €
€ (Tyy B, £z, ) with support in BT=05(0, ¢) and ¢ € [0, 1],

1

m“sHt,m < Isllm < Cri(1+ @)™ I5]l¢.m- (2.5.66)
m

From (2.5.64), (2.5.66) and Sobolev inequalities (for || - ||;,) we find that if Q,Q" €
U Df, then

sup ’QZQ’Z/e_“‘Zt(Z, ZN| < C(1 4 )2 122020, (2.5.67)

1Z1,12"|<q
Moreover, by Lemma [2.3.3[and (2.5.15)), (2.5.16|) and (2.5.43|), we have

S J4

=1

1
‘E fio, fou) tZ)‘ > C|Z4. (2.5.68)
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Thus, (2.5.29), (2.5.67) and (2.5.68) imply (2.5.60) with the exponential e>“2% for the case
where r = m/ = 0 and C' = 0, i.e., for any m, m” € N, there is C' > 0 such that for any

t€]0,t0], Z, 7' € Ty, B = By

glalt+a|
92292

C(1+ |20 +|Z2°)" ™ exp(2Cou).  (2.5.69)

sup (14|24 + 2™ e (7, 7')

lal,la’|<m

To obtain the right exponential factor in the right hand side of (2.5.60]), we proceed
as in the proof of [7, Thm. 11.14] (see also [46, Thm. 4.2.5]).
Recall that the function f is defined in (2.4.9). For ¢ > 1 and a € C, set

Kuc(a) = /R V2 oxp(—0? [2) (1 - f(V2uv/s)) (2.5.70)

dv
Vor
Then there are C”,C; > 0 such that for any ¢ > 0 and m,m’ € N, there is C' > 0 such
that for u > up, ¢ > 1 and a € C with |Im(a)| < ¢, we have

/ C
™K (a)] < Cexp (C"cPu ;18). (2.5.71)
For ¢ > 0, let V.. be the image of {a € C : [Im(a)| < ¢} by the map a +— a?, that is

V, = {)\ €C : Re(\) > T;Im()\) - 02}. (2.5.72)

Then the contour I" of Figure 2.1] satisfies I' C V.. for ¢ large enough.
As Ku « is even, there exist a unique holomorphic function K, ¢ such that K, <(a?) =

Ky(a Bym,wehavefor/\EV
AR ()] < Cexp (C"cPu — %8). (2.5.73)

Using the finite propagation speed of the wave equation and ([2.5.70), we know that
there exists ¢ > 0 such that for any ¢ > 1

Ko (Z)(Z,2") = e "2 (2,2") it |Z—2Z'|>{s. (2.5.74)

From ([2.5.73]), we see that for k£ € N, there is a unique holomorphic function fu,gk
defined on a neighborhood of V. which satisfies the same estimates as K, ¢ in (2.5.73)) and

7o (k—1)
In particular, as in (2.5.61f), we have
Ruel2) = 5 /Kugk A— %) Fan (2.5.76)
%

Using (|2.5.64)) and proceeding as in (2.5.66[)-(2.5.69)), we find

glal+le’l

sup (1+’ZLH‘\Z/L‘) WKU§(Z 7"

lal,la’|<m

nt24m C
< C1+|2° + |20+t exp(c”c%—jé). (2.5.77)
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For Z # Z', we set ¢ > 1 such that |¢ — 2|Z — Z'|| < 1 in the previous estimate and get

g

glal+a
azegz Lus

sup  (1+]Z5[+|Z)"

laf|a’[<m

(2,2

<O1+|2°+ |Z’O\)2nJr2+m exp (C"02u -

| ) (2.5.78)

Now, take 0; = %1282, then from (2:5.69)% x (2.5.78)!~% and (2.5.74) (and from

(2.5.69) if Z = Z"), wegetmforr—m =0, ie, forall Z,7' € T, B

'l

olal+lo

—u%
570677 "(2,7)

sup (14|24 + 2™

|al,a’|<m

mn m Cl
C(1+ |20+ |2°)>"+*F exp(402u—Z|Z—Z'\2>. (2.5.79)

We now turn to the case r > 1. By (2.5.61)), we have

O g (FDFYE-1) g0 1
e = /F == Z) (2.5.80)

For k,q € N*, set

Ty = {(k,1) = (ki,mi) € ()7 x (N)7 z]:k =k+7, i:ri =7} (2581)

1=0 1=1

For (k,r) € I ,, A€ T, t > 0 set

"% 0"1.%
k _ —k t —k t k.
ANty =(A—Z)™ " 5 AN=Z)™" 507 AN=Z)~ . (2.5.82)
Then there exist a¥ € R such that
0 A=Z)F= > aFAF(\1). (2.5.83)

ov”
(k,r)EIk’q

We claim that for any m € N, k > 2(m+r+1) and Q,Q’ € UZ”ZIDf, there exist C' > 0,
N € N such that for A e T’

1QAXMN, )Q's|l, < C(L+ AN 3 [ Z85]l0. (2.5.84)
|B1<2r

Indeed, we know by (2.5.32)) that 8t7""% is a combination of

71 72 71 71
(Sd902)), (SoVie), o02), Dt fo,(iZ), (2589)
where 0 runs over the functions TX ) etc.7 appearing in .

Now, if f =g or f=0in 5) (resp. f = Vie, or f = t{ifo», fo,(tZ))), then
for ry > 1, 2 S f(tZ) is a functlon of the type g(tZ)Z® where |3| < r1 (vesp. 1 + 1) and
g(Z) and its derivatives in Z are uniformly bounded for Z € R?".

Let .#/ be the family of operators of the form

F = {3 Qi: 15 Qsos - - (5 Qs 4] - 11}, (2.5.86)
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where f;, is smooth and bounded (with its derivatives) and Q;, € Dy U {Z;}7"7%.

We will now deal with the operator AX(\,#)Q’. First, we move all the terms Z° in
the terms g(tZ)Z” (defined above) to the right-hand side of this operator. To do so, we
use the same commutator trick as in the proof of Theorem [2.5.9] that is we perform the
commutations once at a time with each Z; (and not directly with Z%, |8] > 1). Then
we obtain that AX(\, #)Q’ is of the form > i8<2r Lt,gQgZﬂ where (7 is obtained from Q'

and its commutation with Z”. Next, we move all the terms V., and <%,&E0’P, Jo (tZ))

to the right-hand side of the operators L; g. Then as in the proof of Theorem
we finally get that QAX(\,¢)Q’ is of the form >81<2r .ZtyﬁZﬁ, where %, 5 is a linear
combination of operators of the type

QA —Z) MRi(A— %) MRy Ru(A = L) Q"Q", (2.5.87)

where >3-,k =k +1', Rj € 7/, Q" € U2 DY and Q" € UL, Dy is obtained from Q' and
its commutation with Z°. Since k > 2(m + r + 1), we can use Proposition and the
arguments leading to (2.5.62)) and (2.5.63) in order to split the operator in (2.5.87) into

two parts:

QA — L) RN~ L) MRy Ri(N — 4) M x
()\ _ D%)_(k;_k;/)Rz+1 . Rl/()\ o .,Zf)_k;/ Q”,Q”7 (2588)

such that the || - |?"°-norm each part is bounded by C/(1+ |A|2)Y. This conclude the proof

of (2.5.84).

By (2.5.80), (2.5.83) and (2.5.84), we get (2.5.60) for m’ = 0 using a similar reasoning

that for (2.5.79)).

For m’ = 1, observe that if U € T M, then

T, End(€) o (=11 (k- 1)! AT h, End(E) &
Ve e 2 T /Fe v 0 ) kA (2.5.80)
T, End(€) k- . o
Moreover, V¢ (A= %)~" is a linear combination operators of the form
4 * End(E . * End(€ ,

(h— 2y (v gy gy (v gy gy (2.5.90)

T, End(€) . . . . .
and V; % is a differential operator with the same structure as .%;. In particular,

e E d

VUM n(e ).Zg satisfies an estimates analogous to (2.5.51f). Thus, above arguments can be
repeated to prove (2.5.60) for m’ = 1. The case m’' > 2 is similar. ]

Remark 2.5.11. In the sequel, we will in fact only use Theorem [2.5.10] with r = 0,1, but
we prefer to state it in the general case.

Proposition 2.5.12. There are constants C > 0 and M € N* such that for t € [0, o] and
AeT,

[[CEEA RO fo)_l)SHO’ <Ct+ APM S 112%]op- (2.5.91)

ja|<3

Proof. From (2.5.29)) and (2.5.39)), for ¢ € [0,1] and m € N* we find

Isllem < C Y 12 ll0.m- (2.5.92)

laj<m
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Moreover, for s, s’ with compact support, a Taylor expansion of (2.5.32)) gives

]<(zt - .,%)5,5%0' <Ct|sllia S 112%0,1- (2.5.93)
la|<3
Thus,
”(ﬁ — 92”0)3 t,—1 S Ct Z HZaS’ 0,1- (2.5.94)
o] <3
Note that
A-L) "' -A-ZLA) "' =0-L) (L -L)N-%) " (2.5.95)

Moreover, Propositions [2.5.7], [2.5.8 and [2.5.9] still holds for ¢ = 0. Thus, Proposition [2.5.9
(2.5.94)) and (2.5.95) yields to (2.5.91)). O

Theorem 2.5.13. There exists C' > 0 such that for any m,m’,m” € N and ug > 0, there
is C > 0 such that for any t €]0,tg], u > up and Z,Z' € By

g

glal+a

sup (14|27 +12°)" |~

laf,Ja’|<m

(e_“"?t — e_“‘%) (z,7"

¢ (M)

n+m’ m c’
< Ct(1+ 2% + 120> e, (4Cou — —1Z - Z'*). (2:5.96)

Proof. Let By = BT=05(0,q). Let H8H2Bq = Jiz<q |8|Z£zo dvrx(Z), and let J, 2, = L*(By, E.zo)-
If A is a bounded operator on J,4,, we denote its operator norm by ||A[|s,. By (2.5.61)
and (2.5.91), we know that there is C’ > 0 and N, M € N such that for ¢ €10, 1],

He—u.ft _ e—ufo

1 —u -1 -1
5 <5m [l 0= = -2, ax son

< Ct/ e ReO) (1 L NDM(1 4 )V < Ct(1+ g)V.
I

Let ¢: T,y B — [0,1] be a smooth function with compact support, equal to 1 near 0
and such that szoB o(Z)dvrx(Z) = 1. Let v €]0,1]. By the proof of Theorem [2.5.10], we

see that e "0 satisfies an inequality similar to (2.5.60)). By Theorem [2.5.10] there exists
C > 0 such that for |Z],|Z'| < g and U, U’ € &,,,

(e = em2) (2, 2)U,0")
_ / (e—uft _ e—uf())(Z _ VV, Z/ _ W/)U, Ul>
TwoBxTwy B
<Cv(1+N|UNU'|. (2.5.98)

X

V4n1_2dqb(W/u)(b(W’/y)dvTX(W)dvTX(W’)‘

Moreover, by (2.5.97)), we have

/T (et ey z—w - W, v')

1

Ct
V4nf2d ¢

x (W)W Jv)dorx (W) dvpx (W')| < Vznid(1+q)N!U||U’|. (2.5.99)
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Hence, taking v = ¢1/(27=4+1) we find that there is C > 0 and K € N such that for any
t €10,t0), Z,2" € B%(0,q),

(7% — e 0)(2,2)| < Ot/ (1 4 ) (2.5.100)

In particular, we have

e v = euA, (2.5.101)

li=0 =
From Theorem [2.5.10, (2.5.101)) and the formula

G(t) — G(0) = /0 "G (s)ds, (2.5.102)

we get ((2.5.96]). 0

Remark 2.5.14. As we have estimates on every derivatives of e=%%¢(Z, Z'), we can in fact
use the same method as in Theorem [2.5.13|to get an asymptotic expansion at every order
of e % (Z,2").

2.5.3 Computation of the limiting heat kernel

In this section, we will evaluate the limiting heat kernel e=*#0((0, Z+), (0, Z+)) for
(0, Z+) € Ty, B and thus obtain Theorem m
Recall that we have the following splitting of vector bundle over P, which is orthogonal

for both b* and g™ (see (2.1.24) and (2.3.19)):

TU=TPOTY @ JTY. (2.5.103)

Note also that by (2.1.11) and (2.1.25)), we have

bL('a') = <(*JJ)"'>’ (2.5.104)

and thus —JJ preserves both 7Y and JTY on P. In particular, on P, J intertwines 7Y
and JTY, and is invertible on TY @ JTY because ¢g7™ and b are definite positive on
this bundle. Thus,

2Ty =TV, JTY =JTY, JTHP=Jr"pP=TH"HP (2.5.105)

Thus, J induces naturally Jg € End(T'M¢), and we see with (2.5.3) that (JTY) g, is
the orthogonal complement of TMg in T'B. We will identify the normal bundle Ng of
M¢ in B with (JTY )|, From this fact and (2.5.105)), we know that for U,V € T, B,

w(UH, Vv = wo(PTMey, pPTMey), (2.5.106)

From the above discussion, we can diagonalize J on (T P)1-0) and (TY @ JTY)(10),
and we thus can get orthonormal basis {w? ?:_fl and {e;}¢, of Té;’O)MG and Ng gz, =
(JTY) Bz, C TB respectively such that in these basis

v—1.. 0 0
J|Tag(1),0>MG = o diag(ay, . .., an_q), (2.5.107)
1.2 1.2
J2|NG,QCO = 4 lea‘g(al ) y Qg )a
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with a? € R and ajl € R*. Let {wo’j}?:_{i and {e1}4 | be their dual basis. We also set

J
1 . v—1
6(2)‘7'71 = ﬁ(w? + w?) and egj = W

Then {e?}?"72? is an orthonormal basis of T, M.

From now on, we will use the coordinates in Section [2.5.1] induced by the above basis
as in (2.4.1)).

We denote by Z° = (Z9,...,23 ;) and Z+ = (Z{, ..., ZF) the elements in T, Mg
and Ng 4, Then Z € T,,B can be decomposed as Z = (Z°, Z+). We will also use the

(w) — ). (2.5.108)

complex coordinates z° = (29,...,20 ), so that
70 =20 +%°,
0 0
0 —0
) _ /o~ ) — /2
i \[8,2? 1 ‘faz;?’ (2.5.109)
0 0 0 0
0 _ 0 _
@ =gt =Vl g
J J
When we consider z° or z° as vector fields, we identify them with ZJ i35 0 and Z ?
Note that 9 2 9 2 1 ’
— | =|— == 02 02 02
’029‘ ‘820‘ S and [P =[P = \Z 2. (2.5.110)
Set
2n—2d n—d
L==3 (Vo) =D aj, (2.5.111)
i—1 ’ j=1
and recall that .
2= =3 (Vo) = laf ZH?) - Za (2.5.112)
i=1

As in [51}, (3.13)], we can show using (2.3.15)), (2.5.27) and m, that
RLP(U,V) = —2n/-1(IPTMey, pTMey),
L =ZL+ K- de(xo),

(2.5.113)

Thus,
e—u.i”o (Z, Zl) _ e—uf(ZO’ ZIO)G_UD?L (ZL, ZIL)BQude(xo). (25114)

Moreover, using (2.5.107)), (2.5.111f), (2.5.113)) and the formula for the heat kernel of a
harmonic oscillator (see [46, (E.2.4), (E.2.5)] for instance), we find with the convention of

Theorem [2.1.9)

1 det(RLe)
(2m)"=? det (1 — exp(—2uRE%))’
We can now prove Theorem We fix u > 0.

Let s € €>°(By, £x,)- Then by (12.5.26)) and ([2.5.27))

w My,2 + _
e is(Z) = S R 2e P r e 1/@_1/257&(Z)

e 42(0,0) =

(2.5.115)

uw Mqpy,2 + _
= K(tZ) /R . e PP T 47, 2 (Ss) (2 kY2 dvrx (Z') (2.5.116)

w s - Mg,2
:p_"+d/2/f(tZ)/ e P PP e (tZ,tZ”)S(Z”)KZl/Q(tZ//)dUTX(Z”),

R2n—d



2.6. PROOF OF THE INEQUALITIES 89

which yields to
‘ g M2 g —
e (7,7') = p 25 O T (7 4 2V 2 (12) V2 (4 2)). (2.5.117)
On the other hand, for s € €°(By, (Eop)B,) and v € My,

<e_;¢D’j’%72¢_ls> (m(v)) = (@e_;DﬁJ()’Q(I)_ls) (m(v))

— h(v) /MO e 30 (0, )N (W) s (0 )duagy () (2.5.118)

o yMg,2

=b0) [ i st o ()
thus we find
h(w)h(o') (Pae 320" Pe) (0,0') = e 320070 (), 1 (o). (2.5.119)

Let v = (9,2) € U ~ G x BT5B(0,¢). We suppose that in the decomposition Z =
Z° + Z*, we have Z° = 0. Then from Corollary [2.5.2] Theorem [2.5.13] (2.5.117), and
[2.5.119), we find that for any m,m’ € N, there exists C' > 0 (independent of Z+) such

_up2 _ —u
’P_ner/Qh(U)h(U)(PGe v Pg)(v,0) — (2 )e D%(\/Z’ZL’\/@ZL)’%W(M )
G

<Cp Y214 plZH) " (2.5.120)

Now, for v € U, we write as in the Introduction of this chapter v = (y, Z1) with y € P
and Z1- € Npjyy- Let x = w(y) € Mg. Then we do the procedure of Sections [2.5.1| and
2.5.3 with zgp =  and yo = y. Then Theorem follows from ([2.5.114)), (2.5.115) and

(2.5.120) applied to Z = (0, Z1) € Tyy B = Ty Mg @ NG -

2.6 Proof of the inequalities

In this Section, we prove our main results: Theorems [2.1.3|and 2.1.5 In Section [2.6.]]
we prove Theorem and, as a consequence, we obtain the G-invariant holomorphic
Morse inequalities in the case of a free G-action on P. Then, we explain in Section
how to modify the arguments in Sections 2.5 and to get our inequalities under
Assumption 2.1.] in full generality. Finally, in Section [2.6.3] we apply Theorem [2.1.5] to
get estimates on the other isotypic components of the cohomology H®*(M, LP ® E).

2.6.1 Proof of Theorem [2.1.3] when G acts freely on P

We assume in this Section that G acts freely on P and U. We keep here the notations
of Sections 2.5

In this section, we will first prove Theorem [2.1.7, and then show how to use it in
conjunction with the convergence of the heat kernel of the rescaled operator to get Theorem
2.1.3] The method is inspired by [6] (see also [46, Sect. 1.7]).

For 0 < g < n, set

v = dim HY(M, LP ® E)°. (2.6.1)

By Hodge theory, there is a G-equivariant isomorphism H®(M, LP @ E) ~ ker Df,, and in
particular we get for the invariant part:

H*(M,I” ® E) ~ (ker D2)¢ and "¢ = dim(ker D)“. (2.6.2)

We begin by proving Theorem [2.1.



90 CHAPTER 2. G-INVARIANT HOLOMORPHIC MORSE INEQUALITIES

Proof of Theorem [2.1.7. If X is an eigenvalue of D2 acting on Q°7(M, L?®E)%, we denote
by FjA the corresponding finite-dimensional eigenspace. As 9X"®F and 9L"®F* commute
with Dg, we deduce that

OMER(EN C Yy and OMEPN(EY) C B (26.3)

As a consequence, we have a complexe

SLPRE SLPRQE JLPQE
0— RS RSB o (2.6.4)

If A =0, we haveiFJQ ~ HI(M,LP ® E)¢ by (2.6.2). If A > 0, then the complex (2.6.4) is
exact. Indeed, if 01"®Fs =0 and s € Fj)‘, then

s = )Fngs = \T1QLOEGLIOE x5 ¢ I (917 ®F), (2.6.5)

In particular, we get for A > 0

q
(—1)77 dim F} = dim (0""*F¥(F})) > 0, (2.6.6)
j=0
with equality if ¢ = n.
Now,
Trj[Pee v 77 Pg) = 0C + 3 ¢ 5 dim F). (2.6.7)
A>0

Thus, (2.6.6) and (2.6.7)) entail (2.1.19)).
Note that this proof does not depend on the metric we chose on T'M, so we get (2.1.19))

in general. O

We denote by Tryo,q the trace on A®Y(T*M) ® LP @ E or on A%(T*M). We know
that

Try[Pee” v % Pg) :/ Trroa [(PGe*%Dr?PG)(v,v)} dvps (v). (2.6.8)
M

With Theorem [2.1.8 and ([2.5.23)), we in fact have

Tr [Poe 77 Pg) = /U Trpoa [(Pae—%DipG)(v,v)] dopr(v) + O(p~). (2.6.9)

By Theorems |2.1.7| and |2.1.9|, (2.6.9), and using the change of variable Z+ < VPZ +
we deduce that for every u > 0,

q
— —j1p,G
p n+d § 0(_1)q ]bé’v S
j=

rk(FE) det(RLe) Z?:o(_l)q_j Tt yo,; [e240a(@)]

—uZt i 1 1
: e " (47, Z7)dvrp(x, Z
(271')"751 /zGMG,|ZL§\/fJE det (1 _ eXp(—2URgL;G)) ( ) TB( )

+o(1). (2.6.10)

For u > 0, set
1 1

Ju) = tanh(2u)  sinh(2u)’

(2.6.11)
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Then there is ¢ > 0 such that for u > 1, f(u) > ¢, and f(u) —— £1. By ([2.1.28) and
u—£oo
Mehler’s formula (see [46, Thm. E.1.4] for instance), we know that

d at
e uLi (z+,2+) = H J —4ua) exp {—ailf(uaf)ZiJ"Z} (2.6.12)
Thus, as a; f(ua;) > 0,

e vl (Z1, 7 Y dug, , (Z21) = / Lz, 2 ) do,  (Z1) + O(p )

= \/f ua —4uaz4') + O(p—oo)‘
(2.6.13)

Let {wo} be a local orthonormal frame of 7% Mg such that RLGw] = a? fw;) (see
(2.5.107)). Its dual frame is denoted by {w%/}. Then

~/|Zl|§\/ﬁa

wGd = — Z a? w7 A %g?- (2.6.14)

We again denote by w;’ the horizontal lift of w? in THP. In the same way, let {wJL} be a
local orthonormal frame of (TY @ JTY)(19 such that Rij- = aj- w?. Its dual frame is
denoted by {w®7}. Then

n—d d
== ay ™ Nigo — Y ay W iy (2.6.15)

j=1 j=1

Thus, writing {w;} = {w wL} and {a;} = {aj NG at}, we get
et =1+ (e72% — D A, (2.6.16)
and .
Traoale®] = > exp(—2u) a;). (2.6.17)
J1<<dq k=1

In particular, there exist C' > 0 such that for x € Mg, u > 1and 0 < g <mn,

det(R:%G) TI'AO 2uwd
det (1 — exp(—2uR%C)) i 1 f(uat

<C. (2.6.18)

—4uaiL)

On the other hand the signature of b* on JTY is the same as on TY (i.e., (r,d —r)),
so by Lemma [2.3.3|and (2.3.15)), (2.3.19) and (2.1.10|) we have for 0 < g <n

(PN M(q)) = Ma(q—r), (2.6.19)

where M(< q) is define in an analogue way as Mg (< ¢) in the introduction. Thus, by

and (£6.19),

det(RLG) Tr o, [e?wwal®
im
u=+oo det (1 — exp(— 2uR£G f(ua;-

f4uaf- )

= Lo (g—r) (@) (=1)77" det(RF€), (2.6.20)
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where the function 14 takes the value 1 on A and 0 elsewhere.
Using (2.6.10), (2.6.13)), (2.6.18]), (2.6.20) and dominated convergence as u — 400, we
find

lim sup p~ "¢ —ipp X
p—>+oopp Jz:,) J 271' n— d H \/f ua —4uaf)
det RLG q )= I 2ude( )
/ et(R}9) 357 Tp0s [ Vi () (26.21)
Mg det (1 —exp(—2uRz )
RLe
< (=1 q_T/ det ( =2 )dvps. (7).
= (=) Mg (<g-r) ( 2 ) o ()
Finally, note that
RLG —1 Lo n—d wn_d
T — - — !: G . 2. .22
det( o )deG(x) (V27T R ) /(n — d) o (2.6.22)

Then (2.6.21]) and ([2.6.22)) entail Theorem

2.6.2 The case of a locally free action

In this section, we prove Theorem [2.1.3] under Assumption In particular, the
action of G on P and U is only locally free, and thus Mg and B are orbifolds. The proof
relies on a similar method as the case of a free G-action, but the main difference is that
we need to work off-diagonal to get uniform estimates near the orbifold singularities. We
explain below how to adapt the arguments in Sections [2.5] and [2.6.1] to get the general
result.

Recall that G* = {9 € G : g-x = z forany x € M}. Then GY is a finite normal
subgroup of G and the quotient G /G acts effectively on M.

It is a well-known fact that if ¢: (M, g"™) — (M,g"™) is an isometry and x € M
is a point such that ¢(x) = x and d¢, = Idp,pr then ¢ = Idys. In particular, suppose
that g € G satisfies g|p = Idp. Then we have for z € P: gz = z, dgy|7,p = Id7, p and
g preserves J so dg;|jr,p = Idyr,p. As TP+ JTP =TM, we deduce that g acts as the
identity on M. Thus,

={g€eG : g-x=uzforany x € P}. (2.6.23)

Recall that the function h defined in is smooth only on the regular part of B
and we have denoted by h its smooth extension from the regular part of B to B.

First, we need to modify Section as follows.

Recall that TM is endowed with a metric ¢”™ satisfying . We identify the
normal bundle N of P in U to the orthogonal complement of TP. By and
, this means that N is identified with JTY. By and , we have in
particular THU = THP @ N.

Let g™V, gTHU be the restriction of g™ on TY, THU. Let g78 (resp. g7M¢) be the
metric on T'B (resp. T'M) induced by gTHU (resp. gTHP ).

Here, unlike in Section we will not work on the quotient B but directly on M. Let
V7B be the Levi-Civita connection on (7B, g7 ?). Let PV and PT"P e the orthogonal
projections from THU|p to N and T P respectively. Set

vTiU VT8, vV — PN(VTHU| )PN

TP TP —~THU TP 0oTHU N TH P (2'6'24)
VTP = pTE(yT"U| )\ pTP  0yT"U — yN gy v
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Fix yo € P. For V. € THU (resp. T"P), we define t s z; = eXpZOHU(tV) € U (resp.
epoOHP(tV) € P) the curve such that xo = yo, 20 = V, & € THU and VfHUi = 0 (resp.
i€ THP and VI"Pi = 0). For W € THP small and V € Ny,, let 7V be the parallel
transport of V with respect to V¥ along to curve t € [0, 1] — expgoHP(tW).

As in Section we identify BT@%U(O,s) to a subset of U as follows: for Z €
BT?%U(O,E), we decompose Z as Z = Z° + Z+ with Z° ¢ ngp and Z+ € Ny, and then
we identify Z with engngP(ZO)(TZO ZY).

X vo

Moreover, if Gy, = {g € G : gyo = yo} is the stabilizer of yy and g € Gy,, we can

decompose Tylg P as

TP = (T P)? ® Ny, g, (2.6.25)
where (T%P)g is the fixed point-set of ¢ in Tyng = Ty, PNJT,, P and Ny, 4 is its orthogonal
complement. Hence we get, for each g € Gy,, a decomposition of the coordinate Z9 as
Z° = 70, + 29, with Z9 , € (T P)9 and Z9, € Ny, 4. Note that rk(Np, ) = 0 if and
only if g € GO.

H H
Observe that U ~ G - BTwY(0,¢) = G X Gy, BTwY(0,¢) is a G-neighborhood of the
orbit G - yo and (BT;éU(O, €), Gy, ) gives local chart on B.
As the constructions in Section are Gy,-equivariant, we can extend in the same
way the geometric objects from G xg¢,, BT?JI({)U(O, €) to

My =G xg,, R, (2.6.26)

where R?"=4 ~ T yfg U. Note that Lemma and Corollary still hold, because do
not work on the quotient to get them: we only use finite propagation speed of the wave
equation on M.
Set
By = My /G =R*%/G,,,

_ U 2.6.27
My =G x R4, By = My/G = R* 4, ( )

Then we have a covering My — M (resp. By — By) which gives a (global) orbifold chart
on My (resp. Bp). We can then extend the geometric objects from My to My. We will add
a hat to denote the corresponding objects on By or My. In particular, we have a Dirac

operator Dﬁ/fo on ]/\Zo corresponding to D]]D”0 in Section [2.5.1
Let Tg: G x R?»~4 _ R?"=d he the projection on the second factor. As in (2.2.10]),
we define

® = hiwg: €°(G x R4 Ey, )% — €°(R> ™, (Ko ) ) (2.6.28)

We also denote by ® the map induced from €°° (Mo, Eo,,)% to €>(Bo, (Eo)B,)-
Let ¢g"™o be defined as in (2.5.18) and let gTHMO be the metric on R?*~? induced by

. . . . _ H
g0 with corresponding Riemannian volume on (R??~¢, g7" Mo)

Let e #®P» @ be the heat kernel of the operator </ISD£7[0’2<T> on By and e‘“ngIO%;(Z, Z"
(Z,7' € By) be its smooth kernel with respect to dvps Mo (Z"). Concerning heat kernels
on orbifolds, we refer the reader to [42, Sect. 2.1]. Then we have for v = [g, Z] and
v =g, Z'] in My,

—~ u MOs

R()R() (Pae 82 Pg) (0,0) = e 50202 (n(0), m(v'))

denoted by dvpw yy, -

(2.6.29)
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where |GY| is the cardinal of G°. Indeed, the first equality in (2.6.29) is analogous to
(2.5.119)), and the second from a similar computation as in [26], (5.19)] or [46, (5.4.17)].

Note that our trivialization of the restriction of L (resp. E) on B'%Y(0,¢) is not
G'y,-invariant, except if Gy, acts trivially on Ly, (resp. Ey,). More precisely,/l\et Mgo =
R?7=2d » {0} C By and for g € Gy, let Méo be the fixed point-set of g in Mg . Then

the action of g on L| i, is the multiplication by e®s and 04 is locally constant on ]\//.7&0.

Likewise, the action of g on E;, is given by gp € > (]\//\[g 0> End(E)) which is parallel
G,0 ’

with respect to V.

Now, as we work on EO and M\o, we can apply the results of Sections [2.5.1{2.5.3| to

the operator @Dﬁ%’%ﬁ. We will use the same notation as in these sections, and add a
subscript to indicate the base-point (e.g., kg, £0,z, -..). By Theorem [2.5.13|and (2.5.117)),
we obtain for g € Gy, and u > 0 fixed

_ug Mo,25
p—n+d/2€ p‘I)Dp (b(g_IZ, Z)

_ —ut, -
— g (Z1)e 00 (pg T (Zag + Z7) ND(Zag + Z7)) ¢ (M)

< Cp 2 (1+ /Dl Zog)™ (1 + /D1ZH) ™ exp (— Cp, inf \W1Z - Z)?). (2.6.30)
Yo

On the other hand, note that there is p > 0 such that for g € Gy, |971Z — Z|> > p|Z24|?,
SO

_EA ]/\/;0,2’\ _
pt e g7 2, 2)

— kgl (Z1)e P07 (fpg T (Zag + Z1),B(Zog + Z1))

1,9

%’ml(Mg)
< Cp P14+ plZH) " exp (= C'pl Zagl?). (2.6.31)

We can now prove Theorem First, observe that Theorem [2.1.7]is still true here
because we work on M to prove it in Section [2.6.1] Thus, we can use a similar approach
to prove Theorem [2.1.5| as in Section [2.6.1

Note that the estimate still holds. Consider now a G-invariant function ¢ €
% °° (M) such that the induced function (again denoted by 1) on B is compactly supported
in a small neighborhood of zg € Mg.

Similarly to (2.5.26), we denote by dvpwy the Riemannian volume of (T;g U, gTyHOU).
Then, as in (2.6.10)), (2.6.31)) and dominated convergence imply that

—n—+d —uphMo.2
[ o) Ty | (Pee™E Po) (w.0)] dons () =
1 p_rk(Ny()’g)/?/ w(Z +Z27g> Tr [(g 1) det(Réﬁng“Wd(Zl,g)
T /C00] P — 1, 1) .
|Gyo/ G| GO 9€Gy, @2m)=d S a(p,e) P ! det (1 — exp(—2uRéﬁg))

ol
e " (Q_I(ZZ,g +7t), Zag + Zl) ® IdE]dUTHU(Z) +0o(1), (2.6.32)

where A(p,e) = {|Z14] < €,|Z24| < /D, VAR £y/p}. In particular, in (2.6.32)), every
term involving a g such that rk(Ny, ) > 0, i.e., g ¢ G, disappears when we look at the
leading term in p.
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Thus, we now consider g € GY. The action of g on M and A%®*(T*M) is trivial, so we
have

det(RLS)e (%)
det (1 — exp(—QURLG))
det(RJ§) Trpo.[e24d(2")] —ugk
det (1 — exp(—QURég;))

Using (2.6.32)) and (2.6.33)), we get as in (2.6.13))-(2.6.21)):

Trq [(gal) : e_ua(f;‘0<gflzl7zl) ®IdE

— ezp@

“(Z+,Z2%) @ gp(2°). (2.6.33)

limsupp~ "+d/ Y(v PG€ » pPG)( )} dvpr(v)

p——+o00

1
< = X
(27 d’G()’ geGO i= 1\/f (uaj- 74%*)
/ ” det(RLe) Zq )q I Tr po,; [€24we.a(®)]
x
Mg det (1 — exp(—Qqu )

s TP [gp (2)|dva ()

(2.6.34)

< (1) /MG(Sq_T)w(x) det (];%TG) |é ( > s TrP(gp(x )])dUMG(x)

geGO

= (-1)7" dim(I* ® E)°" / Y(z) det (R“f
Mc(<g—r) 2m

)deG ().

Finally, we take some functions 15, as 1 above and such that > ; ¢, = 1 in a neigh-
borhood of Mg in B and we apply (2.6.34)) for those 1. We get Theorem by taking
the sum over k of the obtained estimates and using Theorem [2.1.7/ and (2.6.9)).

2.6.3 The other isotypic components of the cohomology

In this subsection, we show how to use Theorem to get estimates on the other
isotypic components of the cohomology H*(M, L ® E).

Let V, be the finite dimensional irreducible representation of G with highest weight ~.

For a representation F' of GG, we denote by F} its isotopic component associated with
~. Then we have

H*(M,L ® E), =V, ® Homg(V,, H*(M, L @ E))
=V, ® (H'(M, L’ E) ® V3)© (2.6.35)
=V, @ H*(M,I? ® E @ Vi)°,

where V; is viewed as a trivial bundle over M.
By Theorem applied replacing F' by EF® V7 and (2.6.35)) we have as p — +o0,

q
> (-1)77 dim H (M, LP ® E),
§=0
n—d

< dim V, dim(L” @ E @ V)¢ ( f; — /M < )(—1)q—rwg*d+o(p"—d), (2.6.36)
: G\xq—T
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with equality for ¢ = n.
In particular, we get the weak inequalities

dim HI(M, L ® E),
n—d

< dim V., dim(L? © E @ V*)¢° 2 / _1)a T n=d)y  (2.6.
<dimV,dim(L" @ E® V) (n—d) MG(qir)( )TTwE +o(p" ™). (2.6.37)




Chapter 3

The asymptotic of the
holomorphic analytic torsion forms

3.1 Introduction

The holomorphic analytic torsion was defined in [54] by Ray and Singer as the com-
plex analogue of its real version for flat vector bundles. It is obtained by regularizing
the determinant of the Kodaira Laplacian of holomorphic vector bundles on a compact
complex manifold. It appears in the study by Bismut-Gillet-Soulé of the determinant of
the fiberwise cohomology of a holomorphic fibration in [12].

Analytic torsion has an extension in the family setting: the analytic torsion forms, de-
fined in various degrees of generality by Bismut-Gillet-Soulé [11], Bismut-Kéhler [13] and
Bismut [9]. The 0-degree component of these forms is the analytic torsion of Ray-Singer
along the fiber. The analytic torsion forms have found many applications, especially be-
cause it was introduced, by Gillet and Soulé in particular, as the analytic counterpart of the
direct image in Arakelov geometry. In deed, the torsion appear in the arithmetic Riemann-
Roch theorem [35] and the torsion forms in the arithmetic Riemann-Roch-Grothendieck
theorem in higher degrees [34].

Analytic torsion has also other extensions. In [39], Kohler and Roessler have used an
equivariant version of the torsion to prove a Rieamann-Roch theorem for the equivariant
arithmetic Ko-theory. Recently in [23], Burgos Gil, Freixas i Montplet and Litcanu have
extended the holomorphic analytic torsion classes to arbitrary projective morphisms be-
tween smooth algebraic complex varieties by giving an axiomatic definition. They also
classified the theories they obtained. In [22], they use their theory of generalized torsion
classes to prove the arithmetic Grothendieck-Riemann-Roch theorem in the case of general
projective morphisms between regular arithmetic varieties.

In [I7], Bismut and Vasserot computed the asymptotic of the analytic torsion associ-
ated with increasing powers of a positive line bundle, using the heat kernel method of [6]
(see also [46, Sect. 5.5]). They also extended their result in [I8], in the case where the
powers of the line bundle are replaced by the symmetric powers of a positive bundle using
a trick due to Getzler [33]. These asymptotics have played an important role in a result
of arithmetic ampleness by Gillet and Soulé [35] (see also [59, Chp VIII)).

In this chapter, we give the family versions at the level of forms of the results Bismut
and Vasserot for the analytic torsion forms.

We first consider the case of torsion forms of a fibration associated with increasing
powers of a given positive line bundle which is positive along the fiber. This correspond
to [I7]. We will use a similar strategy as in that paper, but some additional difficulties
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appear due to the horizontal differential forms appearing in the Bismut superconnection
(compared to the Kodaira Laplacian) used in the definition of the torsion forms. Indeed,
the operators we are dealing with here have a nilpotent part (i.e., the part in positive
degree along the basis) that must be taken into account, especially when estimating re-
sultants or heat kernels. Moreover, to give the asymptotic formula we have to compute
explicitly super-traces of terms involving an exponential coupling horizontal forms and
vertical Clifford variables, which makes the computation much more complicated as in
[17]. Note also that in all our results of smooth convergence, we have to take into account
the derivatives along the basis.

Next, we consider the case of torsion forms of a fibration associated with the direct
image of powers of a line bundle on a bigger manifold. We have to make some partial
positivity assumption on the line bundle. This generalize [I8] in two ways. Firstly we
work in the family setting. Secondly it is easy to see that the results of [I8] apply in fact
to the direct image of powers of a line bundle on a bigger manifold given by a principal
G-bundle with G compact and connected. Here we do not assume that this is the case,
and as a consequence, we cannot use the same trick as in [I8] to reduce the problem to
our first result. In the same vein, when the basis is compact Kéhler and the fibration is
Kéhler , we show how to use our first result coupled with [13] and [41] to get simply the
asymptotic modulo Imd + Imd, but in general this method cannot work.

In the general case, we thus use the same heat kernel approach as in our first result.
However here, in addition to the difficulties pointed out above, we have to deal with the fact
that the dimension of the bundle we are working with grows to infinity. In particular, we
cannot hope to have a limiting operator for the rescaled operator, nor limitings coefficients
in the development of the heat kernel, and in all our proofs we have to make uniform
estimates on spaces that change. To overcome these issues, we will draw inspiration from
[15, 16] and use the formalism of Toeplitz operators of [46]. The idea is to use the operator
norm on matrices to have uniform boundedness properties of Toeplitz operators, and to
replace the convergence to limiting objects by an approximation by objects with Toeplitz
coefficients.

We now give more details about our results. Let M and B be two complex mani-
folds. Let m: M — B be a holomorphic fibration with compact fiber X of dimension
n. We denote by T'X the holomorphic tangent bundle to the fiber, and Tr X the real
tangent bundle. We denote by Tc X = TrX ® C the complexified tangent bundle, and
TAOX TODX ¢ Te X the +v/—1-cigenspace of the complex structure J™#X of the fiber.
Recall that we have a canonical isomorphism 7X ~ T X . In the sequel, we will use
the same notations for all the other tangent bundles.

Let (m,w) be a structure of Hermitian fibration in the sense of Section ie., wis
a smooth (1,1)-form on M which induces a Hermitian metric hA”¥ along the fibers.

Let (&, h%) be a holomorphic Hermitian vector bundle on M, and let (L, h%) be a holo-
morphic Hermitian line bundle on M. We denote the curvature of the Chern connection
of L by RY, and we make the following basic assumption:

Assumption 3.1.1. The (1,1)-form /—1R" is positive along the fibers, which means that
for any 0 # U € TOO) X | we have

RL(U,T) > 0. (3.1.1)
Let RL € End(TX) be the Hermitian matrix such that for any U,V € T X

RUU, V) = (RYFU, V) o (3.1.2)
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By Assumption RX:L is positive definite.

For p € N, let L? be the p" tensor power of L. We assume that there is a py € N such
that the direct image R'm,(¢ ® LP) is locally free for all p > py and i € {1,...,n}, and
vanishes for ¢ > 0.

In the sequel, all results holds for p > pg, and we will not repeat this
hypothesis.

Remark 3.1.2. If the basis B is compact, then Assumption implies that for p large
enough the direct image R®m,(£® LP) is automatically locally free, and that Rim,(¢®LP) =
0 for z > 0.

We endow ¢ ® LP with the metric h$®L” induced by hé and h%. We can then define
(see Section the analytic torsion forms 7 (w, h¢®F") associated with (7,w) and (¢ ®
LP, hEELT),

Let
V-1 V-1
?RL and @X = ?RL’TRXXTRX (313)
be the first Chern form of (L, h%) and (L|x, h1x) respectively.

If o is a form on B, we denote by a®) its component of degree k. We can now state
our first main result, which is the extension of [I7] in the family case:

oM —

Theorem 3.1.3. Let k € {0,...,dim B}. Then the component of degree 2k of the torsion
form T (w, h*®L") associated with w and h$®’ have the following asymptotic as p — +o0:

K X, (2k)
pfky(w’hé(@lzp)(?k) — rz(g) </X log |f1€t <]9R;7-r>‘| e@]”IJr(PI)@X) + 0(pn)’ (314)

in the topology of €°° convergence on compact subsets of B.

We now turn to our second result. Let N, M and B be three complex manifolds. Let
m: N — M and mo: M — B be holomorphic fibrations with compact fiber ¥ and X
respectively. Then w3 := my o7 N — B is a holomorphic fibration, whose compact fiber
is denoted by Z. We denote by nx (resp. ny, nyz) the complex dimension of X (resp. Y,
Z). Note that 71|z: Z — X is a holomorphic fibration with fiber Y. This is summarized
in the following diagram:

Y —7—->N

- b
X—>M-—-2B
We suppose that we are given (w2, w™) a structure of Hermitian fibration (see Section
. We denote by Tg M =TXLe" the corresponding horizontal space.

Let (&, h%) be a holomorphic Hermitian vector bundle on M, and let (1, k") be a
holomorphic Hermitian vector bundle on N. Let (L, h") be a holomorphic Hermitian line
bundle on N. We denotes its Chern connection by V¥, and the corresponding curvature
by RE.

As above, we make a positivity assumption on L:

Assumption 3.1.4. The (1,1)-form /—1R" is positive along the fibers of w3, that is for
any 0 £ U € TZ, we have
RL(U,T) > 0. (3.1.5)
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In particular, gRL enables us to define metrics ¢g’#4 and ¢g’®Y on TRZ, and TRY
(see (3.4.1)).

We assume that there is pg € N such that for all p > p, the direct image R*mq (n® LP)
is locally free and Rim «(n® LP) = 0 for i > 0. Then for p > py,

Fy:=H(Y,(n@ LP)|y) (3.1.6)

is a Z-graded holomorphic vector bundle on M (see Section , endowed with the L2
metric A induced by A7, h* and ¢"&Y .

For p > pg, we also assume that the direct images R*my ({ ® Fp) and R*m3 (71 @n®
LP) are locally free. Then for all i > 0,

Rimy (€ ® Fp) ~ Rim o (m7€ @ n @ LP). (3.1.7)

Remark 3.1.5. If the basis B is compact, then Assumption [3.1.4]implies the existence of py
such that for p > py the above conditions are satisfied: the direct images R*m; (£ ® LP),
Ry (€ ® Fp) and R°m3.(m1€ @ n ® LP) are locally free and moreover they vanish in
positive degrees. In particular,

H* (X, (§® Fp)lx) = H'(X, (£ ® F)|x) = H*(Z, (7] @0 & LP)| ). (3.1.8)

Here again, all results in the sequel holds for p > py, and we will not repeat
this hypothesis.

We endow £ ® Fj, with the metric h&®Fr induced by h¢ and hf?. Then we can construct
as in Section the holomorphic analytic torsion associated with w™ and (¢ ® Ey,, hE®Fp),
We denote it by .7 (wM, hE®Fp),

Let

THN = (T2)*, THEN = (TY)*, (3.1.9)

where the orthogonal complements are taken with respect to RY. Then
T8z =TENNTZ (3.1.10)
is the orthogonal complement of TY in T'Z. Moreover,
THN ~73TB, THN ~7TM and THZ ~niTX. (3.1.11)

Remark 3.1.6. Note that (71, g™®Y, THN) and (1|2, ™Y, TH Z) define Kihler fibrations
in the sense of Section 3.2.5

Let RL € m3End(TX) be the Hermitian matrix such that for any U,V € TX, if we
denote their horizontal lifts by U”, VH ¢ T)Ig Z, then

REUE V™Y = (RYLU, V) o (3.1.12)
By Assumption RXL is positive definite.
Let
v—1 v—1
@N = ?RL and @Z = TRL|TJRZ><T]RZ' (3113)
m T

We can now state the second main result of this chapter, which is an extension of
Theorem and the family version of [I§] (see the introduction of Section [3.4)).
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Theorem 3.1.7. Let k € {0,...,dim B}. Then the component of degree 2k of the torsion
form T (w, h*®?) associated with w™ and h&®T have the following asymptotic as p —
+00:

K()rk RX L (2F)
pF T (WM pEEF R ! (5)21? (n) (/Z log ldet (pf;T )] €@N+(p1)@Z> o(pe),

(3.1.14)
in the topology of €°° convergence on compact subsets of B.

As explained above and in Section [3.4] we will use the formalism of Toeplitz operator
to prove this theorem.

We now recall the definition given in [46, Def. 7.2.1] of a Toeplitz operator.

Let b € B. For x € X3, := m; }(b), let P, be the orthogonal projection

Ppy: LA(Ye,n® LP) — HO(Y;,n ® LP), (3.1.15)
where Y, := 7 ! (x).

Definition 3.1.8. A Toeplitz operator on Y, is a family of operators T}, € End(L?(Yz,n®
LP)) satisfying the following two properties:
(i) for any p € N, we have
T, = Py Ty Py s (3.1.16)

(ii) there exists a sequence f, € €°°(Y,End(n)) such that for any & € N there is a
constant (', > 0 with

In the course of the proof of Theorem [3.1.7] we will prove an important result which is
that the heat kernel of the Bismut superconnection is asymptotic to a family of Toeplitz
operator. Let us give some detail about this result. Let B, , be the Bismut supercon-
nection associated with w and (¢ ® F),, h*®?) (see Section . Then by Theorem
B;ip is a fiberwise elliptic second order differential operator. Let eXp(—Bf)’u /p) be

the corresponding heat kernel. For b € B, let exp(—BE u /p)(x, z’) be the smooth Schwartz

) with respect to dvx,(z"). Then

k
Ty =Y 0 PoafiPpal| <Cwp L. (3.1.17)

r=0

o0

2
kernel of exp(—pru/p

exp(~B2,,,)(z,) € Bnd (A} (TEB) @ (A°*(T"X,) © €@ F) ) . (3.1.18)
For a > 0, 9, is the automorphism of A(TFB) such that if o € AY(TFB), then
Yoo = ala. (3.1.19)
Let ©, be the form defined in . Then we show that

Theorem 3.1.9. Let k € N. As p — 400, uniformly as u varies in a compact subset of
R* , we have the following asymptotic for for the operator norm on End (Aj(TEB) ® (A»*(T*X,) ® £ ® F)))
and the operator norm of the derivatives up to order k in the variable (b,z) € M:

wl/\/ﬁ exp(_Bg,u/p)(x7 :C)

L ae, SR 9 1de, Ppy+ 0(p™). (3.1.20)
(2m)nx =¥ det (1 — exp(—uRé’{:))) S Th o

Here the dot symbolize the variable in Y.
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Remark 3.1.10. Note that in the proof of Theorem [3.1.9] which we give in this chapter, we
do not use the assumption that L is positive along the fiber Z, but only along the fiber Y.

This chapter is organized as follows. In Section we recall the definition given in [9]
of the analytic torsion forms, in Section [3.3] we give the asymptotic of the torsion forms
associated with increasing powers of a given line bundle and in Section we give the
asymptotic of the torsion forms associated with the direct image of powers of a line bundle
on a bigger manifold. Sections [3.3]and [3.4] begin with introductions where the reader can
find the notations, assumptions and statements of the results.

3.2 The holomorphic analytic torsion forms

In this section, following [9, Chap. 3-4], we will define the holomorphic analytic torsion
forms associated to a holomorphic Hermitian (non-necessarily Kéhler ) fibration. This
section is organized as follows. In Subsection [3.2.1] we define Hermitian fibrations, In
Subsection [3.2.2] we recall the definition of the Bismut superconnection associated with a
Hermitian fibration and give the formula for its square, in Subsection we introduce
the cohomology of the fiber as a bundle on the basis and its Chern connection, in Subsection
we define the analytic torsion forms and finally in Subsection [3.2.5] we recall the
definition of a Kéhler fibration and we specialize the above constructions in this case.

3.2.1 A Hermitian fibration

Let M and B be two complex manifolds of respective dimension m and ¢. Let w: M —
B be a holomorphic fibration with n-dimensional compact fiber X. Recall that we denote
by TM (resp. TB) the holomorphic tangent bundle of M (resp. B), and by T'X the
relative holomorphic tangent bundle TM/B. We denote the real tangent bundles by
Tr M, etc. and their complexification by Te M, etc.

Let J™X be the complex structure on Tg X, and let w be a smooth real (1,1)-form on
M. Let

wX = W’T]RXXTRX~ (3.2.1)

We assume that the formula
(1) grax =X (ST ) (3.2.2)

defines a Riemannian structure on Tg X. We denote by hTX the associated Hermitian
structure on TX.

Let THM < TM be the orthogonal bundle to TX in TM with respect to w, and
ng M C TrM be the corresponding real vector bundle. Then we have the isomorphism of
smooth vector bundles

THM ~7*TB, and TM =THM ¢ TX. (3.2.3)

If U € Tr B, we denote by U its lift in THQ{M.
The identifications (3.2.3|) yields to the isomorphism

AS(TEM) ~ 7* A*(TEB)®A® (TEX). (3.2.4)

Here, and in this whole chapter, the @ denotes the graded tensor product.
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Let

W = wlpp - (3.2.5)
We extend w® and w? (by 0) to T M @ Tg X. Then
w=wX +wl (3.2.6)

We call the data (7, w) a Hermitian fibration.

3.2.2 The Bismut superconnection of a Hermitian fibration

Let (m, hTX w) be a Hermitian fibration.

Let g"#P be a Riemannian metric on B, and let ¢”#" be the metric on M induced by
g"8B  ¢TkZ and the decomposition . Ultimately, the objects we will define will not
depend an the choice of ¢’&5.

Let (&, k%) be a holomorphic Hermitian vector bundle on M. Let VI and V¢ be the
Chern connections on (T'X,hTX) and (£, h¢). We denote their curvature by R?™ and L¢
respectively. Let VA"" be the connexion induced by VI¥ on A%*(T*X) := A*(T*O:D X)),
and VA€ be the connexion on A%*(T*X) ® ¢ induced by VA" and V¢.

Definition 3.2.1. For 0 < p < dim X, and b € B, set

Bf =€ (X, (AH T X) @ €) |x, ) (3.2.7)
Also set
dim X
E,= P Ef, Ef= P Ei, and E, = P Ej. (3.2.8)
k=0 k even k odd

As in [4] or [11], we can think of the E}’s as the fibers of a Z-graded infinite dimensional
vector bundle E on B. In this case, smooth sections of E on B are identified with smooth
sections of A*(T*X) ® & on M.

Let dvx, be the volume element of (X;, hT%X|x,). Let (-,-) be the Hermitian product
on E associated to hTX and hé:
1
(5.5 = Grygmx /X (o) o), o). (3.2.9)
Definition 3.2.2. For U € Tr B and s a smooth section of ¥ on B, set

VE = VO, (3.2.10)

We extend VZ to an operator on ¢°° (M, 7*A* (T3 B) @ A%*(T* X)®¢), which will be again
denoted by VE. Let VF "and VE” be the holomorphic and anti-holomorphic part of the
connection V.

Note that V¥ does not necessarily preserve the Hermitian product (3.2.9) on E.
For b € B, let 9** be the Dolbeault operator acting on Ej and let 0%5* be its formal
adjoint with respect to the Hermitian product (3.2.9). Set

DXv = 9% 4 9%, (3.2.11)
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Let C(TgX) be the Clifford algebra of (TgX,g’®%). The bundle A>*(T*X) ® ¢ is a
C(Tr X)-Clifford module: if U € TX ~ T(10 X | denote by U* € T*OD X its dual for the
metric A7, and then

o(U) = V2U* A and ¢(U) = —v/2iz. (3.2.12)

Let PT#*X be the projection TkM = THM ® Tk X — TrX. For U,V € €*(B, Tk B)
set
T(U,V) = —PTRX[yH yH] (3.2.13)

Definition 3.2.3. Let fi,..., fo, be a basis of Tk B and f!,..., f?" its dual basis. Set
1 o
o(T) = 5> [ fPe(T(far fo)) (3.2.14)
a7ﬁ

which is a section of [A(T;B)@End (A% (T*X) ® £)]°*.

Let 719 and T be the component of the (1,1) form T in 709X and TOD X
respectively. We define ¢(T(19) and ¢(TV) as in (3.2.14)), so that

o(T) = (T 4 ¢(TOD), (3.2.15)
Let v be the one form on T B such that
Landvx = v(A)dvx. (3.2.16)

We assume temporarily that det(7X) has a square root A. Equivalently, Tp X is
equipped with a spin structure. Then A is a holomorphic Hermitian vector bundle on M.
Let V* be the corresponding Chern connection. Let

ST = AV (T*X)@A* (3.2.17)

be the associated (TgX,g"#X)-spinor bundle. Let VS".LC he the connection on STX
induced by VXL the Levi-Civita connection of Tg X. Finally, let VA"*.LC be the con-
nection on A%*(7T*X) induced by VS"LC and V*, and let VA" ®6LC be the connection
induced by VA”*LC and V¢ on A%*(T*X) @ ¢.

Note that, as det(7X) has always locally a square root, the connection VAT ®ELC jg
in fact always defined.

The reader should be careful about the fact that in [9], the Clifford algebra C(TrX)
is constructed with respect to g7#% /2, so that our formulas will differ from those of [9] by
some powers of 1/v/2.

Let (e1,...,ea,) be an orthonormal frame of T X.

Definition 3.2.4. We follow here [9, Defs. 3.7.2, 3.7.4 and 3.7.5].
1. Let
DXEC = ¢(uy) VA BELC (3.2.18)
be the Dirac operator of the fiber.
2. For U € Tg B and s a smooth section of F, let

o 1
Vg,LCS — VI[}L ®£7LCS + 57([])5 (3219)
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3. Finally, let

1 c(T)
ALC — yBLC .~ pXLC ) 3.2.20
+ V2 22 ( )

This superconnection on F is called the Bismut superconnection.

Let (e!,...,e?) be the dual frame of (ej,...,e2,). We define a map a + o from
A(TgX) to C(TrX) by setting for 1 <i; < --- < iy < 2n:

(eil ARERWA eik)c =27F2¢(ey,) . .. clei,). (3.2.21)

We extend this map to a map (denoted in the same way) from A*(TE M) ~ 7*A*(TEB)@A® (T X)
to T*A* (T B)@C (TR X).

Proposition 3.2.5. The following formula holds

1 1 - c
x_ b oxre | lirax  ax\. x
DY = 2D +2((a 0¥ ) iw) . (3.2.22)
Proof. See [9, Thm. 3.7.3] or [46, Thm. 1.4.5]. O

Recall that for a > 0, v, is the automorphism of A(TiB) such that if a € AY(T3B),
then
Yoo = ala. (3.2.23)

By (3.2.3)), we may also see 1), as an automorphism of A(T; ]lé{ *M).
We can now define the superconnection of main interest for us.

Definition 3.2.6. For u > 0, the Bismut superconnection B on E, and its rescaled version
B,, are defined by

Bt (3 oMY’
By = Vuy B -

(3.2.24)

Then B, acts on
Q*(B, E) := € (M, 7" A* (T B)BA" (T*X) ©.€). (3.2.25)

Moreover, by [9, (3.3.3), (3.5.17), (3.6.4) and (3.8.1)], the part of degree 0 in A*Tr B of B
is
B = pX, (3.2.26)

Remark 3.2.7. This definition of the elliptic superconnection is not the more natural and
correspond in fact to [0, Thm. 3.8.1]. However, for the sake of concision we prefer to
define B this way. We refer the reader to [9, Chap. 3| for an other definition of B.

Let h"8B be a metric on B and let VIEB:LC be the corresponding Levi-Civita con-
H
nection. Then VT#B:LC lifts to a connection Ve L€ on TH M| and we define VIEM =

vTﬂng,LC @ VIRXLC Tt VIRM,LC Ko the Levi-Civita connection of M. Set
S — VTRM’LC _ VERM7LC' (3.2.27)

Then S is a one form on M taking values in antisymmetric elements of End(7TrM ). More-
over, by [4, Thm. 1.9], the (3, 0)-tensor

S(ys) = (SC) ) ymam (3.2.28)
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does not depend on hTRE.
Recall that PTEX is the projector on TrX defined by the decomposition (3.2.3)). Let
T be the torsion of VIEM | Then by [8, Thm. 1.1], for U,V € Tk X and E, F € Tg B,

T(U,V) =0,
H H TrX H H
T(E",F7) = —P"Y[E" FY, (3.2.29)

1
T(E",U) = §(QTRX)_1(£EH9TRX)U-

Equations (3.2.13) and (3.2.29) justify that we keep the notation 7. We then have an
explicit formula for S: for any U € TR X and any V,W € TpM,

2S(U,V,W) = (T(V,W), PI=XU) —(T(U, V), PTRXW) — (T(W, U), PT=XV).  (3.2.30)

From now on, we will always use latin indices ¢, j,... for the vertical variables, and
greek indices a, f3,... for the horizontals variables. Let {e;} be an orthonormal basis of
TrX with dual basis {¢‘} and {f,} a basis of Tk B with dual basis {f®} (which will be
identified with basis of T M and (T M)*). For any (k,0)-tensor A, we will denote by
Agy...ap = Al€ay, - - -, €q,) Where e, = €; or f,. For instance, if A € A2(TEM),

A= %Ameiej + Ai g O+ %Aaﬁf"fﬁ. (3.2.31)
Let KX be the scalar curvature of (X,TX). Set
e = If + %Tr(RTX). (3.2.32)
For uw > 0, define

0,e a ]. a 1 . = . c
Vie, = VOO0 4 =S jacle)) [+ 5 Siapd 17+ S i ie (3 = 0M) i)

(3.2.33)

1
V2u
which is a fiberwise connection on 7*A®* (T3 B) @ A%*(T*X) ® €.

The following theorem is the fundamental Lichnerowicz formula proved in [9, Thm.
3.9.3].

Theorem 3.2.8. For u >0,

U uKX u U o B
B = 2 (Vaa)? + o + Seleele LG+ [geten s, + T

2 8 4 bJ
(6% - %) |

—uwl/\/E(éMaMiw)cwﬁ— ’

(3.2.34)

u
TﬁH AN(TEX)

Thus, B2 is a fiberwise elliptic second order differential operator. In particular, its heat
kernel exp(—B2) emists.

Remark 3.2.9. In this theorem, as in the whole article, we use the usual following notation:
if C is a smooth section of T X ® End(A%*(T*X) ® ), then

(va"@f + C(ei))Z = (va"®f + C(ei))Q - vg’:ggxq —C (Z VeTiXei> . (3.2.35)

i 7
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3.2.3 The cohomology of the fiber

We assume that the direct image R*m.§ of £ by 7 is locally free. For b € B, let
H* (X, ¢|x,) be the cohomology of the sheaf of holomorphic sections of § over X3. Then the
H*(Xy,€|x,)’s form a Z-graded holomorphic vector bundle H(X,&|x) on B and R*m,.{ =
H* (Xv g‘X)

For b € B, let K(Xp,&|x,) = ker(DX?). By Hodge theory, we know that for every
be B

H'(Xbafbe) = K'(Xbafbe), (3.2.36)

The Hermitian product (3.2.9) on Ej restricts to the right and side of (3.2.36)), so hT¥
and h¢ induce a metric K (X:€1x) on the holomorphic vector bundle H (X, £|x), for which
the H*(X, €| x)’s are mutually orthogonal.

Definition 3.2.10. Let V#(X:£x) be the Chern connection on (H(X, &|x), b (X:€x)),

For U € T%'B and s € €°(B, E), set Vg’“// = Lgn. Let VE be the adjoint of

VEu" defined by
E / E "
(VEWs sy = (5, VU 5), (3.2.37)

and let VB = vEu' 4 Eu" (see [9, Chp. 3)).
Let PX» be the orthogonal projection form Ej, on K (Xp,&|x,). We define the connec-
tion VEXEIX) on K(X,€|x) by

VEXEx) = pKyEupk, (3.2.38)
The following proposition is proved in [9, Prop. 4.10.3].
Proposition 3.2.11. Under the identification (3.2.36)), the connections VH(XEx) qnd

VK(Xyle) a/gfr'ee.

3.2.4 The analytic torsion forms

Definition 3.2.12. For any complex manifold Z, we denote by Q% the vector space of
real forms on Z which are sum of forms of type_(p, p). We also denote by Q% the subspace
of the o € Q% that can be written o = 98 + 9~ for some /3, v smooth form on Z.

Let Ny be the number operator defining the Z-grading on A%*(T*X) ® ¢ and on E.

Definition 3.2.13. For u > 0, set

wH

Let ® be the endomorphism of A®** (T B) defined by
a € A*F(TEB) — (2im) Fa. (3.2.40)

Let 7 be the involution defining the Zy-graduation on E. If H € End(FE) is trace class,
we define its supertrace Trs[H] by

Tr,[H] = Tr|rH]. (3.2.41)

We extend the supertrace to get an application Trs: Q*(B, E) — Q°*(B).



108 CHAPTER 3. THE ASYMPTOTIC OF THE HOLOMORPHIC ANALYTIC TORSION FORMS

Theorem 3.2.14 (see [9, Thm. 4.5.2]). For any u > 0, the forms ® Tr, [exp(—B2)] and
® Trs [Ny exp(—B2)] lie in QB. Moreover the following identity holds in QP

0 190

5o TS lexp(~B2)] = — o ®Ty, [ Nuexp(~B2)| . (3.2.42)

Let (ow)yuer+ and a be smooth forms on B. We say that as uw — +oo (resp. u — 0),

ay, = a+ O(f(u)), if and only if for any compact set K in B and any k € N their exists
C' > 0 such that for every u > 1 (resp. u < 1) the norm of all the derivatives of order < k
of oy, — a over K is bounded by C'f(u).

Theorem 3.2.15 (see [9, Thm. 4.10.4]). As u — 400,

& Tr, {exp(—Bi)} = & Tr, [exp(—(vmxvf‘x))?)} +0 (%) ,
(3.2.43)
& Tr, [Nu exp(—BZ)} = ®Tr, [NV eXp(—(VH(X’ﬂX))Q)} +0 (\/16> .

Theorem 3.2.16 (see [9, Prop. 4.6.1]). There exist locally computable forms (c; €
QB)j>—m and (C; € QP)j>_pm such that for u — 0 and for any k € N,

k
O T, [exp(—BL)| = Y el + Ol (3.2.44)
j=—m
and .
O Try [Nyexp(~B2)] = > Cjud + O, (3.2.45)
j=—m

Following [I1), Def. 2.19], [13] Def. 3.8] and [9, (4.11.3)], we can now define the analytic
torsion forms.

For s € C, Re(s) > 1, by Theorem [3.2.16| we can set

1 1
Ty — __+ s—1 _p] _ _ (v H(X.Ex)\2
¢'(s) = F(s)/o u <I>{Tr8 [Nuexp( Bu)] Tr, {NV exp(—(V ) )}}du,
(3.2.46)
and ¢! has a meromorphic extension to C, which is holomorphic on {|Re(s)| < 1/2}.
Similarly for s € C, Re(s) < 1/2, Theorem [3.2.15| allows us to define

1 oo
200y — _ s—1 _p2y] _ _(OH(XEx)\2
C(s) = F(s)/1 u <I>{T1rS {Nuexp( Bu)} Trs [Nvexp( (v ) )Hdu
(3.2.47)
Here again, ¢? has a holomorphic extension on {|Re(s)| < 1/2}.
Now, for s € C, |Re(s)| < 1/2, define the holomorphic function
¢(s) = ¢'(s) + ¢*(s). (3.2.48)
Definition 3.2.17. The holomorphic analytic torsion form is the form
¢ 0
T (w, h*) == %C(O). (3.2.49)

The component in the different degrees of .7 (w, h¢) are referred to as the holomorphic
analytic torsion forms.
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Using (3.2.45)), we can write
ﬂ(w,hﬁ):f/ {(I)Trs[N exp(— } Z Cuj}
0

]——m

- /1+OO o {Trs [Nu exp(—BZ)} — Tr, [NV exp(—(VH(X’é‘X))Z)]} d;u (3.2.50)

Py —+P’ 1) (Co — @ Try [Ny exp(—(VHXex))2)])

j=—m
The following analogue to [I3, Thm. 3.9] is proved in [9, Thm. 4.11.2]
Theorem 3.2.18. The smooth form 7 (w,h®) lies in QB. Moreover

00

S T (w, hE) = ch (H(X, €[x), W) — . (3.2.51)
20T

3.2.5 The case of a Kahler fibration

Following [I1} Def. 1.4 and Thm. 1.5], we say that the Hermitian fibration (m,w) is a
Kahler fibration if w is closed.

We assume in this subsection that w is closed. Then by [9, Thms. 3.7.1, 3.7.3 and
3.8.1] the superconnection B,, agrees we the one define in [I3], Def. 1.7], which is the usual
Bismut superconnection.

Therefor, (3.2.24)), (3.2.33)) and (3.2.34)) turn repectively to

T)
B, =V 1+ yap¥ _ X ,
v 2v2u
. 1
Vuyei = v(/;io ¥ + Esi,], (ej)f ‘|‘ Sz o ,Bf f'B and (3.2.52)
U uKX wu af f f
B?L = —§(Vu,ei)2 —+ 8 + ZC(GZ)C(EJ)LE] + \/7 (el)f 9 a,B

Moreover, [11, Thm. 2.2] sharpens (3.2.44): the forms ¢;, for j < 0, can be explicitly
computed. For any Hermitian vector bundle (F,h!") with Chern connection V¥ and
curvature RY on M, set

ch(F,hf) = Tr |ex —LF
) = el I

giys (3.2.53)
TA(F, h) = det /vl .
exp(RE'/2y/—17) — 1
Then by [11, Thm. 2.2] we get
cj=0for j <0 and
(3.2.54)

co = /X TA(T X, hT¥)ch(¢, hS).

Finally, by [I3, Thm. 1.5] V¥ preserve the metric on E and by [I3, Thm. 3.2] we have

vAX LX) = pKyEpK, (3.2.55)
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Then Theorem [3.2.18 become [13, Thm. 3.9], that is

@y(w,hﬁ) = ch (H(X, &|x), WX 40) — /X TA(TX, hTX)ch(¢, hf). (3.2.56)

2w

3.3 The asymptotic of the torsion associated to high power
of a line bundle

The purpose of this section is to prove Theorem [3.1.3

We recall some notations. Let M and B be two complex manifolds. Let 7: M — B
be a holomorphic fibration with compact fiber X of dimension n. We suppose that we are
given (m,w) a structure of Hermitian fibration.

Let (&, h%) be a holomorphic Hermitian vector bundle on M, and let (L, h%) be a holo-
morphic Hermitian line bundle on M. We denote the curvature of the Chern connection
of L by RE. Recall that by Assumption R™ is assumed to be positive along the
fibers. We define
\é?RL and @X = QRL‘TRXXTRX' (331)

We have also assumed that the direct image Ri7, (£ ® LP) is locally free (for p large).
We will use all the constructions of Section [3.2| associated with (¢ ® LP, h$®L") instead of
(€, h%) (where of course h¢®” is induced by h¢ and h%). The corresponding objects will
be denoted by

oM =

Eg,b = (Xba (AOV}C(T*X) ® g ® Lp) ’Xb) )
vp — inmLC’

9P = Dolbeault operator of E,,

Dy, = 0P + 9P,

B,, = associated superconnection as in (3.2.24)),
Bpu = V1) aBpt ja-

We also denote by .7 (w, h®") the associated analytic torsion forms.

Theorem is the family version of [I7]. The strategy of proof is similar, but
differences appear in the proof of the intermediate results due to the horizontal differential
forms appearing in Bz. One of the first consequence is that, unlike Df,, the operator Bg
is not self-adjoint, and one has to take a nilpotent part (the part in positive degree along
the basis) into account when estimating resolvants or heat kernels (compare for instance
the proofs of [I7, (20)] and of Theorem [3.3.25). An other consequence is the limit of the
heat kernel involves exponential of terms coupling horizontal forms and vertical Clifford
variables, which make the computations of the super-traces much more complicated (see
Theorem . Note also that in all our results of smooth convergence, we have to take
into account the derivatives along the basis B.

To simplify the statements in the following, we will assume that B is compact. How-
ever, the reader should be aware of the fact that the constants appearing in the sequel
depends on the compact subset of B we are working on.

This section is organized as follows. In Subsection [3.3.1] we show that our problem is
local. In Subsection we rescale the Bismut superconnection and compute the limit
operator. In Subsection we obtain the corresponding convergence of the heat kernel.
In Subsection [3.3.4] we prove our main theorem, using two result which are proved in

Subsections [3.3.5 and [3.3.61

(3.3.2)
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3.3.1 Localization of the problem

Fix by € B. In this section, we will work along the fiber Xj,, which will be denoted
simply by X.

For € > 0 and 29 € X, we denote by BX(xg,¢) and BT#=0%(0,¢) the open balls in X
and TR ,, X with center ¢ and 0 and radius € respectively. If expf0 is the exponential map
of X, then for ¢ small enough, Z € BT®=0%(0,¢) expy (Z) € BX(zo,¢) is a diffeomor-
phism, which gives local coordinates by identifying T ,, X with R?” via an orthonormal
basis {e;} of Tk z,X:

(Z1,..., Zon) ER* = > Zie; € T zp X. (3.3.3)
(2

From now on, we will always identify BT®=0%(0,¢) and BX (zg, ).

Let inj* be the injectivity radius of X and let ¢ €]0,inj* /4[. Such an e can be chosen
uniformly for by varying in a compact subset of B.

Let x1,...xN be points of X such that {U,, = B~ (zy,e)}i_, is an open covering of
X. On each U,, we identify £z, Lz and A°*(T3X) to &, , Lz, and A%*(T}, X) by parallel
transport with respect to V¢, V¥ and vA®e.LC along the geodesic ray ¢t € [0,1] — tZ. We
fixe for each k = 1,..., N an orthonormal basis {e;}; of Tk, X (without mentioning the
dependence on k).

We denote by V; the ordinary differentiation operator in the direction U on T, X.

We define the vector bundle E, over X by

E, := A}, (TgB) @ (A"*(T"X) @ ¢ @ L7). (3.3.4)

Note here that Ap (73 B) is a trivial bundle over X.
Let {¢r}r be a partition of unity subordinate to {Us, }x. For £ € N, we define a
Sobolev norm || - |[ g¢(,) on the ¢-th Sobolev space H'(X,E,) by

¢ d
13130y =S50 3 (Ve -+ Ve, (o8 32 (3.3.5)
k d=01i1,....ig=1
Lemma 3.3.1. For any m € N, there exists Cp, > 0 such that for any p € N, u >0 and
s € H*"*2(X,E,),

m+1

[I81[32me2(yy < Conp™™ ™ 3~ 7Y By s 2. (3.3.6)
j=0

Proof. Let €;(Z) be the parallel transport of e; with respect to VZEXLC along the curve
t €[0,1] = tZ. Then {é;}; is an orthonormal frame of TR X.

Let I, T'L and [A"LC b the corresponding connection form of V¢, V¥ and vA©SLC
with respect to any fixed frame for £, L and A%*(T*X) which is parallel along the curve
t € [0,1] = tZ under the trivialization on U,,. Let V] = Vi ® 1 + 1 ® V" be the
connection on A%*(T*X)® LP ® ¢ corresponding to V,, in (with u = 1), replacing
& by £ ® LP. Then on U,, we have

. _ 1 . ~
Via = Vgi + (FAO LO e +pFL)(€i) + ﬁs(eiy €5, fa)c(es) f

+ %S(eﬁ, for Ia) 7 + %(% (0" —oM)iw)" (33.7)
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Let DX = 0% + 0%* be the Dirac operator on A%*(T*X) ® ¢, and B¢ the supercon-
nection on B associated with (w,&, h¢). Then on U,,, DX (resp. B%) can be seen as an
operator on m*A®*(TEB)®@A%*(T*X) ® € ® LP because the bundle 7*A®* (T3 B) ® LP (resp.

LP) is trivialized. Then, using (3.2.34), [46, Thm. 1.4.7] (which is (3.2.34]) in the case
where the base B is a point) and (3.3.7)), we find that locally,

B} = B*? 4+ pO1 + pOj + p*Of (3.3.8)
= D%? + R+ pO1 + pOj + p* O]

where R, Oy (resp. O}, O3) are operators of order 1 (resp. 0).
Let s € H*(X,E,), and s; = p;s, for 1 < j < N.
As DX is elliptic, we have by (3.3.8)),

Il 2y < D CUID™ sl 22 + 15l 2) (3.3.9)
i

< C Y (IIBysjllzz + plIsjll ) + P2Issl]z2)-
J

Using (3.3.5)) and again (3.3.8)), we deduce from (3.3.9)):
Isllzr2 ) < CUIBpslI 2 + pllsl g1 ) + 27l 2)- (3.3.10)

It is easy to see that

18131y < CUlsllgz2p) + llsllz2)lls | 2. (3.3.11)

Moreover, if a,b € Ry and § > 0, the Cauchy-Scwarz inequality implies

1
V0@@+b)b < daty/1+ 5. (3.3.12)
Thus (3.3.10), (3.3.11)) and (3.3.12) with 6 = (2Cp)~! yield to

[ElFee; (HBgsHL2 +p2\|s|yL2) . (3.3.13)

Let @ be a differential operator of order 2m with scalar principal symbol and with
compact support in Uy;. Then

B2,Q| = [D¥? + R+ pO1 +pO§ + p*0F, Q)] (3.3.14)
= (order 2m + 1) + (order 2m)(1 + p) + (order 2m — 1)(p + p?).
As a consequence, using ((3.3.13]), we find
1Qsl |20y < C (11B2Qs]| 2 + p*[|Qs] 2
< (HQBESHB + plIs| | grzme1 () + PPl grzm—1 ) +p2HQSHL2> (3.3.15)

< C" (11B2sll g2y + PPl g2 ) -

In the last line we use a similar trick as for passing from (3.3.10)) to (3.3.13)). Hence

[sll gramsagy < C (11Bas|l oy + P15l prom ) ) - (3.3.16)

Using (3.3.16)), we can finish the proof of Lemma by induction. O
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Let f: R — [0, 1] be a smooth even function such that

o= {1
Foru>0,¢>1andac C, set
Fula) = [ eV exp(—®/2) (Viiv) 2
Gula) = [ Pt exp(—o?/2)(1 = Flva) - (3.3.18)
Hola) = [ eV exp(—0/2u)(1 = f(vGu) =

These functions are even holomorphic functions, thus there exist holomorphic functions
Fu, Gy and Hy ¢ such that

Fu(a®) = Fu(a), Gu(a?) =Gyu(a) and H,(a?) = Hy,c(a). (3.3.19)

Moreover, the restriction of F,, and G,, to R lies in the Schwartz space S (R), and

Gu (ua> =Hu(a) and Fu(’UBg) + Gu(ng) = exp (—sz) forv>0. (3.3.20)

K2
P

Let (N}u(ng)(:U, z') be the smooth kernel of Gu(sz) with respect to dvx (z').

We still denote by 7 the projection 7: X xgp X — B be the projection from the
fiberwise product X xp X to B. For V, V' two bundle over M, we define the bundle
VXV on X xg X by

(VK V,)(b,x,a:’) = Vv(b,;v) ® ‘/Y(,l),m/) (3.3.21)

for b € B and z,2’ € X;. Then Gu(va))(-, +) is a section of E,KE} over X xp X. Let VE»
be the connection on E, induced by VAT (TEB) VAO"’LC, VL and V¢, and let VE¥Ep be
the induced connection on E, XE/. In the same way, let hEr be the metric on E, induced
by RAYTEB) pA”*LC pL and hE, and let K™% be the induced metric on E, X E;.

Proposition 3.3.2. For any m € N, € > 0, there exist C > 0 and N € N such that for
any u >0 and any p € N*,

2
A~ (U2 N E’p
ul— < _- ¥
‘Gp (po)( ,) - Cp™ exp < 16u> , (3.3.22)
Where the €™-norm is induced by V=" s and hF»XEp
Proof. Observe first that by (3.3.20))
~ u ~
Gu (pBﬁ) = H%J(Bf,). (3.3.23)
Moreover, as i™a™e"V* = 88” €™ we can integrate by part the expression of a™H, (a)

given in (3.3.18) to obtain that for any m € N and ¢ > 0, there is a C,, . > 0 such that
u>0and¢>1,

m g2
sup |a"Hy(a)| < Cpes2 exp | — . 3.3.24
s [a"Ho (@) < O — (3.3.24)
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For ¢ > 0, let V. be the image of {a € C : [Im(a)| < ¢} by the map a + a?. Then

Ve = {a € C : Re(a) > ﬁlm(a)2 - cz}. (3.3.25)
Form and , we deduce that

sup [a"Hy ()] < Ches 2 exp (— e ) . (3.3.26)

aeVe ’ ’ 16us

We will prove Proposition thanks to (3.3.23), (3.3.26]) and Lemma We first
need the following lemma.

Lemma 3.3.3. Let m € N and ¢(a) = a™H
k., € N such that

u 1(a), then there exist K, > 0 and an integer
p

e2p
N AT 3321

Proof. By Bismut’s Lichnerowicz formula (3.2.34)), |46, Thm. 1.4.7] and (3.3.7)), we have

B = D>+ Ry,
. <1/ 200 mm (3.3.28)
Ry € Clp]® A=/(TgB) ® Opy (A™*(T"X) ®¢).

Where Op)g(1 (AO"(T*X ) ®&) denotes the set of differential operators along the fiber X on
A%*(T*X) ® € of order < 1. We deduce the following fundamental fact:

Sp(B2) = Sp(Dy). (3.3.29)

Here, Sp is our notation for the spectrum. Indeed, as R, has positive degree in A®*(T3B),
we have for X ¢ Sp(D2)

A=B) '=A=-D)""+A=D2)'Ry(A—=D;)"' +... (finite sum).  (3.3.30)

Now, (A — Dg)_1 is elliptic of order 2, so increases the Sobolev regularity by 2, and R, is
of order 1, thus (A — BI%)_1 is a bounded operator when acting on the Sobolev space of
order 0. This proves that \ ¢ Sp(Bg). Exchanging the role of Bg and Dg, we also prove

that if X\ ¢ Sp(B2), then A ¢ Sp(D2), which shows (3.3.29).
By [46, Thm 1.5.8], there exist C, > 0 and po > 0 such that

Sp(D3) C {0}U]2ppo — Cr, +o9]. (3.3.31)

Let C be the contour in C defined by Figure By (3.3.25)), we can chose c¢ is big
enough so that C C V..
Note that by (3.3.31) and the self-adjointness of D?), there exists C' > 0 such that for
AeC,
I(A = D2) sl 2 < C|ls|| 2 (3.3.32)

Moreover, for A € C and « € Ry, we have ‘/\le < |)\‘i|$‘

depend on x € Ry. In particular, we have

+ 1 < C|A|, where C does not

D3\ = D) sll12 < CIA[lIs] 2 (3.3.33)
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A

Oy

Y

Figure 3.1: The contour C
Now by [46], (1.6.8)] —which is (3.3.13]) is the case where B is a point— and by (3.3.31]),
(13.3.32) and (3.3.33)), there is [ € N and and C’ > 0 such that for A € C,
1Rp(A — D7)~ 'sl|> < CP'[|(X = Dy) sl 2
< Cp' (IID2(A = D)7 sl + p2l(A = D2 sll2)  (33:34)
< C'|AIp" 28] 2
Thus, by ((3.3.30)), and (3.3.34]), we find
|(X = B2) 18|12 < CINFpY|Is]| 2. (3.3.35)

By (3:3.20), we have [6(A)] < Crniryzcexp (=562 ) [A=*+2) for X € € C V.. Using
this fact, (3.3.35) and the integral representation

1
2y — _ p2y-1
0(By) = 5 /C oA (X = By)~td), (3.3.36)
we get Lemma |3.3.3 O

Let @ be a differential operator of order 2m, m € N with scalar principal symbol and
with compact support in U,,. Observe that Lemmas [3.3.1] and [3.3.3] are still true if we
replace B), therein by B, because B?*? has the same structure as in and is equal
to Dg + R). Thus, using Lemmas and we find that for m’ € 2N,

(B} By (B})Qs. o) <S7Q*ﬁﬂ1(3*’2)3*7m/s’>

< Clls|l 2 || He 1 (By*) By™s'

vl H?™(p)

m
< Cllsllep™ 3o || By (B B

(3.3.37)

2
< CKp™hn exp (16> Il 2211

Thus,

2
m’ 17 w 2 Am—+kom, ep
| B (B2)Qs| , < K exp< =L ) 5|l 12 (3.3.38)
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We deduce from this estimate — and using once again Lemmas [3.3.1] and [3.3.3] — that if
P, @ are differential operators of order 2m’, 2m respectively and with compact support in
Uy, Uz, respectively, then there is a positive constant Cy, ,,v such that

2
T 2 pAmtkm _Ep
HPHEJ(BP)QSHL2 < ConD exp ( 16u> 5| 2. (3.3.39)
By the Sobolev inequality and (3.3.39)), we get
[He (B ) < Op¥exp (-2 (3.3.40)
TP em (xwx) = PPl 76, ) e

With this estimate and , we get for the €"-norm in the directions of the
fiber X.

We now turn to the derivatives in the directions of the base B.

Let k € N. Using (see [7, (11.57)]), we see that there is a unique holomorphic
function I:Iumf defined on a neighborhood of V, such that

IR
and for u > 0 and ¢ > 1,
. m g2
Sél‘I/) la"Hy ¢ k(a)] < Cs2 exp | — T6uc |- (3.3.42)
For any ¢,k € N and U € Tr B, we have
E,RES\ g ~ (U 1 - E,XE _
(Vs ”)qG%<EB§> - E/CH%M(A)(VUH P)(N — B2) k), (3.3.43)

where UH denotes the horizontal lift of U in Tg rM.
E,XE;,

We now prove the analogue of Lemma |3.3.3| for (VUH )qég (%Bg):
p

Lemma 3.3.4. Let g,m,m’ € N. There exist Kqpmy > 0 and an integer kg, pm € N
such that

I e’p
L < Ky mpm/p emm' exp ~Tou [s||p2.  (3.3.44)
Proof. We choose k € N so that k > 2(m+m/)+q+1. Then B>™ (V%}{&E;

q 2\—k p2m/’
p ) ()\—Bp) Bpm
can be written as a sum of terms

Ai(A= BT Ay(A =B Ag(A =BT, (3.3.45)
where
A;€{1,B, (Vo) B2, B,, (VE’}{&E;)"/Bﬂ 0<q <q}. (3.3.46)

In any case, A; is a polynomial in p with values in the differential operators along the fiber
of order less than 2 (for the last type of term in the above list, we use that B, is of order
1 and that BI% as a scalar principal symbol). As a consequence,

1A = B2 sll22 < CPIO = B2) sl a2y
<cp' (IIBJA = BY Usll e + (A= B Usll2)  (3.3.47)

< Cp (1D} + Ryp) A = BY) sl 12 + pII(A = B2 "sll2) -
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Using (3.3.30)), (3.3.33)), (3.3.34) and (3.3.35)) we find
HAi()\—Bg)*lsHLz < CIA%P°||s]| 2. (3.3.48)

By the decomposition indicated in the begging of the proof, this yields

E,XE> _ /
(B2 (V) (= BB s

L < CINpY|s]| 2 (3.3.49)

From (3.3.42)), (3.3.43) and (3.3.49), we deduce Lemma [3.3.4] O

Using Lemma in the same way as we used Lemma to prove (3.3.39)) and
(13.3.40)), we find

2
A N — e P
’(VUH ) He 1 (By) (- )%m(XXx) <Cp eXp( 16u>. (3.3.50)
Which completes the proof of Proposition [3.3:2] O

Corollary 3.3.5. For any m € N, ¢ > 0, there exist C(u) > 0 a rational fraction in \/u
and N € N such that for any u > 0 and any p € N*,

2
~ 2 N ep
‘wl/\/ﬁG%(Bp,u/p)('v')’%m < C(u)p” exp <_16u> : (3.3.51)
Proof. As By = \/uthy )z By, s, We have
. - [(u
01/5Gs (B = iy (2B2) vy (3.3.52)
Thus, Corollary [3.3.5 follows from Proposition [3.3.2] O

3.3.2 Rescaling B,

Fix bg € B and 29 € X3,. In this section, we will again work along the fiber Xj,
which will be again denoted simply by X. For the rest of this section, we fix {w;} an
orthonormal basis of ng;’o)X , with dual basis {w’}, and we construct an orthonormal

basis {e;} of Tk 4, X from {w;} as follows:

1 v—1
€2j—1 = ﬁ (U)j + @j) and e; = W (U)j

For € > 0 small enough, we identify BT#=0X(0,¢) and B (z¢,¢) as in Section m
Note that in this identification, the radial vector field R = )", Z;e; becomes R = Z, so Z
can be viewed as a point or as a tangent vector.

Recall that V] = V1 ® 1+ 1® V’ is the connection on A*(TB) @ A% (T*X) @ LP ®¢&
corresponding to V, in , replacing £ by £ ® LP and taking u = 1.

For Z € B850 (0, ), we identify (AY™(T*X) @&z, by %) with (A% (T X) &y, hE)
and (Lz, h%) with (Lg,, kL)) by parallel transport along the geodesic ray t € [0,1] — tZ
with respect to the connection Vi and V! respectively. We denote by I'y and I'" the
corresponding connection forms.

We denote by Vi the ordinary differentiation operator in the direction U on T}, X.

—wj), for 1 <j<n. (3.3.53)



118 CHAPTER 3. THE ASYMPTOTIC OF THE HOLOMORPHIC ANALYTIC TORSION FORMS

Let p: R — [0, 1] be a smooth even function such that

(v) 1 for |v| < 2, (3:3.54)
/l} = . .
P 0 for |v| > 4.
On the trivial bundle
By = A*(T5,,B) @ (A*(T"X) @ € ® L) (3.3.55)
zo

over T, X, we define the connection
VEr = V 4 p(|Z]/¢) (pP* + 1), (3.3.56)

which is a Hermitian connection Let gTRXO be a Riemannian metric on Xo := Tk 4, X = R2"

such that Ix nox
gT]RXO — {g # on B (O’ 2€)a

3.3.57
gTRon outside of BTR*zOX(Oa 4e), ( )

and let dvy, be the associated volume form.
Let dvrx be the Riemannian volume form of (T, X, g7=0%), and x(Z) be the smooth
positive function defined by

dvx,(Z) = k(Z)dvrx(Z), (3.3.58)

with £(0) = 1.
Let AFreo be the Bochner Laplacian associated with VE»«0 and ¢78%0. By definition,
if V7&X0,.LC is the Levi-Civita connection on (Xg, g”#%0) and if (¢”/(Z)) is the inverse of

the matrix (¢;;(Z)) = (g?RX0 (es,€5)), we have

AEveo — _gii(2) <ve" OVl =V i ne j) . (3.3.59)

Recall that {f,} denotes a frame of TrB, with dual frame {f*}. Let €;(Z) be the

parallel transport of e; with respect to V#X0.LC" along the curve t € [0,1] — tZ. Then
{€;}i is an orthonormal frame of Tk Xj.

Set
X «
0 = " 4 L@@ ) + @) ST ) + T 1)
_(éMaM@'w) —7H (6% - aX> ZWX’A° - (3.3.60)
and
Myso = 5A%0 4 (2]/2)8
1 L~ - T aph i~ faf
+pp(|Z]/¢) <4C(6i)0(€j)R (eiaej)JrﬁC(ei)f R¥(€;, fa) + (fomfﬁ))
(3.3.61)

Then M), ,, is a second order elliptic differential operator acting on € (T 4, X, Ep 2, )-
Moreover, using Theorem [3.2.8] (3.3.56)), (3.3.59)), (3.3.60)) and (3.3.61)), we see that M, .,
and B2 coincide over BTX(0, 2¢).
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Let S be a unit vector of Ly,. It gives an isometry L =~ C, which yields to an

isometry
Epao = A*(T5 40 B) @ (A(T7X) ® &)y = Ea. (3.3.62)

We endow E with the connection V¥ induce by VA" 7z B), VA"*LC and V¢ and with the
metric A induce by hA*(TEB) RA™*LC and hS.

Remark 3.3.6. In this trivialization, Bg acts on E;,, but this action may a priori depends
on the choice of S;. However, thanks to Theorem we see that the operator B}% has
it coefficients in End(E, ;,) which is canonically isomorphic to End(E),, (by the natural
identification End(LP) ~ C), thus all our formulas do not depend on this choice. Under
this identification, we will consider M), ;, as an operator acting on ¢*° (T, X, Ey, ).

Let exp(—B2)(Z,Z') and exp(—Mp4,)(Z, Z') be the smooth heat kernels of B> and
M, , with respect to dvx,(Z").

Lemma 3.3.7. For any m € N, € > 0, there exist C > 0 and N € N such that for any
p € N*,
2

e°p
< CpNexp(——=), (3.3.63
&m (M) ( 16U) ( )

exp ( — %B}%) (0, x0) — exp ( — %Mpwo)(o, 0)

where | - |gmnpy denotes the €™ -norm in the parameters by € B and xo € X induced by
vEnd(E) and hEnd(E).

Proof. By , M, 4+, has the same structure as Bg. Thus Lemma and Proposi-
tion are still true if we replace Bg therein by M, ;.. From the fact that M, ,, and
BZZ) coincide near 0 and the finite propagation speed of the wave equation (see e.g. [46)
Thm. D.2.1]), we know that

Fa (ZBZ%) (w0,) = Fs @Mp,m) 0,-), (3.3.64)

so we get our Lemma by (3.3.20]). O

We will now make the change of parameter ¢t = ﬁ €10, 1].

Definition 3.3.8. For s € € (TR 4, X, Ey,) and Z € R*" set
(Sts)(2) = s(Z/1),
Vi =tS; kP o g2,
1
V0 =V + §R£0(Za ')7
& = 1287 kY2 M, kY28,
1 2 1 L 1 apL P
=3 EZ: (Vo)™ + eled)e(e;) Rijj(zo) + ﬁC(ei)f Rio(wo) + —5—Raq p(2o0).
(3.3.65)

From now on we will denote c(e;) by ¢ to simplify the notation in the computations.

Proposition 3.3.9. When t — 0, we have

Vie, = Voe, + O(t) and £ =% + O(t). (3.3.66)
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Proof. By (3.3.56)) and ([3.3.65)), we have
Vie(2) = K12 (t2) { Ve, + p(t|2] /o) (' Tlgles) + tT10z(e)) } 572 (82) . (3.3.67)

It is a well known fact (see for instance [46, Lemma 1.2.4]) that for if I' = T'F (resp.
I'1) and R = R” (resp. Ry the curvature of V1), then

Ty(ei) = %RxO(Z, e) +0(1Z]2). (3.3.68)

Thus,

tFl,tZ(ei) =0 (t2> ,
- 1, (3.3.69)
7 Ty(e) = §Rx0(z, e;)+O(t).

The first asymptotic development in Proposition follows from p(0) = (0) = 1,

(3.3.67)), (3.3.68) and (3.3.69)). Moreover, with this asymptotic, (3.3.59)) and the fact that
g (0) = &;; we find

t2St_1I€1/2AEP,TO /{;*1/2575 — _gij(tZ) (Vt,eivtﬁj — tvt,VZiXOej>

5 (3.3.70)
=Y (Voe,) +0().
Set
L \E
Ap = My g, = S A", (3.3.71)
By (3.3.61)) and (3.3.71)), we have
25,7 1A, S,
1 1
= p(1121/2)) {72 (2 + Le(@0)e(@5) BH(E1.85) + —sel@) IR @ o)
arB
I RL(fa»f,B)) R_W}
2
tZ
(3.3.72)
LiinL L iapL )
= 1¢ Ry i(xo) + ﬁc fYRi,(z0) + 5 Ry 5(z0) +O (1)
With (3.3.65)), (3.3.70), (3.3.71), (3.3.72)), and the first part of (3.3.66]) that we have
already proved, the proof of the proposition is completed. ]

3.3.3 Convergence of the heat kernel

In this section, we use the notations and definitions of Section In particular,
bp € B and zg € X, are fixed.

Definition 3.3.10. Set

fre

Qu = uRE (wy, We)w" A i, + \/gc(ei) fORE,+ TR{;’B. (3.3.73)

The purpose of this section is to prove the following result:
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Theorem 3.3.11. Let k € N. Then there is a € > 0 such that as p — 400, uniformly as
u varies in a compact subset of R* , we have the following asymptotic for the €*-norm on

%°°(M,End(E)):

wl/\/ﬁ exp(_Bg,u/p)(x()v xO) =
det(Rfo’L)

21) 7" exp(—Qu g D
(2m) ( 0)det (1- exp(—uRi(O’L))

®@1dep" +O(p" ). (3.3.74)

To prove this theorem, we will adapt the method of [46], Sect. 1.6].

Remark 3.3.12. In the proof of this Theorem, we do not use the positivity assumption on
L. In this case, we have to us [46] (E.2.5)] in addition to [46, (E.2.4)] to get (3.3.125)), and
we have to take the convention that if an eigenvalue of R%L is zero, then its contribution
det(Ra0") o L
det (l—exp(—uRfo’L)) 2u’
Remark 3.3.13. As pointed out in |46, Thm. 4.2.3 and Rem. 4.2.4], we can use the results
of this section combined with the techniques of [46, Sect. 4.1] to get O(p"~!) instead of
O(p"¢) in Theorem However, we do not need this improvement and leave it to
the reader.

The following Lemma is an easy consequence of the Arzela-Ascoli theorem, which we
will use several time.

Lemma 3.3.14. Let Y be a compact manifold and let (E, hE, VE) be a Hermitian bundle
with connection over Y. We can then define, for k € N, the €*-norm |- |gx on €=(Y, E).
Let f,, € €(Y,E) be a sequence converging weakly to some distribution f. If for any
k € N there is Cy > 0 such that

sup | fulgr < Ch, (3.3.75)
n

then f is smooth and f, converges in the €>° topology to f.

In the sequel, when we add a superscript (0) to the objects introduced above, we mean
their part of degree 0 in A*(T , B).

Let || - ||o be the L? norm on €*°(Tk 4, X, Ez,) induced by h;\;(TﬁB), hfv‘g", K, and the
volume form dvrx(Z). For s € €>°(Xo,Ey,), m € N*, and p € N*, set

151120 = 1512,
0) (0) 2
15112, = IV v )2,
o Z;HZZ b b (3.3.76)

I1l3m =22 D Ve, Voe,sll.

L<m 1,00

We denote by H}" the Sobolov space H™(Xy, E;,) endowed with the norm || - ||, and
by H, ! the Sobolev space of order —1 endowed with the norm

/
HSHt,—l — sup <5’;9 >t70 )
vemi\oy |15'lleo

(3.3.77)

Finally, if A € L(H% H"), we denote by ||A||*™ the operator norm of A associated
with [| - [[¢r and [| - {|¢,m-

Let

% =4 — 2. (3.3.78)
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Proposition 3.3.15. There exist constants C1,Co,Cs > 0 such that for any t > 0 and
any s,s € €°(Xo,Ey),
(L5500 2 Culls?y = CollsllZ,
(25, Yuo| < Cllsllealls'l]e1, (3:3.79)
125l 0 < Calls]

|

t,1-

Proof. The operators VEO), t(o) are the operators corresponding to Vy, % in the case

where B is a point, thus the first two lines of (3.3.79)) are proved in [46, Thm. 1.6.7].
We reprove them here for the convenience of the reader. By the first line of (3.3.70) and

(13.3.72), we have

1 IR
(Z%s,5 00 = IVl + 5 (¢ RE(ao)s, ) +O (1) |Isl 7o (3.3.80)

which gives the first two estimates of (3.3.79)).
By (3.2.33)), (3.3.67) and (3.3.69), we have

Ve — ¥ = 05 (), 38)

where by Op(t*) we mean an operator of order 0 which is a O(¢t%). Thus, by (3.3.70),
(3.3.71)), (3.3.72) and (3.3.81]), we have

Ry = Vie;Op (1) + Op(1). (3.3.82)
This immediately yields to the last estimate of (3.3.79)). O

Let T be the contour in C defined in Figure (3.2

A

—2C,

Y

Figure 3.2: The contour I

Proposition 3.3.16. There exist C > 0, a,b € N such that for anyt > 0 and any A € T,
the resolvant (A — %)™ exists and

|-z < ca+ ey, 55
o2 < cs . ’
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Proof. From (3.3.31)), (3.3.65]), and the fact that .,%(O) is self-adjoint, we know that for
Ael, (A— 32”15(0))_1 exists and there is a constant C' > 0 (independent on A) such that

a2 < (3.3.84)

;=

On the other hand, if A\ €] — 0o, —2C5], then (3.3.79) also implies that

o= 27| < o (3.3.85)
Then, using the fact that
A= = -ZN) T -0 =) - L) - L) (33.86)
we find that Lo .
_1 —1,
Wx—sz M < g L+ CIA =) (3.3.87)

Finally, exchanging the last two factors in (3.3.86)) and applying (3.3.87)), we get

- 20| < & D

1+ClA—A
=0 C? (1+C1A = ol) (3.3.88)
<O+ M.
For A € T', we have
A=L) == (A= 29 (A — 2 4. (finite sum). (3.3.89)

Moreover, by the third estimate of (3.3.79)), we know that

1%, < Cy. (3.3.90)
From (3.3.88]), (3.3.89) and (3.3.90)), we prove (3.3.83)). O

Proposition 3.3.17. Take m € N*. Then there exists a contant Cp, > 0 such that for
2
any t >0, Q1,...,Qm € {Vt ) }Zzl and s,s" € 65° (T 2o X, Ezy),

€’

’<[Q1, Q2. .. [Qm, L] .. .]]s,s'>t’0’ < Conllsl[e1l5"|l1.1- (3.3.91)

Proof. First, note that [V\2,Z;] = 6;. Thus by (3.70) and (8:3.72), we know that

(Z;, 4] satisfies (3.3.91)).
Let R, and R/I; be the curvatures of the connections V + p(|Z|/e)I'1 and V +

p(|Z|/e)TE. Then by (3.3.56) and (3.3.65)), we have
0

Vi V9] = (R + 2R1,) ) (eive)): (3.3.92)

By (3.3.70), (3.3.72) and ([3.3.92), we find that [vﬁ?(}i,.,zﬂt] has the same structure as
%, for t €]0,1], by which we mean that it is of the form

S a4y (t,t2)V VO £ ST b1, t2)V 0 1 e, 12), (3.3.93)

0]
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where a;;, b;, ¢ are polynomials in the first variable, and have all their derivatives in the
second variable uniformly bounded for Z € Tr 4, X and t € [0, 1].

The adjoint connection (VEO))* of Vgo) with respect to (-, )¢ is given by
(VIO = v _ (5 1Vk) (t2). (3.3.94)

Note that the last term of (3.3.94)) and all its derivative in Z are uniformly bounded for
Z € Tr z, X and t € [0,1]. Thus, by (3.3.93) and (3.3.94)), we find that (3.3.91]) holds when

m = 1.
Finally, we can prove by induction that [Q1,[Q2,...[@m,-Z]...]] has also the same
structure as in (3.3.93)), and thus satisfies (3.3.91]) thanks to (3.3.94]). O

Proposition 3.3.18. Foranyt >0, A€’ and m € N,
A —2) N HP) c HM (3.3.95)

Moreover, for any o € N*, there exist K € N and Com > 0 such that for any t €]0,1],
AeTl and s € 65° (TR 0o X, Exy),

|22 =27, < Cam@ Y2V Sl (3:3.96)

Ht,erl o' <o

Proof. Let Q1,...,Qm E {Vte }Z L and Qmyt, s Qrylal € {Z;}?",. Then the operator
Q1. Qyja](A — %)~! can be decomposed as a linear combination of operators of the

type

[Q1,[Q2, .- [Qe, A=) 7" 1Qes1 - Quuyja] With €< m + |al. (3.3.97)
We denote by .#; the family of operator F; = {[Q},, [Qjs, - - - [Qj,,-Z] - -.]]}. Then any
commutator [Q1, [Q2,...[Qe (A — Z)71]...]] can be expressed as a linear combination

operators of the form
A=) "R\ -L) 'R P\ - %) with Fj € %, (3.3.98)

Moreover, by Proposition [3.3.17, the norm || - ! of any element of .%; is uniformly
bounded by C'. As a consequence, using Proposition [3.3.16] we see that Proposition [3.3.18
holds. O

Let e=%(Z,Z') be the smooth kernel of the operator e~%* with respect to dvrx(Z').
Let prps: TR X xpr TRX — M be the projection from the fiberwise product TrX X s
TrX onto M, then e~#%(-,-) is a section of pr}, (End (E)) over TrX xy Tk X. Recall
that VERdE) and pEndE) have been defined below , and let VP End(E) (resp.
hPr i End(E)) he the induced connection (resp. metric) on prh,End(E).

Theorem 3.3.19. Let u > 0 be fized. For any m,m’ € N, there is C > 0 such that for
any t >0, Z,7" € Ty, X with |Z|,|Z'| <1,

lottlel
"2,2") <C, (3.3.99)
&’ (M)

SUp | oo
‘al’lallgm 8ZaaZ/a

where | - |%7’"’(M) denotes the €™ norm with respect to the parameters by and xo € X,
induced by VPMEME) g g ppryEnd(E)
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Proof. By (3.3.83)), we know that for k € N*,

—uly _ (_1)k_1(k — 1)'/ —ul(y —k
e = i . e (A —=Z) "dA. (3.3.100)
For m € N, let
m_ [g©® g
Q - { t,eq; t,eij }jSm : (33101)

Then for m € N, we know from Proposition [3.3.18| that for @ € Q™, there are C),, > 0
and M € N such that for A € T,

QA — Z) 2% < C(1 + [NPM. (3.3.102)

Moreover, if a family {Q;} of differential operators has the structure given in (3.3.93)
with (a;(t, Z))iy‘ uniformly positive, then Propositions 3.3.16|, |3.3.17| and |3.3.18| also holds
for Q. By (3.3.70)), (3.3.72)) and , this is in particular true for Q; = .Z;*, the formal
adjoint of .%. Hence, for Q € Q™,

QA =)™} < Cin(1+ AP)M. (3.3.103)
Taking the adjoint of ([3.3.103)), we deduce
1A= Z) 7" QI < Cn(1+ [A)M. (3.3.104)

From (3.3.100)), (3.3.102)) and ([3.3.104)), we have for Q,Q’ € Q™:

> 0,0
|Qe 4 . < C. (3.3.105)

Let || - |lm be the usual Sobolev norm on € (Tk 4, X, Es,) induced by hfw and the
volume form dvrx(Z):

1517, =>" > [IVe,, -+ Ve,,sll5- (3.3.106)

L<m 11,...,%p

Then by (3.3.67) and (3.3.76)), for any m € N there exists C/, > 0 such that for s €
C(TR.2o X, Esy) with support in BTR=05B(0,1) and ¢ € [0, 1],

1
o Isllem < lsllm < Challsllem- (3.3.107)
m

From (3.3.105)), (3.3.107)) and Sobolev inequalities (for || - ||,;,) we find that (3.3.99)) holds
when m’ = 0.
For m/ = 1, observe that if U € Tr M, then

) CVE=1(1. 1\ .
PHEE) —ug, | (1) (kL) / eMVIMIE (L gykax. (3.3.108)
r

imuk—1

End(E)

T3 . . . .
Moreover, VpU M (A — %)% is a linear combination operators of the form

End(E) End(

(A=) (VP g (- ) (g (- Z) 7 (33.109)
and Vg&End(E)ﬁ is a differential operator with the same structure as .%;. In particular,
varM End(E)ﬁ satisfies an estimates analogous to (3.3.91)). Thus, above arguments can be

repeated to prove (3.3.99)) for m’ = 1. The case m’ > 2 is similar. O
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Theorem 3.3.20. There are constants C > 0 and M € N* such that fort > 0,

H(()\ — L) (= %) H < CtL+ APM 3 1290 0- (3.3.110)
lal<3
Proof. From (3.3.67)) and (3.3.76)), for ¢ € [0,1] and m € N* we find
Isllen <C D 112 ]|0m- (3.3.111)
|o]<m

Moreover, for s, s’ with compact support, a Taylor expansion of (3.3.70)) and (3.3.72]) gives

(4~ Z)5, 80| < 3 12%s01. (3.3.112)
<3

Thus,

(L — L)slle—1 < Ct Y ||12° (3.3.113)
o <3
We have

A=) 1-A-L) ' '=0-L) (L -2 N-%) (3.3.114)
Moreover, Propositions [3.3.16] [3.3.17] and [3.3.18] still holds for ¢ = 0. Thus, Proposition
13.3.18} (3.3.113) and (3.3.114)) yields to (3.3.110]). ]

Theorem 3.3.21. Foru > 0 fized, there exists C > 0 such that fort > 0 and Z, 7' € T, X
with |Z|,|Z'| <1,
‘(e—uﬁft . e—u.ﬁfo) (27 Z/)

Proof. Let B = B™#+0%(0,2). Let [|s| = [jz1<a |5I75,, dvrx (Z), and let Jz, = L*(B, Eq).
If A is a bounded operator on J,,, we denote its operator norm by ||A|z. By (3.3.100)
and ([3.3.110), we know that there is a C’ > 0 such that for ¢ €]0, 1],

< ¢t/ @), (3.3.115)

le™u% — e “fﬂ||s<2 / e MO = L) = (A= o) [sdA
(3.3.116)
<0t [ 1AM < O

Let ¢: Tr 4, X — [0,1] be a smooth function with compact support, equal to 1 near 0
and such that [ o X &(Z)dvrx(Z) = 1. Let v €]0,1]. By the proof of Theorem [3.3.19

we see that e %20 satisfies an inequality similar to ([3.3.99). By Theorem [3.3.19] there
exists C' > 0 such that for |Z],|Z'| <1 and U,U’ € E,,,

‘<(e_“‘$t — 7w (2, Z')U, U’>

- /T I (e e (A AR O UA Y
R,zq R,zq

— 1 OW/)$(W' [v)dvrx (W)dvrx (W)

Moreover, by (3.3.116]), we have

< Cv|U||U']. (3.3.117)

(7% — e D) (2 = W, Z' = WU, U)

/ZVWRYZOXXTR@OX

— d(W/0) (W' Jv)dvpx (W)dvrx (W)| < %]UHU’\. (3.3.118)

Hence, we get (3.3.115)) by taking v = ¢1/(2n+1), O
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We can now prove Theorem |3.3.11
Let s € 65°(Xo,Ey,). Then by (3.3.58) and ([3.3.65])

e v s(Z) = St_l/fl/Qe_%M”’”O/ﬁ_l/QSt(Z)
— K(tZ) / e (12, 2)(Sis)(2)RV (2 )dvrx (2) (3.3.119)
R n

— T R(t2) / M (12,427 5(2" )2 (02" ) dvrx (27),
R n

which yields to
e Z, Z) = pe P (12,026 (1 2)5 (02, (3:3.120)
Define

Lo =y a0V sy (3.3.121)

Then by the last line of (3.3.2), Lemmas [3.3.7 and [3.3.14] Theorem [3.3.19| and [3.3.21| and
(3-3.120)) we get that for every fixed u > 0 and for the ¥*-norm on ¢ (M, End(E)),

_ B2 _u 7
"1y pe Bpurp (20, w0) =P~ "1 yme v Mr.wo (20, o) = e~Z04(0,0) + O(p~°), (3.3.122)

1
4n+2"
Finally, using the fact that

with € =

i >_clei)eleg) R (eiy e5) = D R (w, W J0™ Aty % > RMw;,w;)  (3.3.123)

I,m

and (3.1.2), (3.3.65), (3.3.73) and (3.3.121)) we find

1
:_Z(V—i- RL Zez) —|—u(ZR (wy, Wy, )W Azwz_QZR:%o(wjij))
j

+ \/gc(ei)faRfa(x )+ faf RY 5(z0) (3.3.124)

- — Z <v + (Rt z, ei>> + Qu(z0) — gTr(Rii’L)-

Hence, the formula for the heat kernel of a harmonic oscillator (see [46, (E.2.4)] for in-
stance) gives

det (Rif)L)

e~ Zou (07 0) — (27r)_n exp(—Qu,a:o)det (1 _ exp(—URX’L))
Z0

® Ide, (3.3.125)

which implies Theorem [3.3.11] by (3.3.122)).

3.3.4 Asymptotic of the torsion forms

Let by € B be fixed. Again we denote Xp, by X. Recall that wf and N,, are defined
respectively in (3.2.6) and (3.2.39). let d = dim M.
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Definition 3.3.22. For z € X, set
det(RX1)

Au(z) = 21) " exp(—Qu.z - 3.3.126
() = (2m) p(~fk, )det(Id—eXp(—uRf’L)) ( )
and
Ry (z) = Trg [Ny Ay (2)] (3.3.127)
Let Aj € (X, End(A*(Tg ,, B) @ A>*(T*X))) be such that as u — 0
k
Au(z) = Y Aj(z)e! + O, (3.3.128)

j=—d
For convenience, we also set A_;_1 = 0.

Theorem 3.3.23. There exist A, ; € € (X, A(IT3B) @ End(A%*(T*X) @ £)) such that
for any k, ¢ € N, there exist C' > 0 such that for any u €]0,1] and p > 1,

< CuftL, (3.3.129)
€M)

Here, €*(M) denotes the €*-norm in the parameter (b,x) € M.
Moreover, as p — +00, we have for any j > —d

k
"1, /p eXP (—B;u/p) (x,x) — Z A, j(z)u!

Apj(z) = Aj(x) © Ide +0 <;ﬁ> : (3.3.130)

where the convergence is in the €°° topology on M.

We will prove Theorem [3.3.23] in Section [3.3.5
For j > —d —1, set

Aj(@) = Try [Ny Aj(2) + iw Ay ()] (3.3.131)
Then by (3.2.39), (3.3.127) and (3.3.128)), we have
k
Ru(z) = > Aj@) + 0. (3.3.132)
j=—d—1

Set also
By, = /X Tr [Ny Ay () + it 4y 11 (2)] dox (2),

B, = /X A;(@)dvx (2).

Corollary 3.3.24. For any k,¢ € N, there exists C > 0 such that for any u €]0,1] and
p=>1,

(3.3.133)

k
p~ "1y 5 Trs [Nu/p exp (—B]f,u /p)} — > Byu < CuFtL (3.3.134)
j=mdt ¢!(B)
Moreover, as p — +00, we have for any j > —d — 1
1
B, =1k(&)B;+0 | —|, 3.3.135
pj = 1k(§) B (\/]»)) ( )

where the convergence is in the € topology on B.
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Proof. This is a consequence of Theorem|3.3.23} using (3.3.131)-(3.3.133)) and ¢/, 5Ny /p =
Ny. O

Theorem 3.3.25. There exists C > 0 such that foru>1 and p > 1,

<< (3.3.136)

w(B) = \u

’p*”zﬁl/\/ﬁ Tr, [Nu/p exp (—Biu/p)]

Theorem will be proved in Section [3.3.6
Recall that we assumed in the introduction that there is a py € N such that the direct

image R'm, (¢ ® LP) is locally free for all p > pg and i € {1,...,n}, and vanishes for i > 0.
In particular, for p > po,

H (X, (E®LP)|x)=0 for i>0. (3.3.137)

For p > pg, set
—Nn

Gols) = —¢

400
el /0 w5 ® {Trs [Nu/p exp(—B2, /p)} } du. (3.3.138)

Here we make an abuse of notation: we should split the integral in two part as in (3.2.48)).
Clearly, if ¢, denotes the zeta function (3.2.48)) associated with B, ,, we have

P~ "1y 5p(s) = PG (). (3.3.139)

We deduce that
P15 (0) = log(p) By + G, (0). (3.3.140)

On the other hand, we have for p > py,
5 1 9 0 | du
¢(0) = _/0 PRy 5 T [Nujpexp(—B2,,)| = Y. Byl o

+oo
_ /1 P T [N Buy)| = 3

(3.3.141)
Let ((s) be the Mellin transform of u — — [ Ry (x)dvx(z), i.e., for Re(s) > n:

~ 1 +oo s—1
((s) = _F(s)/o /XRu(ac)de(:r)u du. (3.3.142)

By Theorem [3.3.23] and Theorem (3.3.25] we can apply the dominated convergence

theorem to (3.3.141f), and with Theorem [3.3.11| we find

¢ (0) ——— 1k(&)DC(0). (3.3.143)

P p—+00

Theorem 3.3.26. Let TH' M be the orthonormal complement of TX with respect to R*

!
and let RHH = RL| . Then
|TH§I MxTH M

~ 5X,L 5X,L ,
&(0) = ;/ det <R2 >log [det <R2 >] e B duy. (3.3.144)
X ™ ™
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Proof. This Theorem is the analogue of [I7, (53)] (see also [46, (5.5.60)]) in the family
setting. The main new feature here is the presence in the exponential of terms c(e;)f¢
coupling horizontal and vertical variables. This terms make the computations of the
super-traces much more complicated. To deal with them, we inspire us of [52].

We first compute

_ _ det(R%1)
Ry = (27) 7" Tr (Nye . . 3.3.145
(2m) " T ( ¢ ) det (Id — exp(—uRX1)) ( )
Let
O u L u apL
Qu = eei)elef) Rij + \/gc(ei)f Rig.- (3.3.146)
Then by (3.3.73]) and (3.3.123), we have
~ arp .
Qu = + ! 2f Rl + %T&"(RX’L), (3.3.147)
hence B -
Try(Nye~%) = Try(Nye P)e™ 3 Rap—s TS (3.3.148)
As cle;)e(ej)wi = 2¢/=1(W N i, — i, w?) , we have (see [IT, (2.15)])
n -1
NV = 5 — Tc(ei)c(ej)wij (3.3.149)
Recall that w” is defined in (3.2.1)). Set
1 v—1b
Ru(b) == —iuRL - TC{)X,
. (3.3.150)
~ b , 1 u ol
V) =~ — G = Sele)elei) RulV)y —[e(en) R,
Then by (3.2.39), (3.3.149) and (3.3.150) we have
~ 1 H
Try(Npe— ) = [ 24 Y220 )y (eny 1 O]y o), (3.3.151)
2 u 8() b=0

Note that the matrix (Ru(b)ij)ij is invertible for b small enough. We denote the

coefficients of its inverse by R, (b)¥.

Let
- _ apL Yy
‘/;_Zf Rzav Vu,l_\/g‘/;a
B @ . (3.3.152)
Vii = > Ru(b)* Vi
k
A computation shows that
1
wa(b) = Selei)elej) Ru(b)ij + Vaic(ei)
(3.3.153)

1 _ - 1 y
=3 > (elei) = Vui) Ru(b)ij(c(ej) — Vay) + B D ViV Ru(b)¥.
Hence,

Try(ev®) = Tr, (e;<c<ei>%,»Ru(b)ij(c(en%,j)) e ViV Ru(®) (3.3.154)
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Using this equation and [52, Lem. 2.12], we find

Try(e+®)) = Tr, (eze(enelenful®l ) o3VieaViusRul)?, (3.3.155)
We now compute the term Tr, (eéc(ei)c(eﬂ')R“(b)”). We may assume that R (see
(3.1.2)) is the diagonal matrix diag(ai, ..., ay) in the basis {w;};. Then
Tr, (eéc(ei)c(eﬂ)R“ b)” = Tr, (exp ( i)c(e )RL \/jlbc(ei)c(ej)wij>>
= Tr, (e YL LG +va>e TR -5 (3.3.156)
(e (b—w)a 0 iy, >€12L Te(RXE)—2

For i1 < --- < ig, we have
> (b= ua))W Aig, | WA AW = (Z(b - uaie)> WA AT (3.3.157)
j —1

As a consequence,

Trg (ezj(b_““j)“’j/\i%) = Z (_1)‘I|€Ziel(b_uai) = det (Id —ebld _“RX’L) )

Ic{1,...,n}
(3.3.158)
hence (3.3.155) and ((3.3.156|) gives
Ty (e4+®)) = det (1d —ebe 75" ) RN =5 o3 ViV RulD)” (3.3.159)

We now turn to the computation of the derivative at b = 0 of ((3.3.159)). Set

Ty = (gb det (Id —ebe“RX’L)> eiéViVj(RL)it
b=0 , B ) (3.3.160)
Tyr = det (1d —ebe ") (81) - sV, lvu,muw)”) .
Here (RL )9 denotes the coefficients of the inverse of the matrix (RL )ij-
By (3.3.159) we have
9 Try (e ®)) = — 2 Ty, (¢4 O) 4 (T} + Tyy) e™EXD)., (3.3.161)
0b |p—g 2
First, we get easily
= det (Id —e """ ) Tr [(Id —eth) } e 2ViVi(BN)Y (3.3.162)

Secondly, if M (b) is an invertible matrix, then (M ~1)/(b) = —M (b)~*M'(b)M (b)~!, and

0

E e%tVMU’)’IV:—%tV[M(o)*lM’(o)M() Hyez VMOV, (3.3.163)
b=0

Set

(wﬁL)ij:%:(RL)mwkl(RL)kj and WX (V,V) =ViV, (wRL)j. (3.3.164)
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By (3.3.163)), we have

/—1 : ij
Tip = Y= det (1 e~ F"" ) wfy (v, ) #VH 7, (3.3.165)

Finally, using (3.3.145), (3.3.148)), (3.3.151)), (3.3.159)), (3.3.161)), (3.3.162)) and ([3.3.165)),
and defining

FH = =3 (PP REAVIV; (REYT), (3.3.166)

X, L

R, = {ﬁ(w + 1W§L(V7 V)) + Tr [(Id —e“RX’L)_l} } det (R

agH
. 3.1
: - )J (3.3.167)

In the sequel, we will denote with a subscript {*} the objects corresponding to the

objects defined above in the case where B is a point (e.g. Ri*}, fl}*}, ...). This objects
are in fact the ones appearing in [17] and [46] Sect. 5.5.4], and are the part of degree 0 of
our objects. By (3.3.132)), (3.3.167)) and [46), (5.5.37)-(5.5.40)] we have

B \/—]. 1 X RX’L {*} aH
Ru—{u( + 5wk L(V,V)) det o | TR 7
Aj= A7t for j# -1, (3.3.168)
B s 1 X, L
A= {A{l} + V=W 4 Swf (V1)) det (R )}ﬁf
2 2w
In particular, R
Aj =0 for j <=2,
i A{*}
Y S {R{*} At A{*}} o (3.3.169)
U u U U 0

Since RF € End(T(H0) X ) has positive eigenvalues, we find using (3.3.168)), (3.3.169)
and Ri = Tr [(1d —e™*") 1| det (£2°) Z1 that for Re(2) > 1,

((2) = (/X det (R;L> Tr [ (RYF) 7] 9Hdvx> F(lz) /0+OO W i_:_udu. (3.3.170)

Let ((z) = 3129 == be the Riemann zeta function. Then classically, we have
1 [+oo —u
(=g [ v e,
I'(2) Jo 1—e (3.3.171)
1 1
¢(0) = — ¢'(0) = D) log(2m).

Finally, (3.3.170) and (3.3.171)) yields to

¢'(0) = —¢(0) /X det (R;L) Tr [log (B)] 7% dvx + nc'(0) /X det (R;;’L> FHdyy

1 RX.L RX.L
= f/ det ( ) log ldet < FHdvy.
2 Jx 2T 2T

(3.3.172)
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To prove (3.3.144), we now have to prove that Z = e_RL’H/, ie.
FFPREs + ViVi (R = f2 O RE(f, £5) (3.3.173)

for some basis {f,}a of TE M (the right hand side does not depend on the choice of

{fata)-
We choose f! so that f/, — fo = us € TeX. Recall that f& € TEM is in fact fo

with (). TgB ~ Tlg’*M. On the other hand, if we extend f'® € Tﬂf/’*M to TpM =
TiX & T "M in the obvious way. Then we obtain

4= f* e TgM. (3.3.174)
Write uo = >, ule;. By (3.3.174] , we have on the one hand
R (fo 15) 17 1" = RE(fh, fo + ulhey) £ f°
= RY(fi fa)F° 7 (3:3.175)
= (REs +uiRE) £ 17,
On the other hand,
Rf = RL(ei, fh — uler) (3.3.176)
uﬁle,
so we have by
ViVi(RM)Y = Rig Rjs(R")Y f° £
= uf R RIg(R")7 fo f° (3.3.177)
= ul, Ris ff".
By (3.3.175) and (3.3.177), we get (3.3.173). Theorem is proved. O

We can now finish the proof of Theorem [3.1.3]
Recall that ©X is defined in (3.3.1)). Then

RX,L eXn
det ( o > dvy = T (3.3.178)
By (3.3.167) we have
~ n RX.L
Ay = — det ( ) FH, (3.3.179)
2 27

Now by Corollary (3.3.24] (3.3.140)), (3.3.143)), Theorem [3.3.26} (3.3.178)) and (3.3.179)),
we have in the smooth topology on B as p — +o0

@01/\/15@,;(0) = log(p)p" Bo +pn<1)C( ) +

p")
_ rk2(§)q) {/Xlog ldet( )] riett’ p@)!() }+0(p”) (3.3.180)
—ﬂ{éf)/xlog ldet (Pf;T )]e p(fRLH +p@X>+0( "),

which is (3.1.4]). Thanks to Corollary |3.3.24] Theorem |3.3.25] (3.3.140)and (3.3.141)), we
can apply Lemma to get Theorem (3.1.3
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3.3.5 Proof of Theorem [3.3.23

We follow here the idea of [46, Sect. 5.5.6].

We denote .Z; defined in by % », to make the dependence on z clearer. Then
L.z 1s a family of differential operators with coefficients in End(E,,) which depends on
zg € X and t € [0,1]. As explained before Theorem e~%t(-,-) is a section of
pris (End (E)) over TR X x5 TrX. Using the techniques of the proof of Proposition m
and the fact that for m € N and € > 0 there is a C),, > 0 such that for 0 < u <1

62

ilel%) a Gu(\/ﬁa)‘ < Cy,exp ( — @>’ (3.3.181)
we get an analogue of Proposition there is C' > 0 such that for u €]0, 1],
~ 52
< — .
‘Gu(ua%’m)(o’O)‘%m(Mx[O,l}) < Coxp | 5o |- (3.3.182)

Here the ™ norm is in the parameters ¢ and t.
By the finite propagation speed of the wave operator [46, Thm D.2.1], for ¢ small,
Fu(uZ.4,(0,-)) only depend on the restriction of % ,, on BT®=0X(0,2¢) and

supp (o (ul2,)(0,)) € BT0% (0, 2). (3.3.183)

Now consider a sphere bundle V = {(z,¢) € TRX x R : |2]?> + ¢ = 1} over X.
We embed BT®20% (0, 2¢) in V,, by sending z to (z,/1 — [2[?) and we extend .%, 4, to a

generalized Laplacian %} 5, on V,, with values in prj; (End (E)). Once again, using G,, as

in ((3.3.182)) and the finite propagation speed as in Lemma we find

~ 2
e~ %hs0 (0, 0) — e~uZem0 (0, 0) <Cexp|-——-]. (3.3.184)
&m(Mx[0,1]) 32u

Finally, as the total space of V' is compact, the heat kernel exp (—uz :vo) (0,0) has

an asymptotic expansion (starting with «~") when v — 0 which depends smoothly on the

parameters xo and t (see for instance [46, (D.1.24)]). Thus Lemma (3.3.122) and
(3-3.184) we find (3.3.129) and A, ; = A ; +O(1/,/p). Moreover, we get Ay, j = A; ®1d¢
from ((3.3.125|).
3.3.6 Proof of Theorem [3.3.25]
We will use here the notations of Section B.3.1]
We use the notation of (3.3.28]). Let
Loy 1.9
Cp= By = (D) +Ry). (3.3.185)
By the last line of (3.3.2)), we have

_R2
P15 Trs [Nype rante] = p Ty [Nuthy ) me ™4z (3.3.186)
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By (3.3.29)) and (3.3.31)), there exists v > 0 such that for p large

Sp(Dp/\/I)) C]_ 00, _\/;] U {0} U [\/;a —|—OO[,
Sp(Cp) C {0} U [v, 4+o0].

(3.3.187)

In the sequel, we will assume that (3.3.187)) holds for p > 1. Let § be the counterclockwise
oriented circle in C centered at 0 and of radius v/2, and let A be the contour in C defined

in Figure 3.3

Ry
NVAE

1= - -

Y

Figure 3.3: The contours § and A

Set
Py = wl/f/ A\ = Cp) N,
2 (3.3.188)
1
Kpu = 2m¢1/\f/ AN —Cp)ta.
Then o
P01 g5 T [Nu/pe‘ p,u/p] = p " Ty [Nu(Ppo + Kpu)] - (3.3.189)

We will deal separately with the terms P, , and K, ,.
In the rest of this section, we will work on a subset of B small enough so that we can
assume that M = B x X.

The term involving K,

Definition 3.3.27. For A € A*(T3B) ® End (Q%*(X, £ ® LP)), let ||Al|o be the norm of
operator of A viewed as an endomorphism of L?*(X,E,) and for ¢ € N*, let

1
14, = (1 [aray72])". (3.3.190)
Note that if [|A||; and ||A'||« exist, then

1AA [l < [|Allg|[A"]]oo- (3.3.191)

Remark 3.3.28. We do not to specify the dependance in b € B or p € N* of the norm |- ||,
to make the notations lighter.

Lemma 3.3.29. Let \g € R*. Then there exists qy such that for ¢ > qo, for U € TgrB
and £ € N, there is a C > 0 such that forp > 1

" H (Vgnd(]Ep))e(/\o _ Cp)—qHI <C. (3.3.192)
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Proof. Set
H,=D./p— Xo. (3.3.193)

Then Hy, is a self—a_udjoint positive generalized Laplacian on X. By [2, Thm. 2.38], we know
that for k£ > 1+ %, the operator Hp_]‘C has a € kernel given for (z,2') € X x X by

1 +00
—k —tH k—1
Hy*(@,a') = (1<;—1)'/0 =ty (2, /)P dt. (3.3.194)
Thus,
+oo
Tr [Hp_k} = (l{:ll)'/ / Tr {e_tHP(x,a:)} t*Ldtdvy (x)
—DtJx Jo
(3.3.195)
_ 1 oo —tH,] k-1
BRCES] /0 Tr {e p} " dt.

12

Now, using the degree 0 of Theorem|3.3.11|we find that p~™ Tr {e_EDP} converges (along

_1ip2
with its derivatives) when p — +oc0. In particular, p~" Tr [e pr] and its derivative are

bounded. Moreover, Dz is a positive operator. Thus, for ¢ € N, there is C' > 0 such that
for t > 1 and p € N*,
Aot

p " ‘Tr [e_tHP} =p " |Tr [e_iDg}

e
¢t(B) ¢t(B)
e)\ot

_t=lp2 _1p2
=p " |Tr [e » Pre PDP}
¢4(B)

(3.3.196)

eMt < Cetot,
¢*(B) -

<p "|Tr [e_%D’%}

Moreover, using the part of degree 0 in Theorem [3.3.:23] we find that for any k,¢ € N,
there exist a,; € R and C' > 0 such that for any ¢t €]0,1] and p > 1,

k

_ t o ‘
p "Tr {exp (—prﬂ — Z ap;t

j=—n—1

< Otk (3.3.197)
€'(B)

To remove the Ny operator in the trace in the above equation, we used that Dg preserves
the vertical degree.
Splitting the integral in (3.3.195) at ¢ = 1 and using (3.3.196)) and (3.3.197)), we find

<. (3.3.198)

p o[t <

Thus, there exists ¢y € N such that for ¢ > q¢ there is C' > 0 such that
p" H()\O - Dg/p)—qH1 =p " Tx [Hy1 < C. (3.3.199)
Moreover, by (3.3.187) there is a C’ > 0 such that for p > 1,

H(/\o - Dﬁ/p)‘lHoo < (3.3.200)

A closer look at Bismut’s Lichnerowicz formula (3.2.34]) and (3.2.35) enables us to
sharpen (3.3.28)): locally, under the trivialization on U,, (see Section [3.3.1]), we have

1 1
*Rp =—-01 + Oy, (3.3.201)
p p
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were Oy, is a differential operator of order k (which does not depend on p). Moreover, in

the same way as in (3.3.10|), we can prove
sl g1y < CIDpsllzz + pllsllr2)- (3.3.202)

Consequently, if s is an eigenfunction of D, /,/p for the eigenvalue p,
L1 Byl 2 < < llsl g + 1Is]
— S 2 — 1S 1 S 2
plP 2= pl1oNH (p) L
1
< C=||Dps||r2 + C'||8|| 2 (3.3.203)
p
]
<o+ %)H sllze < L+ [u))|ls]] 2.

This estimate yields to

1 _ L+p /
—|R,(Mo—D2/p)7 Y| <C sup —I-<C. (3.3.204)
p H P b HOO pely,+oo[ |A0 — 17|

As in (3.3.30)), we have

(Ao —Cp)~" =N —Dp/p)~" + (Mo — Dp/p) N (Ryp/p) (o — Dy /p) '+ -+, (3.3.205)

with only finitely many terms (as R, is sum of elements of positive degree in A*(13B)).
Thus, for ¢ € N*, (Ag — Cp)™? is a sum of terms of the form

(Ao — Dy /p) " Ry/p--- Ryp/p(Xo — Dj /p) ™, (3.3.206)

with 0 < i < dimgr B, k; > 1 and Z kj = q+ . In particular, there exist jo such that
ki, > m Thus, if g is large enough then (Mg — Cp)~? is a sum of product of terms
of the form (3.3.206|) — which are bounded for || - ||oc by (3.3.200) and (3.3.204)) — and of

(Ao — D2 /p)~%. Thus, form (3.3.191) and (3.3.199), we get Lemma 3.3.29| for £ = 0.
Using ([3.3.205)), we find that Vgnd( )(/\0 — Cp)~ 9 is a sum of terms

(Ao — Dy /p) " Ay, (p) - - - Ag, (p) (Mo — Dj /) 7", (3.3.207)

with 0 <4 < dimg B+ 1, k; > 1, ijj =qg+1iand
End(E End(E
Ak, () € { Ry /0, ViV Ry [, v D2 ) (3.3.208)

Thus, using the same reasoning as above, to prove Lemma [3.3.29 for ¢ = 1, we only
have to show that there exists C' > 0 such that for any p € N*

HAk )Xo — D2/p)” 5HL2 < O] 2. (3.3.200)

By (3.3.204), estimation (3.3.209) holds if Ay, (p) = Rp/p. Also, as Vgnd R,/p has
the same structure as R,/p in @, we can show that (| m ) holds if Ay, (p) =
Vgnd(E”)R /p- We only have the case Ay, (p) = VEnd(E” D2 /p left to treat.

First, observe that for any operator A it is equlvalent to show that ||As||z2 < C||s||12
for any section or for any section supported in a ball of radius € > 0. We fix g € X, and
£ > 0 as in Section [3.3.2) and we consider a section s supported in B¥ (zg,¢). We will use
here all the notatlons 1dent1ﬁcat10ns an trivializations of Section[3.3.2l We extend s by 0 to
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get an element of €2°(Tk 4, X, Ez,). To simplify, let us denote Vgnd(Ep)Dg /p(Xo —DIQ) /p)~t
by Ap(Xo). Let oy = Sy 'k'/2s and 4 (No) = S; 'K1/2 A, (No)w~/2S,. We have

2
4005l =27 [ |2 (4,00)[ (2)denx(2) =0 [ |l (Z)dorx (2).
(3.3.210)
Thus, if we prove that
I ()IP° < ¢, (3.3.211)

we will find
14, (0)slits < €8 [ o (Z)durx(2) = € [ [P (@)dvx(a) = CllslEa, - (3:3.212)

which is the estimate we needed. To prove (3.3.211)), observe that over BTk=0X (0,e) and
under the identification [E, ~ [E, we have

VEnd(Ep) — vEnd(E) =V + [I‘h .]’ (33213)

thus,
vEnd(]Ep)(vgi) _ p(VUFL)(ei) + RE(U, ei)- (33214)

Hence, VEnd(EP)Df7 /p has the form

N 1 1 1 1
VEED fp = 0i5(2) S VEOVED + (obi(2) + oy (2)) SV + - d(2) +e(2),

N /P
(3.3.215)

where a; j, bj, ¢;, d and e are bounded (along with their derivatives). Moreover, observe
that (VyT'E)(e;)(Z) = O(|Z|) (apply [46, (1.2.30)] and observe that Vs only differentiate
the parameter of the basis B), and that ¢;j(Z) comes from the terms (VyT'L)(e;), so we
have ¢j(0) = 0. Using this fact and (3.3.215]), we find that ¢~'c;(tZ) is bounded as t — 0
and that
St—1/€1/2 (vEnd(IElp)DIQJ/p) 5—1/25t _
aij(tZ)V0 VO 4 (0;(t2) + 171 (t2)) V) + £2d(tZ) + e(tZ), (3.3.216)
Using this structure, the fact that «%(\g) = S; *x!/2(VEE) D2 /1) 5 =1/25, (\g —.,iﬂt(o))_l
and arguments similar to those in the proof of Propositions|3.3.1643.3.18| we find (3.3.211)).
We have proved Lemma, [3.3.29| for £ = 1. The case £ > 1 is similar. O

Proposition 3.3.30. For any ¢ € N, there exist a,C > 0 such that forp>1 and u > 1,

P Trs [NuEy,]

cg{(B) S Ce_au. (33217)

Proof. First, note that (3.3.200)) is still true if we replace A\g by A € § U A, and that the
constant in the right hand side can be chosen independently of A\g € A, that is: there
exists C' > 0 such that

AN=D?%/p)7t| <C, VYAedUA. (3.3.218)
| =3

1+M <

In the same way, (3.3.204)) is also true if we replace Ag by A € A and we have SUP > /6 e 2]

C1\|, hence there exists C' > 0 such that for A € § U A,

; HRp(A - D;/p)‘lHoo < C|Al. (3.3.219)
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Thus by (3.3.205)), (3.3.218) and (3.3.219)), there exists C > 0 such that for p > 1 and
AEJUA,

[(Eret s e} (3.3.220)
For A € A and Ay € R*, we have
A=C) ™ =Q0—C) P =(A=2) Mo —Cp)t(A = Cp) L (3.3.221)

In particular,

A =G == (1= (A= 2)A—C)7)". (3.3.222)
From ({3.3.191)), (3.3.192)) (3.3.220) and we find that for A € § U A,
[ =Co) 7l < 100 =)l | (1= A =2 A =) 1)|
< C|\24 H (Ao — p)—lu (3.3.223)
q
< C|A[Pap"

On the other hand, we have

— 1
K, . ¢1 w / @D iy~ gy, (3.3.224)

and there exist x, K > 0 such that for A€ §UA,

Re(\) > K|A| > k. (3.3.225)

From ([3.3.223)), (3.3.224]) and (3.3.225)) we deduce that there exist a,C > 0 such that for
p>1landu>1,

-n —1)!
P T Ny | < e Vi) | [ e - o)
A

(a1

< p*nc/ INP2e KA\ — ) 79|, dA (3.3.226)
A

1

< Ce ™.

Proposition [3.3.30] is proved in the case where ¢ = 0.
We now turn to the case £ = 1. Equation (3.3.222)) implies

VI = 0= [V 0 - )7 (1= = d0)(0 —- ¢ )
+ (o= Cp) 1 [V (1= (= a) (A= G) )] (3.3.227)
We claim that there is C, N > 0 such that for A € §U A
Ve (1— (A= x) (A = 67! H < AP, (3.3.228)

Indeed the arguments of Propositionthhat enables us to prove (3.3.211] m from
also shows that ( m is still true if we replace therein A\g by A € § U A and
that moreover there exists N > 0 such that [« (\)[?° < C|A|N. Hence, as in (3-3:212),
we have [|4,(\)[leo < CIAIY, e,

HVEHd =) D2 /p(ho — D;/p)_lHoo < CIAN. (3.3.229)
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Thus, decomposing Vgﬂd(E”) (1= (A =2X)A—=Cp) 17 as a polynomial in A whose co-
efficients have the form (3.3.207), and using (3.3.218]), (3.3.219) and (3.3.229)), we find
(3-3.229).

Then, by (3.3.191)), (3.3.192)), (3.3.227) and (3.3.228)), we find that there is N’ > 0
such that

b HvEnd(Ep)(/\ _ Cp)qul <. (3.3.230)
Hence,

pfn ‘VAO(T]{{B) Tl"s [Nqu,u]

- *”)Tr [vEnd(Ep>(N Kp. )H

<p ”C/ —uK|A| HvEnd Ep)(\ — () H dx  (3.3.231)
< Ce ™,
This proves (3.3.217)) for £ = 1.
The proof of Proposition [3.3.30] for £ > 1 relies on similar arguments. O

The term involving P,
Proposition 3.3.31. For any ¢ € N, there is a C > 0 such that for anyp > 1 and u > 1,
C

p"| Trs [NuP,.u] \W(B) < NG (3.3.232)
Proof. We first rewrite P, ,,. As Cp has no eigenvalues between the two circles § and 0 /u,
we have
Pp.u 1yva / Cp)~ldA
(3.3.233)
-1
227‘(‘1/}1/f/ - uCp) dA.

We now use the technique of [8, Sect. 9.13]. Let CI(;O) = %Dg be the part of C), of degree
0 in A*(T B). We denote by P, the orthogonal projection form Q%*(X, £®LP) to the kernel
of D2, and P;- =1— P, We will make the abuse of notation (Céo))—l = PpL(CZSO))_leL.
Finally, we denote R, /p by R,. Then for A € ¢,

e M\ —uCy) "t = (Z (_kl‘)kxk) (Z(/\ —uCN) " uRy) ... (uRy) (X - uC;0>)1> :

k>0 >0

41 _
A —uC) ! = 1Bt (- uCO) Pt (3.3.234)

Moreover, A — ()\—uC}(,O))_leL is an holomorphic function on the interior of §, so (3.3.234))
yields to

dimg B (_1)£_ij’” _ -
Ppu = 1/11/\/5 Z Z (ip—1—5 7 )|TP71(URP)TP72 - (uBp) Ty 1,
£=0 1<io<e+1 mJIm)
J1seJet1-ig 20

th 10] <ip—1

m=1

(3.3.235)
where P, appears ig times among the T}, ;’s and the other terms are given respectively by

(uCI(JO))f(lJrﬁ)’. N ,(UCZSO))—(I—szHin).
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As R, is the part of positive degree of 32 and B(O) D, (see (3.2.26)), we can
decompose R, with respect to the degree in A‘(TR ):

R, = R + REZ? with R() = [BY, D,|. (3.3.236)
We can rewrite the sum ([3.3.235)) as a sum of products of terms

Ay (upy, mRM) Ay or Ay (uipy ) mREY) Ay,

; , (3.3.237)
A; € {P,, (UCZ()O))_(1+]), (UCISO))_(H])/Q}-

Moreover, observe that
P, |B{Y, Dy| B, = 0. (3.3.238)

As a consequence, the possible degrees in u of a term A; (ut)y \/,ER]SI))AQ = Al(\/ﬂR,()l))Ag

are:

deg, Pp\/aR;(gl)Pp =T,

> —r —r D 1
deg, Pp\/ﬂRI(,l)(uC[()O)) = degu(uC'z(,O)) \/ERI(,UPP =5 (3.3.239)
/ 1
degu(uC )~ fR ) (uC )Tzi—r—r'.

In any case, by (3.3.237)), these terms are polynomials in 1/+/u.
Concerning the terms Aj (uty, ﬁRéZQ))Ag, as RZ(,ZQ) is a sum of terms of degree greater
than 2 in A®*(TgB) we find that the powers of u appearing are:

w2 in Pp(uwl/ﬁﬁigz))Pp
W (u¢1/fR(22))( )" or (qu )7 (wbyy B P, (3:3.240)
(WCO) " (uahy ) g RED) (uC )~

=

__/_‘ .
W /2 i

=

where r, 7’ € 1N* and 2 < j < dimg B. This shows that P, , is in (CN{W} for some

uniform NV € N. Furthermore, in each term of the sum (3.3.235) ig > 1 so P, —which is
a projector on a finite dimensional space— appears at least one time. Hence there exist
ck(p) € Q*(B) such that

K
P " Trg [NuPp.u] Z yuk/2, (3.3.241)

Moreover, by m, we have for r, 7’ > %
1B By Pylloo < C,

HPpRp<C;(oO))_rHoo ) H(C;go))_TRpPpHoo <C Sil\Pf ((1 + N)M_2T) <, (3.3.242)
u>+/v

1(CE) ™ Rp(CF) ™ [Joo < O

Therefore, each term in the sum (3.3.235)) is a product of uniformly bounded terms, in
which P, appears at least once (because ig > 1). Thus,

lci(p)| < p~"Cdimker(D}) = p™"Cdim H*(X, ¢ ® LP) < C. (3.3.243)

For the last inequality we have used Riemann-Roch-Hirzebruch theorem (see e.g. [46,
Thm. 1.4.6]) and Kodaira vanishing theorem.
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Finally, using Theorem [3.2.15] (3.3.189) and Proposition [3.3.30| we have for p large
fixed

P Trs [NuFpu] = p™"1/ 5 T [NV eXp(—(VH(X’@Lp'X))z)} =0.  (3.3.244)

Thus
co(p) = 0. (3.3.245)

Using (3.3.241)), (3.3.243) and (3.3.245)), we find (3.3.232)) in the case £ = 0.
We now turn to the case £ = 1. By decomposing as above P,, in a sum of product

of polynomial in 1//u, and then differentiating in the direction U € TrB, we find that

Vgnd(]Ep )}P’p,u is also a sum of product of polynomial in 1/4/u. Thus, here again there exist
¢, (p) € Q*(B) such that
A* (T B) End(E,) K
PV T [NGPy) = T T [ VNP, = S a2 (3.3.246)

k=0

To conclude the proof as above, we need not only the uniform bounds given in (3.3.242)),
but also of the derivative of the terms appearing therein.

Firstly, , V(Ejnd(]E" )Rp has the same structure as Rp i(n )3.3.201, so all the estimates in
End(Ep) 5

(3-3.242)) still holds if we replace therein R, /p by V; R,.
Secondly, from (3.3.187]), we know that

yEndE) p ;/vEnd(Ep)()\ _ C](,O))_ld)\
e B | (3.3.247)
N / (A — CO)LyBudE) o0) () — ) ~Lgn
é

2T

Using (3.3.218)), (3.3.229) and (3.3.247)), we find

|VEED Pl < C. (3.3.248)

Finally, we study VEnd(EP)(CI(;O))*’”. Observe that in decomposition in (3.3.237) and
(?7), we introduce half-integer exponent to treat the different terms more concisely, but
in fact we can only consider the case r € N*. Thus, we can prove in the same way

as we proved ([3.3.212)) that HVEnd(EP)(C]gO))_lHOO < C, and with (3.3.187) we now that

||(C;(;O))_1Hoo < C. In conclusion, we have

|VERED) (C) |, < C. (3.3.249)
With (3.3.242)), (3.3.248)) and (3.3.249)), we can conclude the proof of Proposition|3.3.31
when ¢ = 1. For ¢ > 1, the reasoning is similar. O

With (3.3.189)) and Propositions |3.3.30| and |3.3.31} we have proved Theorem [3.3.25

3.4 Torsion forms associated with a direct image.

The purpose of this section is to prove Theorem 3.1.

We recall some notations. Let N, M and B be three complex manifolds. Let 71: N —
M and mo: M — B be holomorphic fibrations with compact fiber Y and X respectively.
Then 73 := myom: N — B is a holomorphic fibration, whose compact fiber is denoted by
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Z. We denote by nx (resp. ny, nz) the complex dimension of X (resp. Y, Z). Note that
71|z Z — X is a holomorphic fibration with fiber Y. This is summarized in the following
diagram:

Y—Z7—>N

T3
m T

X—M——2B
2

Let (w2, w™) be a structure of Hermitian fibration (see Section . We denote by
Tg M the corresponding horizontal space.

Let (&,h%) be a holomorphic Hermitian vector bundle on M, and let (1, k") be a
holomorphic Hermitian vector bundle on N. Let (L, h") be a holomorphic Hermitian line
bundle on N. We denotes its Chern connection by V¥, and the corresponding curvature
by RE. By Assumption L is positive along the fibers of m3. In particular, %RL
defines metric ¢"#4 on TrZ, by the formula

V=1
g®Z(U, V) = TRL(U, JRZYVY U,V e T Z. (3.4.1)
T

Similarly, we get a metric g7FY on TRY .
Recall that

THN = (12)t, TEN=(1Y)t, THZ=TINNTZ, (3.4.2)

where the orthogonal complements are taken with respect to R%. Also, RXL ¢ m3End(T'X)
is the Hermitian matrix such that for any U,V € T X, if we denote their horizontal lifts
by U2, VH ¢ T)‘T({Z7 then

REUE V™Y = (RYLU, V) o (3.4.3)
By Assumption R¥L is positive definite. Finally,

v—1 v—1
@N = ?RL and @Z = ?RL‘TRZXTRZ- (344)

Recall that we have assumed that (for p large) the direct image both R*m «(n ® LP)
is locally free. Let F), := H*(Y,(n® LP)|y) the corresponding bundle, endowed with the
L? metric hf? induced by A7, h% and gT&Y .

We have also assumed that (for p large) R®m ,(§ ® F},) of is locally free and that we
have R*my .« (§ @ Fp) ~ R*ms (17§ @ n @ LP).

The objects corresponding to this situation will be denoted by

By =€ (X, (M T X) 0 €0 F) |x,)

VP = vELC

0P = Dolbeault operator of E,

Dy, = 0P + OP*,

By, B, = associated superconnections as in (3.2.24)),

VP = connection corresponding to (3.2.33) associated with { ® F), =V, ®1+1® vie,
(3.4.5)
Then we can construct as in Sectionthe holomorphic analytic torsion forms .7 (w™ , h®1%)
associated with w™ and (¢ ® F),, h*®17).
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Theorem [3.1.7)is the family version of [18], with a more general bundle. Indeed, let V' is
a positive bundle on X in the sense of [I§]. Then on the projectivization N := P(V*) of V*
we can define L to be the dual of the universal line bundle. Then L satisfies Assumption
Let Y be the fiber of P(V*) — M, then for any p € N, H*(Y, LP|y) = H(Y, LP|y) =~
SP(V) the p'" symmetric power of V. Note that in [I8], they used a trick due to Getzler
[33] to transfer the problem from (M, SP(V)) to (P(V*), LP) and then use the results of
[17]. In fact, it is easy to see that the results of [I8] apply to the direct image of powers
of a line bundle on a bigger manifold given by a principal G-bundle with G compact and
connected. Let us now explain why we cannot use the same approach here.

In [18], they consider a G-principal bundle P — X, with G compact and connected,
and a holomorphic fibration Z = PxgY — X given by an unitary and holomorphic action
of G on a manifold Y. They also consider a positive line bundle (L’, hL,) on Y, such that
the G-action on Y lift to an isometric G-action on L’. Then one can construct the line
bundle L := P x¢ L' on N. Bismut and Vasserot then study the torsion associated with
F, = HY(Y, LP) (for simplicity we omit the twisting bundle ¢ here). Their method consist
in decomposing the Laplacian Dg acting on Q%*(Z, LP) as the sum of two commuting
operators:

0,0
0Z =0f + 0% (L), (3.4.6)
where D},/ is the Laplacian along the fiber, and O™ (VLP) ig o Laplacian-like operator
acting on the infinite-dimensional bundle Q2%*(Y, LP), this two operators being extended
to act on €°(Y,7*A"*(T*X) @ A»*(T*Y), LP) ~ Q¥*(Z,LP). The key points are first

that, as this operators commute, 2" (Y'LP) 4cts on each eigenspace of D;/,

that the restriction of O (:L) {0 ker(D;;) ~ HO(Y, LP) @ 7*A%*(T*X) is precisely D])f,
the Laplacian acting on Q%*(X, F,). Using these facts and decomposing the trace of
exp(—uﬂg ) as a sum on each eigenspace of D;; , they find

and second

dimY

Tr [eXp(—UDg‘QO,k(}QFp))} = Z (—1)8 Tr [exp(—umg|Qo,k(X790,Z(y7Lp)))} . (347)
=0

Thus, the computation of the asymptotic of the torsion on X associated with F), can be
deduced from the asymptotic of the torsion on Z associated with LP.

To get , the main ingredient is that G acts by holomorphic isometry, and thus we
need the hypothesis of G being compact. Moreover, even to give the complex structure on
Z, one has to use the complexification G¢ of G, which exist if G is compact and connected
(see [37, Thm. 4.1]). Indeed we can extend in this case the actions of G to actions of
Gc and show that their is a Gg-bundle Pr such that P is a reduction of Pg, and then
PXGY:P(C XGCY-

Here we do not make any assumption on GG, and as a consequence, we cannot use the
same trick to reduce the problem to our first result. But furthermore, in the family setting,
even if IV is constructed via a G-principal bundle on M with G compact and connected,
we cannot use the same method. Indeed, the “differential form along the basis” part of
the operators introduce a nilpotent part acting along the fiber, and we cannot decompose
the traces as above as a sum on each eigenspace of the operator along the fiber. Let us
show this on an example. Take the two fibrations to be N = P xgY — M and M = B.
Let L — N be a line bundle which is positive along the fiber Z = Y. Take w™ = 0.
Then we denote by B:,])V the Bismut superconnection associated with ©~ and LP, and
BI])V[ the Bismut superconnection associated with w™ and the infinite-dimentional bundle
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0%*(Y, LP). Then the analogue of ([3.4.6)) reads

o(T)
2v/2’
where T is defined for the fibration N — M as in (3.2.13]). Here, ijw indeed commutes

with D}; - ;(\2 (see [2, Sect. 10.7]), but the operator acting along the fiber D},/ - ;(\Tﬁ)
no longer diagonalisable.

The strategy of proof of Theorem [3.1.7] will be formally the same as for Theorem
However, the main difficulty is that in the case of a line bundle (that is Y = {x}),
F, = LP is of constant dimension 1 so locally the operators have their coefficients in a
fixed space (see Remark , whereas it is not the case here. To overcome this issue,
we will use an approach inspired by [I5] [16], that is we will consider all the operators
depending on p at once with the formalism of Toeplitz operators of [46]. More precisely,
we will consider the family {BIQW, p € N} as a differential operators with coefficient in the
Toeplitz algebra (see ([3.4.52))). A crucial point is to use the operator norm on matrices to
have boundedness properties of Toeplitz operators. Here, the first difficulty is that there
is no longer a limiting operator (as the space changes), but we can show that instead there
is an asymptotic operator with Toepltiz coefficients. The problem is then that we cannot
compute its heat kernel explicitly (with comparison to ), but using the properties
of operator with Toeplitz coefficients developed in Section we can nonetheless give
an asymptotic formula. An other difficulty comes from the fact that we cannot use the
same method to prove the uniform development of the heat kernel as © — 0 as we did
before (see the proofs of Theorems [3.3.23| and [3.4.24)), and we cannot hope to prove that
the coefficients converges. Instead, we prove that the coefficients are asymptotic to certain
Toepltiz operators.

Once again, to simplify the statements in the following, we will assume that B is
compact. However, the reader should be aware of the fact that the constants appearing
in the sequel depends on the compact subset of B we are working on.

This section is organized as follows. In Subsection [3.4.1], we show how to use Theorem
3.1.3} [I3] and [41] to compute the limit modulo @ and 0 exact forms of the torsion forms,
in the case where B is compact Kihler and where (m2,w™) is a Kéhler fibration. In
Subsections [3.4.2] and [3.4.3], we recall the formalism of Toepltiz operators. In Subsection
we introduce operators with Toeplitz coefficients and show some properties of their
Schwartz kernels. In Subsection we show that our problem is local. In Subsection
3.4.6, we rescale the Bismut superconnection and compute the limit operator, then we
obtain the convergence of the heat kernel in Theorem [3.1.9] Then, in Subsection [3.4.7]
we prove our main theorem, using two results which are proved in Subsections and
9.4.9

BY =B +0) — (3.4.8)

is

3.4.1 The case where the basis is compact Kahler and the fibration is
Kahler

We keep here all the notations and hypothesis above, but we assume in addition that
wM is closed, so that (mo,w™) is a Kéhler fibration. Set u = 71¢ ® 1, and let h* be the
metric on y induced by h¢ and h".

Recall that QP and QPO are defined in Definition In Subsection , we
derive in this section Theorem in QB/QPC. The idea is to use [I3] and [41] to
express 7 (w™, h¢®?) in terms of torsions associated with y ® LP, then apply Theorem
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to get the asymptotic. It is important to keep in mind that this method cannot prove
the convergence at the form level of the torsion forms, and that when B is not compact
or not Kéhler , the space @7 is not closed, and a limit in QZ/QP? is not relevant. We
thus assume that B is compact and Kéahler .

Note however that in degree zero, i.e., for the torsion of Ray-Singer, we do not have
this problem of taking quotient, so the theorem of [41] in degree 0 (which was first proved
in [3]) gives Theorem in degree 0.

Let us first recall some facts about characteristic classes. Let S be a complex manifold
and let £ — S be a holomorphic vector bundle. We endow E with a metric h, and we
denote the corresponding Chern connection by V¥ and its curvature by R¥. The first
Chern form c¢;(E, h), the Chern character ch(E, h) and the Todd genus Td(E, h) of (E, h)
are the differential forms defined respectively by

c1(E,h)=—Tr [f:;] ,
ch(E,h) =Tr [exp (—f;)] , (3.4.9)

RF /2ir
Td(E, h) = det <exp(RE/2m) — 1) .

Then we have
ch(E,h) =1k(E) + c1(E,h) + (deg > 4),

1 (3.4.10)
TA(E,h) = 1+ Seu(E,h) + (deg > 4).

We endow E with two metrics h; and he. Let A € End(F) be such that hy(-, ) =
ha(A-,-). We denote by Vf the corresponding Chern connection and by Rf their curva-
tures (¢ = 1,2). In [I0], for any polynomial f € C[T], they define a universal Bott-Chern
classes f(E, hi, hg) such that

0 ~ B o E o
%f(E, hi,ha) = Tr[f (R} /2im)] — Tr[f(Ry /2im)]. (3.4.11)

Observe that if h{** ¥ is the metric on det E induced by h;, then ¢; (E, h;) = c1(det E, het ).
In particular, by universality and (3.4.10]), we have

(B, hy, hg)© = G (det B, hietE pdet By, .
~ 1 3.4.12
Td(E, h1, o) = 551(det E, hetE pdet £y

Let R; be the Chern curvature of h{*®. As hg# = det A x h{"F we have Ry =
Ry + 00logdet A, and thus

ch(E, h1, h)® = logdet A = 2TdA(E, hy, hy)(©. (3.4.13)

Let us now turn back to our problem.

With our three fibrations m1: N — M, mo: M — B and 3 = mpom: N — B, and
the 2-forms w™ on M and ©F on N, we are in the situation of [41], and more precisely
in the case i) of p.542 if p > py.
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Let ¢ and g7% are the metric on 7Y and T'Z induced by ON. Let g"X be the metric
of TX induced by w™. Let Td(TZ,TX,g"%,¢"*) € QV/QN? and be the Bott-Chern
class associated with the metrics g7% and 7{¢g”* @ ¢’ on TZ, that is

55
%Td(TZ, TX,g"% ¢g"%) = TA(TZ,¢"%) — 7} (TATX, g™™)) TA(TY,¢""). (3.4.14)
T

Let hszo — hﬁo(z’"@)m) be the metric on H(Z, u ® LP) induced by kY, h* and ¢gT&%,
and let A" be the metric on H° X, H(Y, p ® LP)) induced by hl, h*, ¢gT#X and ¢g™®Y.
P [Y
Let ¢: Z — R be such that dvxdvy = e~ ¥dvg, that is

© = log [det (R;L>] . (3.4.15)

Set h* = e~?h#. Under the isomorphism H°(Z, n® LP) ~ HY(X, HO(Y, p ® LP)), we then
have

HO(Zn®LP)

Wi = nl, (3.4.16)

We denote by ch(H(Z, u ® LP), ﬁf, hi) e QB /QPP the Bott-Chern class such that

%E(HO(Z, p@ L), R Ry = ch(HO(Z, p @ LP), W) — ch(HO(Z, p @ LP), nI").
(3.4.17)
Let Z(ON, h#®L") and T5(ON, #®L") be the torsion forms associated with (71, OV, BFELY)
and (73, ©N, h#®L") Then [AT, Thm. 0.1] states that in Q¥ /QP°,

T WM W) = (0N W) — | TATX g™ T (O W)

CRET R, (3.4.18)

* / TUTZ.TX, g7, g"%) ch(p ® LP, &) — ch(H(Z, p© LP), BT hIT°
Z
Also, by ([3.4.16) and [I3, Thm 3.10], we have in Q7 /QB°

ch(H(Z, p@ LF), B hlI°) = T(ON, ") — (0N hioL”)

»p 0P

_ / TA(TZ, ¢7%)eh(p @ L7, P20 hel7). (3.4.19)
Z

Thus, (3.4.18) and ([3.4.19) shows that in Q/QP° we have
g(wM’ hﬁ@Fp) = '73<®N7 Eu@Lp) - / Td(TX7 gTX)gM(G)Na hu@LP)
X
* / TA(TZ,TX,g"7,g") ch(n @ LP, h**™")
z
+ / TA(TZ, g"%)ch(p @ LP, h*EF pHo7y . (3.4.20)
z

We now compute the asymptotic of each term in the right hand side of (3.4.20)).
Consider the following orthogonal decomposition with respect to ©%:
TN =TZ&THN, TZ=TY & T¥Z,

3.4.21
TN=TY aTIN, THEN=TENo®TZZ, ( )
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and set
X _ N Y _ QN
0% = 0" ruzxriz, O = O Ty Ty,

(3.4.22)
oM = @N’T};}NxTHN-

Using the decompositions (3.4.21)), we can extend these forms (by 0) to TN x T'N. Then,
oV =¥ +eM =e¥ +o* +6f =07 + 6". (3.4.23)

Using Theorem [3.1.3] we have

2 |

(2k)
- k Q%nz
T (ON, oLy (2k) :nzp”Z"'klogpw (/Ze@B o ) +o(p™2th).  (3.4.24)

In deed the matrix R%* /27 which should appear in Theorem is the identity as the
metric in Z is already given by the curvature R”.

For o € A*(T*M) ~ A*((TH B)*) ® A*(T*X), we denote by a(7) the projection of o
in A'(T" B)*) ® AJ(T*X). Then we have by Theorem

(2K)
( [ T ") (0", h'@“’))
X

= Z/ TA(TX, g7X) 262 7, (ON | pH@L?)(2(k=0) 2nx —5)
. X

oM QYny (2(k—£€),2(nx —j))
)

_ Znypny+k—€+nx—j logprk(u) / TA(TX, g7 )(2629) / .
it 2 Jx Y
+ O(pny—i-k—é-l-nx—j).
(3.4.25)
Thus, the leading term is the term with j = £ = 0. Using Td® =1 and (| m, we find
that

(2k)
([ marx,g™) 70", h*@”’))
X

X Nx Y’VLY (2k)
— ny 7+ log prt) ( / / @B@ © , ) +o(p2th)
' ny!

(2k)
k @Z,nz
—nyp”ﬁklogprém </ze®an'> +o(p"7 k). (3.4.26)

From (3.4.13) and (3.4.15)), we have

oo i py(0) R
ch(p, b, W)™ = tk(p)p = rk(u)log |det | = ;

s

(3.4.27)

N 1 RX,L
TUTZ,TX,g"%, ¢g"*) 0 = — log [det( o )] .
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Now, using a similar argument that in (3.4.25)) and (3.4.27)), we find

_ (2k)
(/ TTZ,TX,g"7,g") ch(p L7, h*@“’))
Z

__ (2k)
= ([ Tz g" ) i e )
Z

@Z,nz @B,k
~ +O(pnz+k)

ng! k!
@Z,TLZ

=p”2+k/zﬁ(TZ, TX,g"%, g") O ch(p, h)©
(2k)
e®B> + 0(p7’bz+k)

ny k() RXL
=-p +kTﬂ </Z log [det ( o )
(3.4.28)

In the same way, using ch(p ® LP, h*®LY pr®L"y = ch(p, h*, b*) ch(L, h%)?, we find

712!

. 5 (2k)
( / TATZ, 9" ?)ch(u @ LP, &, h“®”)>
Z

. (2k)
= </ TA(TZ, g*%)ch(p, B, h“)epGN)
Z
Zinz @Bk

= pnztk / TA(TZ, g"%)Och(p, h*, b)) + o(pnzth)
Z

nz! k!

5X,L Znz (2k)
= p"Z R yk(p) (/ log [det <R2 >] © eeB> + o(p"zF).
z

™ nz!
(3.4.29)
Using (3.4.23), (3.4.24)), (3.4.26)), (3.4.28)) and (3.4.29)) we find Theorem in QB /QBO.

3.4.2 The algebra of Toeplitz operators

In this subsection, we describe the formalism of Toeplitz operator introduced by
Berezin [I] and Boutet de Monvel-Guillemin [21], and developed by Bordemann-Meinrenken-
Schlichenmaier [19], Schlichenmaier [55] and Ma-Marinescu [46], [48].

We fix m € M for this subsection, and we denote Y,,, simply by Y.

Thus, we are given a complex manifold Y of dimension ny, endowed with an Hermitian
vector bundle (n,h")|y and with a positive line bundle (L, h%)|y. Recall that R” is the
Chern curvature of L and that

v—1
@Y = ?RL|TRY><TRY7 (3430)
and g™ = @Y (-, J-) is the associated metric.
Let
A =%>(Y,End(n)), (3.4.31)

which we endow A with the L?-metric induced by ¢”#Y", A% and h".

For p € Nand A € End(L?(Y,n® LP)), we will use the same notations as in Definition
i.e., ||A||co denotes the operator norm of A and ||A||; its trace norm (if A is trace
class).

Let P, be the orthogonal projection form L?(Y,n®LP) onto HY(Y,n®LP). By Riemann-
Roch-Hirzebruch theorem and Kodaira vanishing theorem, we now that dim F, < Cp™,
thus if A € End(L?(Y,n ® LP)) is such that P,AP, = A, we have

[A[l < Cl[Alloop™ - (3.4.32)
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If (V,hY) is any finite dimensional Hermitian vector space and if v € End(V), we
denote by ||u|| the operator norm of u.
For f € A, set

[fllgo = sup || f(y)]]. (3.4.33)
yey

This defines a metric on A.
For f € A, we denote by T}, the Berezin-Toeplitz quantization of f, that is

Tjp = P,fP,. (3.4.34)

Observe that
T plloo < || fllo0- (3.4.35)

Moreover, by [46], (4.1.84), Lem. 7.2.4], as p — +00, we have

T, = [ T[S+ 0 ), (3.4.36)
Y

Recall that Toeplitz operators are defined in Definition [3.1.8] As in [46], for a Toeplitz
operator T, with corresponding sections f,, we will use the notation

+oo

Ty=Y p "Tfp+ O~ ™). (3.4.37)
r=0

We denote by T the space of Toeplitz operators on Y.
It follows from the above references that 7 is an algebra. More precisely, it is proved in
[49, Thm. 0.3 Rem. 0.5] that there are bidifferential operators C, such that for f,g € A,

+oo

TypoTyp= Z p "Te, (590 + O ™). (3.4.38)
r=0

We now give the precise formula for Cyp and C computed in [49]. Let V"7 be the Chern
connection of (1, h"). We denote again by V" the induced connexion on End(7n), and we
decompose V" according to the bigraduation:

V1= v 4o, (3.4.39)
Let
(-, )ev: Q°(Y,End(n)) x Q*(Y,End(n)) — ¢ (Y, End(n)) (3.4.40)

be the C-bilinear pairing define by (o ® f,8 ® ¢g)gv = (a, ) fg for o, € Q*(Y) and
f,9 €A

Then we have:

_ 3.4.41
Ci(f,9) = —%(Vl’of, gy .
For f,g € A, set
{f.g} = mlﬁ«vlvog,a" Pev — (VHF.09)gv). (3.4.42)

Note that if n = C, then {f, g} is just the Poisson bracket of f and g associated with the
symplectic form 270Y .
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By (3.4.41f), we have in particular,
TipoTlyp=Trgp+ Oo(p™)

W/ —1 -~
Tt Topl = Tigglp + =~ Tirarp + O %), (3.4.43)

1 —2
Tt Topl+ = Tigglip — PRANIALT I o),

where |-, -]} denotes the anti-commutator.

3.4.3 Infinite dimensional bundles.

From now on, we will consider .4 and 7 as infinite dimensional bundles of algebra on
M: forme M,
A = € (Yin, End(n]y,,,)),

' (3.4.44)
Tm = {Toeplitz operators on the fiber Y, }.

In particular, an element of 7 define a family of elements of End(F},), p € N. Moreover,
|| - [[¢o defines a metric on the bundle A, and || - ||oc and || - ||1 define two metrics on the
bundle 7.

In the sequel, for any hermitian bundle (V,hY) on M, we will still denote by || - ||o
and || - ||1 the induced metrics on V& T.

We define a connection on A as follows: if f € €>°(M, A) = ¢ (N,End(n)) and
U € TrM, then

VEf=Vialf, (3.4.45)

where U is the horizontal lift of U in T' ﬁRN (see (3.4.2))).
Define also F, as the infinite dimensional bundle:

]:p,m =¢> (Ym; (77 & Lp)’Ym)- (3446)
Then F}, is a sub-bundle of F, and F,, is endowed with the connection V77 defined by
Virs = Vigts, (3.4.47)

where U* is the horizontal lift of U € TrM in T]\I}r rIV.

Finally, A and F, are equipped with the L? metrics h* and h7? associated to ¢g7®Y,
h" and h*. By Remark and [II, Thm. 1.5], we know that V4 and V77 preserve the
metrics A and h*». Furthermore, if V7 is the Chern connection on (Fp, hf?), then by

(3.2.10) and (|3.2.55)), we have
v = p,V/*P,. (3.4.48)

Let Rf? be the curvature of V7. We denote again by P, the projection from A*(TjM)®
Fp onto A*(Tg M) ® F,. The following theorem of Ma-Zhang [50, Thm 2.1] is the corner-
stone of our approach.

Theorem 3.4.1. Let f € €°(M,A). The forms V*Ty, and %RFP are Toeplitz op-
erator valued form, which means that there are ¢.(f) € €°(M,TgM ® A) and R, €
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(M, N*(TE M) ®@ A) such that

+o0
VT =3 Topp” + 0™,
r=0

4 (3.4.49)
1 = —Tr —0o0
—R" =% Tg ,p~" +O(p~).
p r=0
Moreover, For U,V € Tg M, we have
U)=V',f,
wo()(U) LUHJ; ; (3.4.50)
Ry(U, V)= R¥(U", V).
Recall the Lichnerowicz formula ((3.2.34]):
B2 = VP uK*  u . ) L’f RFp u ) fo ng RFP
U — ( uel) 3 + Zc(ez)c(ej)( oyt RG) + §C(€z)f (Lio + %)
+f7( o RE) — by g (0M0Miw) v g — H (0% - aX)sz‘A. e
(3.4.51)

Using this formula and Theorem we deduce that for b € B,
Bg’ub(b € Op(Xp) ® A*(Ty B) ® End (AO"(T*Xb) ® £|Xb) ®@ Clp] @ Tx,, (3.4.52)

where Op(X}) is the algebra of scalar differential operators on Xj,.

3.4.4 Operators with Toeplitz coefficients.

In this section, we extend the results of [46, Sects. 7.2-7.4] to the case of Toeplitz
operators with value in the algebra of bounded operator on a fixed Hilbert space. We use
the notations of Sections [3.4.2] and [3.4.3] and we work on a single fiber Y, which will be
simply denoted by Y.

Let (H, (-,-)») be a Hilbert space and B(H) the algebra of bounded operators on H.
We denote again by P, the orthogonal projection

Py@ldy: LX(V,IP@n) @H =L*Y,[Pon®@H) > H(Y,IP@n) @H, (3.4.53)
and for every smooth family A(y) € End(n,) ® B(H), y € Y, we can define the operator
Tap = PyA()Py: L2 (Y, [P @n@H) — LAYV, [’ @n @ H). (3.4.54)

Here again, we denote by || - ||oo the operator norm for bounded operators acting on
the Hilbert space L2(Y,LP @ n ® H).

We extend the definition of Toeplitz operators to this situation: here again we call
Toeplitz operator a family of operators T}, € End(L?(Y, LP ® n ® H)) satisfying the two
properties of Definition with f, € €°°(Y,End(n) @ B(H)).
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Lemma 3.4.2. The operator T'a, has a smooth Schwartz kernel
Tap(y,y') € (LF ®n)y @ (LF @ 1)y @ B(H) (3.4.55)

with respect to dvy (y').
Fore >0, {,m € N, there is Cy e > 0 such that for allp > 1 and y,y € Y with

d(y,y") > e,

T4 ¥ | gm iy vy < Clamer™ (3.4.56)

where the €™-norm is induced by V¥, V", the usual derivation on H and h™, h", || - ||%.

Proof. We denote by P,(y,y’) the smooth Schwartz kernel of P,. Then

Tap(y,y') = /Y Py, y") AW ) P (v, y)doy (y"). (3.4.57)

Let ¢ > 0 and ¢,m € N. Let y,y' € Y such that d(y,y’) > . By [46, Prop. 4.1.5] we
know that there is Cy,, . > 0 such that

|Pp(y7 y/)|fgm S Cé,m,ap_za (3458)

and by [46, Thm. 4.2.1] we know that there are a constants C,, > 0 and M,, > 0 such
that

|PP(" ')|<gm(y><y) < CmpMm- (3459)

Using this two facts, the uniform boundedness of A(y”), y" € Y, and (3.4.57)), we complete
the proof of Lemma [3.4.2 O

Recall that TY is endowed with the Hermitian structure induced by RL|TYXTy. For
Yo € Y, we choose {v;};¥, an orthonormal basis of T,,;Y. Then egj_1 = %(vj + ;) and
ey = %(vj —j), j = 1,...,ny, forms an orthonormal basis of T ,,Y, which gives
use an isomorphism Tk 4, Y ~ R?™ . We denote the dependence on the base point g by
adding a superscript yg.

On R?™ ~ C", we denote the coordinates by (W1, ..., Wap,) or (w1, ..., wn, ), with
wj = Waj_1 +/—1Wy;. Let & be the operator on L?(R?"v) defined by its kernel with
respect to dW':

PW,W') =

(zi)m exp (-i(ywﬁ 2 — 2w w’)) . (3.4.60)
Then &7 is the usual Bergman kernel on C™Y.

We fix yo € Y. As usually, for € > 0 small enough, we identify the geodesic ball
BY (yo,4¢) with the ball BT#wY (0,4¢) in Tg,,Y via the exponential map. The various
bundles appearing here on BT®%Y (0, 4¢) are trivialized by mean of orthonormal frames at
yo and of parallel transport for the corresponding connections along the rays u € [0, 1] —
uW. Let dvp,y be the volume form on (Tk Y, g ®"), we denote by 7, the function
satisfying

d’Uy(W) = Tyq (W)dUT]Ry(W), Tyo (0) =1. (3.4.61)

Let pry be the natural projection from the fiberwise product TrY Xy IRrY to Y.
Consider an operator Z,: L*(Y, L @n) @ H — L*(Y, LP ®n) @ H which as a smooth kernel
Ep(y,y") with respect to dvy (y’). Under our trivialization, this kernel induces a smooth
section Z2°(Z, Z') of pry, (Endn)®@B(H) over {(y, W, W’) : [W|, [W'| <4e} C TrY xyTRY .
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Let Qryo € End(ny,) @ B(H)[W,W’], r € N, be polynomials in W, W’ with values in
End(7,,) which depends smoothly on yg € Y. In the sequel, we denote

k
—ny— ~ _r _k+1
pTYER W) =Y (Qrye Z) (VEW. VEW P2 + O(p7 7)) (3.4.62)
r=0
if there exist 0 < &’ < 4e and Cj > 0 such that for any ¢ € N, there exist C, s, M > 0 such
that for any W, W' € Tg,, Y, |W|,|W'| < ¢ and any p, we have

k

P ER W WV TEV) = 3 (Qra (4)2) (VEW, VW )p 2
r=0

w(v)
< Crop™ (14 BIW| + VBIW )M e VERW =W | 0(). (3.4.63)

Here, €*(Y) denotes the €*-norm for the parameter yy € Y induced by the operator
norms on End(n,,) and B(H), and by O(p~>°) we mean a term such that for any ¢,/; € N,
there exists Cyp, > 0 such that its %"1-norm is dominated by Cor, pt.

Recall that by [46, Lem. 7.2.3], there exist J,,, € End(ny,)[W,W’] polynomials in
W, W’ with values in End(,,) with the same parity as r and with

Joyo = 1d (3.4.64)

Mo

such that

k
T k
pY PY(W, W) =2 Z (Jryo 2) (VDW, /pW')p~2 + 0@*#) (3.4.65)
r=0

Lemma 3.4.3. Let A € €°°(Y,End(n) ® B(H)). Then there exist a family of End(n,,) ®
B(H)-valued polynomials {Qyy,(A)}renyey with the same parity as v and smooth in
yo €Y such that for any k € N, |Z|,|Z'| < /2,

k
PYTHE (W, W) 237 (Qry (A)2) (VW /BW )p ™% +O(p™ 5 ), (3.4.66)

r=0

and moreover,

Qo0 (A) = Alyo)- (3.4.67)

Proof. In the above trivialization, any B € €°*°(Y, End(n) ® B(H)) induced a family with

parameter yo € Y of functions B¥ (W) € € (BTyOY(OAs),H). In the same way, the

kernel Py(y,y’) (resp. Ta,(y,y')) induces a family of End(n,,)-valued (resp. End(n,,) ®

B(H)-valued) kernels PY (W, W’) (resp. T%> (W, W’)) on B™w (0,4e) x B™w (0, 4e).
Let p: R — [0, 1] be a smooth even function such that

(v) = 1 for |v| < 2, (3.4.68)
A= 0 for |v| > 4. o

Thanks to (3.4.57) and (3.4.56), we know that T3, (W, W), for [W|,[W'| < &/2 in Tir,,Y,
is determined up to term of order O(p~°) by the restriction of A to the ball BY (yo,¢).
Thus,

TEWW) = [ BV W) p(2IW ) A (W) B (W W)

Tr,yoY

% 7y (W) dvry (W) + O(p~).  (3.4.69)
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We write the Taylor expansion of A% as:

) = Y s SR oD

jal <k

@ =5t
+p7 2 O(|/pW[F). (3.4.70)

al

Multiplying this expansion with the one of Py°(W,W’) given in (3.4.65), we get the
asymptotic expansion of

Tylg?(W)Pgo (W, W) (1, AP) (W) PV (W, W’)@f(W’). (3.4.71)

We substitute this expansion in (3.4.69) and we integrate on TR ,,Y after having done

the change of variable \/pW"” < W". Using moreover (3.4.64)), this gives (3.4.66) and
[B4.67). 0

We now state the analogue of [46, Thm 7.3.1], which gives a criterion for being a
Toeplitz operator.

Theorem 3.4.4. Let T),: L*(Y,LP @ n@H) — L*(Y,LP @ n @ H) be a family of bounded
linear operators which satisfies the following three conditions:
(i) for any p € N, P,T,P, = T);

(ii) for any eqg > 0 and £,m € N, there exists Cy,, > 0 such tat for all p > 1 and all
v,y €Y with d(y,y’) > o,

1To(ys ¥ ) lgm v xyy < Comp ™ (3.4.72)

(iii) there exists a family of polynomial Q,,, € End(n,,) ® B(H)[W, W'] with the same
parity as r and depending smoothly in yo such that in the sense of (3.4.62) and

EL5).

k c+1
PTYTI(W, W) 2 (Qry 2) (VEW, BW )p 2 +0(p~ 7). (3.4.73)
r=0

Then {Tp}p>1 is a Toeplitz operator.

Proof. The proof is word for word the proof of [46, Thm 7.3.1], replacing therein End(E,,)
by End(n,,) ® B(H) endowed with the operator norm. O

Theorem 3.4.5. For any A, B € € (Y,End(n) ® B(H)), the product of Ta, and Tpp is
a Toeplitz operator. More precisely, there are bidifferential operators C, such that in the

sense of (13.4.37)),
—+00
TapTep=> 0 Toanp)p+O0® ™), (3.4.74)
r=0
and we have
Co(A,B) = AB. (3.4.75)

Proof. First, by [46, Lem. 7.1.1], if F,G € C[W, W’], there exist polynomials J [F,G] €
C[W, W'] such that

(F2) o (GP))(W,W') = K |F,G|(W, W) 2 (W, W'). (3.4.76)
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As in (3.4.69)), for [W|,|W’| < e/4 in Tr,,Y, we have

(DT ) (W W) = [ T8, (W) o4 /2T, (W W)

TR,y Y

»Y0

X Ty (W) dvryy (W) + O(p~).  (3.4.77)

As in the proof of (3.4.66)), we find by multiplying the expansions of T z‘?p(W W’) and
Ty (W, W') given by (3.4.66) that

k

P (Tap T )" (W, W) 2 3 (Qryo (A, B) 2y, (VIW, /IW )p ™5 +0(p™ %), (3.4.78)
r=0
and moreover,
Qr,yo (A’ B) = Z %[Qs,yo (A)th,yo (B)] (3'4'79)

s+t=r

By Theorem [3.4.4 we know that Ta ;T is a Toeplitz operator. Moreover, it follows from
the proofs of Lemma [3.4.3] and Theorem [3.4.4) that C,. are bidifferential operators.

Finally, by (3.4.67)), (3.4.76) and we find
Qoo (A, B) = H[Qo,y, (A), Qoo (B)] = Alyo) B(yo)- (3.4.80)

The proof of Theorem [3.4.5] is complete. O

3.4.5 Localization.

Fix by € B. We use the same notations and trivializations that in Section [3.3.1], except
that we change therein LP by F),, so that now

E, = A}, (TiB) @ (A" X) @ €@ F),

(3.4.81)
E = A}, (T3B) ® (A(1"X) 0 €).
Once again, we want to emphasize that the curtail difference with Section is that the
dimension of E, is not constant but grows to infinity. This is why we have to use the
operator norm on End(F),) and Toeplitz operators (notably their boundedness and the
properties of their derivatives).
We first prove that Lemma still holds in the present situation.

Lemma 3.4.6. For any k € N, there exists Cy, > 0 such that for any p € N, u > 0 and

s € H2k+2(X7 EP)7
k+1

HSH%%H(I)) < Crp™H! Zp_4j‘|B§j8HL2. (3.4.82)
=0

Proof. As in the proof of Lemma @ we work locally on one of the U,;’s and trivialize
E, in the way indicated at the beginning of Section

Let €;(Z) be the parallel transport of e; with respect to V&% along the curve t €
[0,1] = tZ. Let T'¢, T'f» and A"*LC he the connection form of V¢, VI and vA»*.LC
with respect to any fixed frame for &, F, and A%®*(T*X) which is parallel along the curve
t € [0,1] = tZ under the trivialization on Uy, .
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Then

;§S<e7,€j,fa>c<e~j>fa

+ %S(e}, Fas fo) PSP + %(p (0" - 0M)iw)". (3.4.83)

Vig = Ve + YO e T @) +

Moreover, we know that the Lie derivative £;TF? of T'F7 is given by L 4T =, R
(see [46], (1.2.32)] for instance). Similarly, £L;I'* = izRL. This, together with Theorem
implies that T'7 is a Toeplitz operator and that there is a I' € €°°(Z,, TpN ® C)
such that

I (U) = pTymy,, + O(1). (3.4.84)
Hence, ([3.4.83]) become
0,e 1 1
Vies = Ve b TV TE 4 pTeny  + —=Sijacle)f* + g Sia s f 7

+ %¢1/ﬁ(iei (9™ — M) iw)cwﬁ +0(1). (3.4.85)

We now prove that B2 has a similar structure as in (3.3.8). By (3.4.35)), we know that
for s € H' (Uy,,Epa,),

T psllee < Cllsllze and  |[Trn ,Vus||r2 < Cllsll g p)- (3.4.86)

Moreover, using (3.4.43|), Theorem [3.4.1| and ([3.4.84), we find

VuTpeer)p = vngF(ef),p - FFP(U)Tr(ef),p
= Tr(eiH),szip + Ty p = D7 (U) Ty, + O(p7)
= Tp(ett)y VU + Tyn(reety p = 07 (U), Tyery ,] + O™ (3.4.87)
= Trem) pVu + Tynem)p — PIrwm) p Trem ) + O(1)
= Tremy , Vo + Tya ety , + O(1),

where O(p~!) and O(1) denote operator of degree 0 acting on F,. As a consequence, we
have for s € H' (U, Ep ),

Vo T sz < Cllsliga - (3.4.88)

Let DX = 90X 4+ 0%* be the Dirac operator on A%*(T*X) ® ¢. Using (3.2.34), [46,
Thm. 1.4.7], (3.4.85), (3.4.86) and (3.4.85), we find as in (3.3.5):

By = D*? 4+ R+ pO,1 +pOy +p°Os (3.4.89)

where R is a differential operators acting on Ay (T B)® (A>*(T*X) ® §)zj, and O, 1, (’)11,70
and (9270 are differential operators acting on [, .. such that there is C' > 0 satisfying for
s € H YUy, By ):

10p,15ll ) < Cllsll s ), (3.4.90)
HOZ,OSHHk(p) SCHSHHk(p), Z:1,2

The proof of Lemma [3.4.83| follows from (|3.4.89) and ([3.4.90|) exactly in the same way
as Lemma follows from (3.3.8]). O
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Now, we want to prove an analogue of Proposition The main ingredient in the
proof of this proposition is the spectral gap of the Dirac operator. Thus, we begin with
the following lemma. Recall that D, is the Dirac operator on A%*(T*X) ® £ ® F,.

Lemma 3.4.7. There exist Cy, Cr, > 0 and pg > 0 such that
Sp(D2) C {0}U]Cop — Cp, +00]. (3.4.91)

Proof. We recall first some classic estimates. The Lefschetz operator L on on A®*(TgX) is
given by L = (w¥A), and its adjoint with respect to the metric on A*(7jX) is denoted by
A. Let

T = [A, Ow] (3.4.92)

be the Hermitian torsion operator.
Then Nakano’s inequality (see [46, Thm. 1.4.14]) states that for s € Q*(X, F}),

(I7s|B2 + 17781132 + [[Ts|32 + I T"s]132) . (3.4.93)

3 1
§<D§5,s) > <[\/T1RFP,A]5,S> ~3

Set
K% = A®O(T*X) = det(TX) and  F,=F,® K%. (3.4.94)
We can extend the natural isomorphism Ky ® K% ~ C to get an isometry
AT X) @ F, = AO)(T*X) @ F,. (3.4.95)

Its inverse is denoted by s+ §. N
As done in [46, Lem. 1.4.17], we can apply Nakano’s inequality to the bundle F}, and
obtain that for s € Q0*)(X, F,),

3 « . 1 .~ — —
~(DRs,s) = (RFPORS ()" i, s, 5) = (I17*51132 + |IT5[3 + T3]3 ) - (3.4.96)

From Theorem [3.4.1 and (3.4.96) we get for s € Q) (X, F,):

2 ko
| Dps||22 > §p<TRL(w;;’EkH)7pwk Nig, 8, 8) — C||s|[22. (3.4.97)

Fix x € X and y € Yy, the (1,1)-form (U, V) R(LI y)(UH, V) is positive on T, X in
the sense of Assumption In particular, there is a orthonormal basis {wg} of T, X
such that L

R(LLy)(wf,@kH)@k Nig, = a;(z, y)w” A s (3.4.98)

with a;(x,y) > 0. Thus, there is a constant C' > 0 such that for o € AC>)N(T¥X) @ F, .,

Ly H —H\p —k A : —
(PpR™(wy', W0y ) PyW" A i,0,0) p0.0) (12 X0 7, . = (Fpatj(@, )w’ /\szPpa, T) MO (T2 X)2Fy 0

= <(1J (.’IZ‘7 )wj AN ZW] PpU, Pp0->A(07')(TI*X)®JTp@
2
> C"PPU|’A(0,-)(T;)()®]IP,I'
(3.4.99)
From (3.4.35)), (3.4.96) and (3.4.99) we deduce that here are Cp,Cr, > 0 such that for
s € QO>0(X F,),

|1 Dpsll72 > (Cop — Cr)|ls]|72- (3.4.100)

Finally, if s € Q09 (X, F,) satisfies Df,s = \s for some A # 0, then 0 # D,s € QOV(X, F,)
is still an eigenvector of Dg for the eigenvalue A, hence A > Cop— C'1,. The proof of Lemma

is completed. O
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Recall that the functions F,, G, and H, and their tilded versions have been defined
in (3.3.18)) and (3.3.19).

We still denote by 7 the projection w: X xp X — B be the projection from the
fiberwise product X xp X to B. Then éu(ng)(-, ) is a section of E, X Ej over X xp X.
Let VE» be the connection on E, induced by VAT B), VAO’.’LC, Vi and V&, and let
VEXE, be the induced connection on E, KE;. In the same way, let hEr be the metric
on E, induced by hA"TEB) pA"LC L and k¢, and let h®*% be the induced metric on
E, XE;. Note that this metric restricts to the operator norm on the bundle End(E,) over
M ~{(b,z,2') € X xpX : x =2'}. We can now prove the analogue of Proposition [3.3.2}

Proposition 3.4.8. For any m € N, € > 0, there exist C > 0 and N € N such that for
any u >0 and any p € N*,

2
< CpN exp (— ° p) . (3.4.101)

Jo: o)) o

Cgm
Where the €™-norm is induced by V***% and hEr¥es

Proof. This proposition follows from Lemmas and exactly as Proposition |3.3.2
follows from Lemma [3.3.1{and (3.3.31]). The only difference is that here we decompose Bf)
as

B} =D+ Ry,
R, € AZY(TB) @ Op (A (T"X) @ &) @ Clp| @ T,

and thus to obtain the analogues of (3.3.34)) and (3.3.47)), we also have to use the fact that
Toeplitz operators are uniformly bounded for the operator norm (see (3.4.35))). O

(3.4.102)

Corollary 3.4.9. For any m € N, ¢ > 0, there exist C(u) > 0 a rational fraction in \/u
and N € N such that for any u > 0 and any p € N*,

2
~ 2 N ep
le/\/ﬁ(}%(Bp,U/p)("')Hgm < C(u)p” exp <_16u> . (3.4.103)
Proof. As By = /uiby ) mBp, s, We have
~ 2 _ ~ U o
Thus, Corollary [3.4.9] follows from Proposition [3.4.8] O

3.4.6 Convergence of the heat kernel.

Here, we get the analogue of the results of Sections [3.3.2] and [3.3.3] and we prove
Theorem [3.1.9] By comparison to Section [3.3] the difficulty is twofold. Firstly, as above
in Section we have to take into account the fact that the dimension of Fj, grows to
infinity, which is done thanks to Toeplitz operators. Secondly, if we can prove the con-
vergence of the heat kernel of the rescaled operator to the heat kernel of some asymptotic
operators in the vein Section we can no longer compute the “limiting" heat kernel
explicitly. However, using the results of Section [3.4.4] we can give the asymptotic of this
heat kernel, which will enable us to conclude.
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Fix u > 0, bg € B and zp € X;,. We use the same notations and trivializations that
in Section changing therein L? by F),, and thus pI'l by T'Fr. We get a connexion

VE0 =V + p(|Z|/e) (T 4 T4) (3.4.105)
on the trivial bundle

Epro = A*(Tgp, B) © (AO"(T*X) RE® Fp)zo (3.4.106)
over Ty, X, as well as a Laplacian AF».o.
Recall that {f,} denotes a frame of TrB, with dual frame {f*}. Let €;(Z) be the
parallel transport of e; with respect to VBX0-LC along the curve t € [0,1] — tZ. Then
{€i}; is an orthonormal frame of T Xj.

Set
KX a
0 = 1 4 L@@ ) + @) ST ) + T 1)
M M X X X
_<6 0 zw) ——H (8 -0 )zw ‘A' %) (3.4.107)
and
My = 5 A0 4 p(|2]/2)®
1~. SR (6 6 ifanf faf Fp
1Z1/2) ( Je@)C(G R (0 85)+ —el@) 1R @ fo) + T3 B (fo )
(3.4.108)

Then M, ., is a second order elliptic differential operator acting on € (TR 4, X, Epa)-
Moreover, if B, is the algebra:

Bry = OD(Tk 0y X) © A* (T3, B) @ End (A (T} X) © &4y ) @ C(vD) © Ty (34.109)

then Theorem [3.4.1] u {(M,) ,}p>1 is in By,. Finally, near 0, VEr®0 equals VP and M, ;,
equals B2

Remark 3.4.10. Working on E, ;, amount to replace the fibration Z XX by the trivial
fibration Tk 4, X X Y — Tk, X. However, as pointed out earlier, we cannot substitute
E, 2, here by some fixed E;, as in Section

Let exp(—B3)(Z,2') and exp(—M,.4,)(Z,Z") be the smooth heat kernel of B and
M, 5, with respect to dvx,(Z').

Lemma 3.4.11. For any m € N, ¢ > 0, there exist C > 0 and N € N such that for any
peN,

2

< opV exp(—%) (3.4.110)
wm(M)

exp ( - %Bﬁ) (zo,x0) — €xp ( - %Mp,zo) (0,0)

where || - ||gmar) denotes the €™ -norm in the parameters by € B and o € X induced by
VEMEr) gnd the operator norm hERdEp)



3.4. TORSION FORMS ASSOCIATED WITH A DIRECT IMAGE. 161

Proof. As explain in the proof of Lemma we can prove Lemma by proving
analogs of Lemma [3.4.6) and Porposition [3.4.8 for M), ,, and using the finite propagation
speed of the wave equation. O

In the sequel, if U € TrM, we denote by U™ its lift to T]\ZIRN . Moreover, the basis
{fa} of TrB has already been identified with a basis of T M, and when we write f
we mean the lift in T]\%RN of f, wiewed as an element of T M (which is not
necessarily the same as the lift of f, € TR B in Tg rIV). If €q,, eq, are some vectors among
the e;’s and the f,’s we set

RaLl,GQ = RL(egveg)~ (3.4.111)
To simplify the notations, we also write ¢’ for c(el?).

Similarly to what is done in (3.3.65]), we define for ¢t =
Z e Ty, X:

%, s € €°(Typy X, Epa,) and
(S13)(2) = s(2/1),
Vi = tS; k1 /2VEra0 7125, (3.4.112)
Y= t2St_1/<cl/2Mp7x0/<fl/2St,
Let A = 3,(Ve,)? be the ordinary Laplacian on Tk 4, X, and recall that [-,]4 is our
notation for the anti-commutator. Define for U € Tk ,, X:

Ve = Vo + Ty g gin, (@0),

1
Z, = —5 > {V@i2 + Ve Tigezn oy p(20)] 4 + T(%RL(ZH,eZH))?,p(xO)} (3.4.113)

(2

+ T, v 8 xg).
Lo RE 4ot gl ()

Proposition 3.4.12. When t — 0, we have the following asymptotic in By,
Vie, = Ve, +0(t) and £ =2+ O(). (3.4.114)

Proof. First, by Theorem [3.4.1] if f is a smooth section of A over a compact subset of M,
there is a C' > 0 such that
IVEP Ty | loo < C. (3.4.115)

Let f be a section of A. For Z € T, X, |Z| < €, we denote by fz € Az the restriction
of f to the fibre Yz. Then T}, , acts on Fj, z ~ F}, ;, and by the preceding inequality, we

have
Ttz = Thoplloo < ClZ1. (3.4.116)

By (3.4.105)) and (3.4.112)), we have

Vie (Z) = kY2 (t2) {vei + p(t]2)/e) (trf”g(@i) + tFLtZ(ei))} kV2(4Z). (3.4.117)

Moreover, recall that ((3.3.69]) gives
t1z(ei) = O (7). (3.4.118)

Finally, by (3.3.69) and (3.4.84)), we know that
F,
FZP (U) = pTF’é(UH),p + 0(1)7
L 1, (3.4.119)
t Ty, (e) = QRro(Z’ ei)+O(t).
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Thus, by (3.3.68)), (3.4.116)), (3.4.117) and (3.4.118)), and the fact that p(0) = x(0) = 1,
we find the first asymptotic development of Proposition [3.4.12]

As in (3.3.70) and (3.3.72)), we have

+20(t121/2) {52 (@ + Je(@)e() R (6 6)

forr

@) R (@ fo) + 1

V2

From Theorem the first development in (3.4.114), (3.4.116) and (3.4.120)), we
find

RFP(fa,fg)> m—l/Q} . (3.4.120)
tZ

1

2
L= (Yie) + Ty, | o
t 2 Z e + iczcﬂR£j+%clfaR£a+f gfﬁ RL

(z9) + O(t). (3.4.121)
o,8P

Using the first equation of (3.4.43)) and (3.4.121)), we get the second identity of (3.4.114)).
The proof of Proposition [3.4.12] is completed. O

The next step is to prove an analogue of Theorem

Let e=%4(Z,2"), e=%£+(Z, Z") be the smooth kernels of the operators e™%*, e"<£¢ with
respect to dupx (Z'). Let pry be the projection from the fiberwise product Tr X x x Tr X
to X, then these kernels are sections of pri (End(E,)) over T X x x TR X.

Theorem 3.4.13. For u > 0 fized, there exists C > 0 such that for t > 0 and Z, 7' €
Tr oo X with |Z|,|Z'] <1, we have the following estimates form the operator norm:

| (e7% = emLe) (2,2)|| < cpt/Cnxt, (3.4.122)

The proof of Theorem follows the same strategy as the proof of Theorem
in Section [3.3.3] Here again, the difficulties coming from the fact that the dimension on
F), tend to infinity are dealt with the properties of Toeplitz operators.

Recall that we add a superscript (0) to the objects introduced above to denote their
part of degree 0 in A*(Ty , B).

*(1g B)

Let || - ||t0 be the L? norm on € (Tr 4, X, Epx,) induced by h;\()
and the volume form dvrx(Z). For s € €°°(Xo,Ep4,), m € N*, and p € N*, set

0 0
sl =D 3 ViR, -~ Vio, s

L<m iy, i

HSHZm - Z Z Hzt,eil o 'yt,eizs :

£,0-
<Mt ..

0,0 F,
, hAT, hS,, hat

xo?

2
t,0s

(3.4.123)

We denote by H}" the Sobolov space H(Xy,E, ;,) endowed with the norm || - ||, and
by H, ! the Sobolev space of order —1 endowed with the norm

/

$,8")p,

lIsle—1 = sup w (3.4.124)
vemivjoy 119l

Finally, if A € £(H¥ H™), we denote by ||A||F'™ the operator norm of A associated
with [| - {|x and [| - [|¢m-

Let

% =4 — 2. (3.4.125)
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Proposition 3.4.14. There exist constants C1,Co,Cs > 0 such that for any t > 0 and
any s,s" € €°(Xo, Ep z,),
(£%s,5 )10 2 CullslFy = CallsllZ,
(£, Yro| < Callsllealls/l]e1, (3.4.126)
|8l 0 < Calls

Proof. By (3.4.120)), we have a similar identity as in ([3.3.80)):

0 1 o0
<%( )87 S >t,0 = iva )SH%’O + <TiciCjR£j(xD)7pS’ S> o + O(t)HSHl%,O (34127)

)

Together with (3.4.35)), this gives the first two estimates of (3.4.126|).
By (3.3.69) and (3.4.117)), (3.3.81) still holds, i.e.

Vie, = Vie, = 00 (), (3.4.128)

where by Op(t*) we mean an operator of order 0 which is a O(t*). Thus, by (3.4.120) we
again have

Ry = Vie,Op(t) + Oo(1), (3.4.129)
hence the last estimate of (3.4.126| holds. ]

Recall that the contour I' in C has been defined in Figure [3.2]in Section [3:3.3]

Proposition 3.4.15. There exist C > 0, a,b € N such that for anyt > 0 and any A € T,
the resolvant (A — %)™ exists and

o -2 s ou iy, 010)
HA—Z‘Ht <O+ PR h

Proof. Proposition follows from Proposition exactly as Proposition [3.3.16
follows from Proposition [3.3.15 O

Proposition 3.4.16. Take m € N*. Then there exists a contant Cp, > 0 such that for
2n
any t >0, Q1,...,Qm € {Vt ) }izl and s,s" € C5° (TR 2o X, Ep o),

€’

(3.4.131)

([Q1,1Qs: - [Qu 21 Ji5. )
t,0

)

’SCmHS

Proof. This Proposition is proved in the same way as Proposition ]

From Proposition [3.:4.16] we can deduce the following result as done for Proposition
5.0. 13

Proposition 3.4.17. For anyt >0, A€ ' and m € N,
A=) N HP) c HM (3.4.132)

Moreover, for any o € N?", there exist K € N and Com > 0 such that for any t > 0,
AeTl and s € 65°(TRwo X, Epa ),
HZO‘()\ — %) s < Cam(1+ DTS 12981 (3.4.133)

Ht7m+1 a<a
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Let e=%4(Z, Z') be the smooth kernel of the operator e~ with respect to dvpx(Z’).
Let pry: TR X xx TrX — X be the projection from the fiberwise product T X x s TR X
to M, then e=%(-,-) is a section of pr’ (End (E,)) over Tr X x s TgX. Let VErd(Er) he
the connection on the bundle End(E,) over M induced by VA*(T&5), VAYSLO ¢ and
Ve, and let VP*xErdEp) he the induced connection on priyEnd(E,). Then VPry End(Ep)
and the operator norm on End(E,) induce naturally a ¢""-norm for the parameters by € B
and zg € Xjp,.

Theorem 3.4.18. For any m,m’ € N, there is C > 0 such that for any t > 0, Z,7Z' €
Tr2o X with |Z],|2'] <1,

glal+e’|

020021 e (2.2

<, (3.4.134)

¢m' (M,prj( End(Ep))

sup
.|’ |[<m

where | - \%m/(M@r}End(Ep)) denotes the €™ norm with respect to the parameters by in a
compact subset of B and xo € Xy, .

Proof. For m € N and p € N*| let

m_ [o® o
Q" ={Vvi2 Vie, }]<m (3.4.135)

As in the proof of Theorem [3.3.19| (see (3.3.102)-(3.3.104))), it follows from Proposition
3.4.17| that there exists C,, > 0 such that for p € N* and Q, Q' € Q™,

Qe (3.4.136)

Here, we cannot conclude with a Sobolev inequality for a fixed Sobolev norm as in
the proof of Theorem [3.3.19] because the space is changing. However, we will show a
uniformity result in the Sobolev inequality for the “standard" Soboloev norm.

Lemma 3.4.19. For every d € N*, we endow My(C) (the space of dxd matrices with coef-
ficients in C ) with the operator norm ||-||. This induces a Sobolev norm on € (RN, My(C))

by
lelli = Z/ Ve, -+ Ve, o(@)|*dey . .. doy. (3.4.137)

1<k iy,.

We denote the corresponding Sobolev space by H* (RN,Md(C)). We also define the €°

norm || - ||ge on €2 (RN, My(C)) by
[ellge = sup - sup Ve, -+ Ve, (@)l (3.4.138)
J<€ zeRN

Zl7 7i]

Then for every k,¢ € N such that k —{ > N/2, there exists Cy o n > 0 such that for every
d € N* and p € HF (RN, M4(C)),

¢ is €' and ||pllge < Cronllollk- (3.4.139)

Proof. Suppose first that £ = 0. For ¢ € € (RN , M4(C)), we denote by ¢ the Fourier
transform of ¢. Then by the Fourier inversion formula,

1 .
el Gl (3.4.140)

p(r) = o)
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Thus, to show that ¢ is continuous, it suffices to prove that @(¢) is in Lt (RN, Md(C)),
Set (&) = (1+ !5\2)1/2, and recall that

¢ € HY (RN My(C)) <= (&g € L2(RY, My(C)). (3.4.141)
Moreover, there exists ci y > 0 independent of d such that for ¢ € H k (RN , M4(C)),

1 ~ .
ﬁ”(QkWHLQ < llelle < e nI1(€)* P12 (3.4.142)

Now, we use Cauchy-Scwarz inequality:

[ 12©lds < [ 11€"a(©) x (&)™ 1aag
< (¥l 2 / (&) e (3.4.143)
< Cronllell-
The case ¢ > 1 follows from the case £ = 0 applied to the derivatives of . O

We can now finish the proof of Theorem [3.4.18] applying Lemma|[3.4.19]to our situation.
Letm € N,ase (- ,-) € €°((Tr 1o X)% End(E,)), there is a k € N and a constant C' > 0
independent on p such that for |, |o/| < m and |Z|,|Z'| <1,

2,2 < C e ) By

o +e|
H 0 (3.4.144)

AT VA

5

Now, by (3.4.117)) and ([3.4.123)), for any m € N there exists C/,, > 0 independent on ¢ such
that for ¢ € € ((Tk.zyX)?, End(E,)) with support in BT®e0(0,1)2,

C, lellem < ll@llm < Crll@lltm- (3.4.145)

With (3.4.136)), (3.4.144) and (3.4.145)), we see that (3.3.99) holds when m’ = 0.

For m’ > 1, we use the same argument as in Theorem |3.3.19| (equations ([3.3.108) and
(3.3.109)). O

Theorem 3.4.20. There are constants C > 0 and M € N* such that fort > 0,

H(()\ — L) (- gt)—l)sHt < Cta+ DM S 12%] 0. (3.4.146)

lof<3

Proof. For m = 0, we denote in this proof || - [0 = || - |0

From (3.4.117)) and (3.4.123)), for p, m € N* we find 7
Isllem <C Dl

laj<m

(3.4.147)

Moreover, for s, s’ with compact support, using Theorem and a Taylor expansion of
) p pp

(13.4.120)), we find

(L= 25,8, < CUUSNea S 112711 (3.4.148)

o <3
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Thus,
1% = Z)sl-1 <C 3 12%]lu1. (3.4.149)
|| <3
We have
A-ZL) ' -0-ZL) ' =0-L) (@G -L)-ZL) " (3.4.150)

Moreover, Propositions [3.4.15] [3.4.16] and [3.4.17] still hold for the operator .#,, the norms

2n
|| |lt,m and the family of test operators for commutators {yt s Zi}, . Thus, Proposition
4 1T 1=

13.4.17, (3.4.149)) and (3.4.150)) yields to (3.4.146]). O

Proof of Theorem[3.7.13. By Theorems [3.4.18| and [3.4.20, we can prove Theorem [3.4.13

exactly as Theorem |3.3.21 O
Define

Whereas in Section[3.3.3] we could use a closed formula for the heat kernel of % ,, to derive
Theorem |3.3.11| from Theorem 3.3.21|, here we cannot compute e Lt (0,0) exactly to get
the asymptotic of 1y, 5 exp(—B]au /p)(aso,:co). The difficulty is that here, the harmonic
oscillator .Z, has its coefficients in the non-commutative algebra T,. However, by ,
the coefficients of £, tends to commute increasingly, so we can expect to have at least a
equivalent of e £t (0,0).

For y € Y, we define the operator %, (y) acting on the space

¢ (TMOX, A* (T4, B) @ (A*(T"X) @ €) ) (3.4.152)
Z0
by
1 1) 7>
Ho(y) = D) Z (Vei + §R(wo,y)(Z ) €4 ))
1 i.JpL 1 i pa pL fafﬁ L
+¢ IR (zo,y) + \ﬁc FOR o (z0,y) + 5 Ry, 5(w0,y)-
(3.4.153)
Set also
Hrou(y) = wy ) a e (Y)Y ya- (3.4.154)

Then y — 7, (y) is a smooth function from Y, to the space of differential operators

acting on the space given in (3.4.152). As a consequence, the family {P, »,-#%,(y)Ppxo }p
is a family of differential operators that belongs to the algebra B,,. Now, as V., and P, ;,
commute, it is easy to see that for any p € N*,

Ly = Py oo (1) Pp - (3.4.155)

We denote by e £:(Z,Z') and e~ #0W)(Z, Z') the smooth kernels of the operators
e~Zt and e~ ) with respect to dvpx (Z'). Then for Z,Z' € TR 20 X,

{y e 7002, 2')} € 6% (Y, A*(T}, B) @ End (A% (15, X) @ &y,) ). (3.4.156)
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Theorem 3.4.21. For u > 0 fized and for all Z,Z' € T 5, X we have ast — 0
e U2, 2') = T murny 5.1y + 0, (3.4.157)

where o(1) denotes a term converging to 0 for the operator norm.

Proof. For A € T (see Figure[3.2)), both A— Py, 40 # (y) Pp.ao and A— 7, (y) are invertible,

SO we can use a contour integral to get

e—uPp@O.}sz (y)Pp,:CO _ Pp xoe_u%() ()Pp 20 =
1 [ . -
o e (A = Ppag g P ' = Ppag(\ = Hay) ' Py | AN, (3.4.158)

Moreover, we have

()‘ - Pp,wo‘%pﬂﬁopp,zo)_l - Pp,xo ()‘ - c%’?Bo)_lpp,ﬂﬁo

= ()‘ - Pp,xo‘%opp,xo)_l(PPJO%OPP@O - %O)Pp,xo ()‘ - %o)_lppﬂ?o
(3.4.159)

= ()‘ - Pp,xo‘%opp,wo)ilppwojf PJ_ ()‘ - %o)ilpp,xov

L0~ p,xo

1
where P, =1— Pp .

As said earlier, Propositions [3.4.15} |3.4.16| and [3.4.17| (and thus Theorem [3.4.18)) still
hold for the operator .Z;, the norms ||-||¢,» and the family of test operators for commutators

2
{Zt,ei, Z,-} :L . In the sequel, we will use these results without further notice.
By (3.4.130)), we know that there are constants C' > 0 and a € N such that for A € T,

0,0
|\ = Prag oy Poa) |, < COH AP, (3.4.160)
so by (3.4.159)), to estimate the norm of (3.4.158|), we need to estimate

HPp,xo%” Pyrsg A = Hay) ™ Ppag (3.4.161)

0,0
L0~ p,xo t

If 77, were just a function, this could be done using the first equation of (3.4.43). The
idea is thus to extend (3.4.43)) to the present case.

Remark 3.4.22. As V., commutes with P, ., and by (3.4.153)), to estimate the norm in
(3.4.161)) we only have to compare

Py ro fPpao(N = Hy) " Py o and PypuofON— H0y) " Py s, (3.4.162)

for a function f € €°(Tr z, X X Yz, C).

Note that y + (A — 5, (y))~! is a smooth function on Y, with values in the algebra
of bounded operator acting on the Hilbert space

L3 (Th o X, A* (T34, B) @ (A"*(T"X) @ €) ). (3.4.163)

o

Thus, we can apply Theorem [3.4.5] to our situation, that is

H = L (Thuy X, A*(T5 4, B) @ (A"*(T"X) @ €) );

0

Aly) = f(y); (3.4.164)
Bly) = (A= A2, (y) "
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We then get
Pyao f Ppeo N = Hag) ™ Poag = Poao f(A = Hy) ™ Py = O(p 7). (3.4.165)

Here, the term O(p~') depends of course on A. To get the expansion ([3.4.66]), we used the

Taylor expansion of A. Thus, in (3.4.66)), we can bound the error term O(pf%) using
the derivatives of A of order less than k + 1. Applying this argument to (A — 5%,,) ! and
using Proposition [3.4.15] we find that there exists M € N* such that

0,0 _
| Pro f Poeo O = H00) ™ Py = Posaaf A = Hay) ™ P, < Cp7 (14 [N
(3.4.166)
Hence, by Remark
0,0 3
| Pouso o Pocay O = Hay) ™ Posao|, < Cp7H (14 IAPM. (3.4.167)
With (3.4.158), (3.4.159), (3.4.160) and (3.4.167) we infer that
0,0
Hefpp,zofﬁco(y)})p,zo _ Pp,x()ei%()(.)Pp,xo . < C’pil' (34168)

Note that Ppyxoe_%o(')Pp@O satisfies a estimate analogous to (3.4.134). Indeed, we
have

By o ~H 0P Pouo(Z,Z") = Ppuoe e 0 (Z, Z") Py o (3.4.169)

and we can apply (3.3.99) to %, (y) (which correspond for y fixed to L, in Sec-

tion [3.3.2)) and (3.4.35)) to conclude. Thus, by (3.4.134]) applied to e~ Praoao W) Po2o and

Py e ~Hao ( )Pp 20> and by (3.4.168|), we can apply the method of Theorem [3.3.21| to com-
plete the proof of Theorem [3.4.21 ]

Using the analogue of Lemma [3.4.11} Theorems [3.4.13| and [3.4.21] and (3.3.122]) we
get that

—B2
Yrygpe PP (w0, 20) = anTe—ﬂzo,u<»)(0’O)’p + o(p"¥) (3.4.170)

for the operator norm and the operator norm of the derivatives. Now, comparing the

definitions of 7%, ,, in (3.4.153) and (3.4.154) and of %, in (3.3.65)), and using (3.3.125)),

we find that

det(R," )
det (1 — exp(—uRX’L)))

(Z'(),'

Te—f'fwo»u(')(o,o)m - (2”)_nxpp,aro eXP(—Qu,(xo,~)) @ Idg Bp,z,

: (3.4.171)

where R*F is define in (3.4.3)) and
Q, = uR" (wfl  wi @' A i, + \/gc(ei)faRL(ef{, )+ LA f
Finally, we have proved that for any k € N, as p — 400, uniformly as u varies in

a compact subset of R* , we have the following asymptotic for for the operator norm on
End(E,) and the operator norm of the derivatives up to order k:

RL(fH, fﬁ ). (3.4.172)

7#1/\@ exp(—Bﬁ,u/p)(xo, z0)

nx det(R )
= L p e (o, ©1dg,, Ppag +0(p"). (3.4.173)

n P, ,
(2m)nx " B0 det (1 — exp(—uRéofj)))

Theorem |3.1.9|is proved.



3.4. TORSION FORMS ASSOCIATED WITH A DIRECT IMAGE. 169

3.4.7 Asymptotic of the torsion forms.

The method is the same as in Section Let bg € B, we denote X, and Z, simply
by X and Z. Let d = dim M.

Definition 3.4.23. Let A € ¢ (Z, 7{End(A*(T}; ,, B) ® A®*(T*X))) be defined by

y _ det(RX1)
Au(z) = e=7%02)(0,0) = (27) "X exp(— Q.- LA : 3.4.174
(=) (0.0 = 0m) exp(0u) o e 3407
and let R,, € ¥°°(Z,C) be defined by
Ru(z) = Trs [NyAy(2)] . (3.4.175)
Let Aj € €% (Z, mEnd(A* (T, B) ® AO"(T*X))) be such that as u — 0
Z Aj(2)w? 4+ O(uF ), (3.4.176)

j=—d
and here again we set A_g_1 = 0.

Theorem 3.4.24. There exist {A,;} € €°°(X,End(E,)) such that for any k,¢ € N, there
exist C' > 0 such that for any u €]0,1] and p > 1,

P pexp (—Bﬁ,u/p) Z Api( < CuFtt. (3.4.177)
j=—d wH(M)
Moreover, as p — +00, we have for any j > —d
APJ ("B) = PIML"Aj ($, ) ® Idfz Pp,m + 0(1), (34178)

for the operator norm on End(E,) and the operator norm of the derivatives up to order (.

Theorem will be proved in Section
For j > —d—1, set

Aj(2) = Ty [Ny Aj(2) + i A5 (2)] (3.4.179)

Then by (3.2.39), (3.4.175) and (3.4.176)), we have

Xk: Aj(2)w? 4+ O(uF ). (3.4.180)
j=—n—1

Set also

Bpj = [ Trs |NvAp,; w Ay dvx,
P.J /Z r [ vAp,j(2) +iw PJ‘H(Z)} PR

B :/ZAJ(Z)GY

Recall that r =dim Z = n +m.

(3.4.181)
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Corollary 3.4.25. For any k,l € N, there exists C > 0 such that for any u €]0,1] and
p=1,

k
"1 yp Trs [Nu/pexp (—Bju/p)} — Y By < cutth (3.4.182)
j=—d—1
Moreover, as p — +oo, we have for any j > —d
1

B, =rk(&)rk(n)B; + O | — | . 3.4.183
p.i = Tk()rk(n) Bj ( \/ﬁ> ( )
Proof. This is a consequence of (3.4.36)) and Theorem |3.4.24] O

Theorem 3.4.26. There exists C' > 0 such that foru > 1 and p > 1,

C
- 2

‘p "Zapy s 5 T {Nu/p exp (—Bp’u/pﬂ‘ < 7 (3.4.184)

Theorem will be proved in Section [3.4.9

Let po be such that for all p > pg, the direct images R*m .(n ® LP) is locally free,
Ry «(n®LP) = 0 for i > 0 and the direct images R*72.(£ ® F)) and R*73. (75 @n® LP)
are locally free.

As in Section we define for p > pg

Ee) = pr_(z /0+oo w1y 5@ { Ty [Ny exp(—B2,,)] } du. (3.4.185)

Then if ¢, denotes the zeta function (3.2.48) associated with B, ., we have

b :nzwl/ ”’C’,’ (5) = p7°Gp(s), . (3.4.186)
p~ "1y /5C(0) = log(p) Bpo + ¢,(0).

Let
5(s)=r(18) I [ Rudezruau. (3.4.187)

As in Section [3.3.4] by (3.4.36]) and Theorem [3.1.9, and by dominated convergence (justi-
fied by Corollary [3.4.25| and Theorem [3.4.26)) we find that

{(0) —— rk(&)rk(n)2C(0). (3.4.188)

p——+00

Let T3 'N c TJ\I}}N be the space obtained by lifting in T'IV the subspace Té{M of TM.
In particular, T4 "N is orthogonal to TY. Let {f!} be an orthonormal basis of Tg’ﬁN
with dual basis {f'*}. Set

FH — exp (—f’af’BRL(f;,fg)) . (3.4.189)

Repeating the computations done in the proof of Theorem [3.3.26| which yield to (3.3.169))
and (3.3.173)), we find here again that

Aj=0forj < -2,

A - At 3.4.190
Ru_l_AOZ{R”E*}_’L_Ll_AE{)}}gH‘ ( :

u
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Thus, we have

- 5 X, L SX,L Y,m
¢'(0) = 1/ det (R ) log ldet (i)] ﬁ‘H@ dvx. (3.4.191)
z

2 27 s m!

Moreover, by (3.4.189), we know that

SX.L\ @Ym Zr
det (R ) © dvx = © ,
r

27 m! (3.4.192)

zZ N
OFHeO = 07,

Thus, by Corollary [3.4.25| (3.4.186)), (3.4.188]), (3.4.191)) and as in (3.3.180)), we have as
p— +o0

1y 56(0) = log(p)p"? By + p"? ®('(0) + o(p")

5X,L N 4 3.4.193
_ rk(é);k(n)/zlog [det <pf;r )] OV 107 | yonzy )

Theorem [3.1.7] is proved.

3.4.8 Proof of Theorem [3.4.24]

First, we would like to point out that we cannot use the method of proof of Theorem

3.3.23 used in Section to prove Theorem Indeed, the point was to see t as a

parameter, in the same way as xg, and to use the fact that the development of the heat
kernel on a compact space acting on a fized bundle is smooth in the parameters. However,
here we cannot fixe the bundle, so we have to reprove directly the uniform development
of the heat kernel. The techniques in this section are inspired by [46, Sect. 4.1].

Let V be the usual derivation and let A™20% be the usual Bochner Laplacian on
TRk 2, X. Recall that p is defined in , and define

Laa = p(121/€)L+ (1 - pl|Z]/)) Ao X (3.4.194)

Then using (3.3.181)) as in Proposition and Lemma |3.4.11} we find

2
—uZi(0,0) — e""%2(0,0 < Cexp(— 2. 3.4.195
70,00 = e e, 0) s Coxp(=55) (3.4.195)
For v = \/u, set (with S, in (3.3.65))
L3, =S LS,

3.4.196
230’,5 - ATR’IOX. ( )

Then as in (3.3.120]), we have
e "2(0,0) = u~ e Z3¢(0,0). (3.4.197)

We will use the usual Sobolev norm || - ||z (see (3.4.137)) on €>°(R*",E, 4,)-
Using the fact that uniformly in ¢t we have

L3y = A=n0% + 0(v), (3.4.198)
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we get the following analogues of Propositions |3.4.14| to |3.4.17|, replacing v§°), %, and
|- llek by V, Zgy and || - ||
Set

B, =2, — 2. (3.4.199)
Proposition 3.4.27. There exist constants C1,Cs,C3 > 0 such that for anyt >0, v >0
and s, € €°(Xo,Ep )
(253 %s,5 )0 = Cillsllf = Callslf3,
(25755 Yo| < Callslalls'lr. (3.4.200)
|5.5||, < Callslr-

Proposition 3.4.28. There exist C > 0, a,b € N such that for any t > 0, v > 0 and
X €T, the resolvant (A — %) exists and

0,0
< C(L+ AP

-1,1
< C(1+ M.

|0 -=)”

|07

Proposition 3.4.29. Take m € N*. Then there exists a contant C,, > 0 such that for
any t> 07 v > 07 Ql? ceey Qm S {ve“ Zz}lzzl and S, 3/ S Cg(;X)(TR,ona Ep,aco)y

(3.4.201)

‘<[Q1, [QQ,...[Qm,xgﬁt]...]]s,s%’ < Cinlls]1]15'[]1. (3.4.202)
Proposition 3.4.30. For anyt >0, A€l and m € N,
A=) " (H™) c H™ (3.4.203)

Moreover, for any o € N?", there exist K € N and Com > 0 such that for any t > 0,
v>0, A€l and s € 65° (TR 20X, Ep o)

HZ“()\ - ggjt)—lsHmH < Com(1+ DS 125 |- (3.4.204)

o' <a

For k,q € N*, set
) ‘ J J
Tow = {( 1) = (kiri) € (NP (N - Y ki= kg, Yom=r)  (3.4.205)
i=0 i=1

For (k,r) € I}, A € I (see Figure in Section [3.3.3)), ¢ > 0 and v > 0 set

N NN
AXOtv) = (A= L) TS = )T (= )T (3:4.200)
Then there exist a¥ € R such that
87"
5o (A — L= Y af AR\ o). (3.4.207)
v (k,r)EIk,q

For ¢ € N, let Q° be the set of operators

Q" = {Vey, - Ve, bt (3.4.208)
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Theorem 3.4.31. For any ¢ € N, k > 2({ +r + 1) and (k,r) € I}, there are Cp, > 0
and N € N such that for any A€ T, t >0, v >0 and Q,Q’ € Qr,

QAN t,0)Q ||, < C(L+ MDY S 1275 ]l0. (3.4.209)
|B1<2r

Proof. First, note that as in the proof of Theorem [3.3.19| (see (3.3.102)-(3.3.104))), Propo-
sition [3.4.30] leads to
QA — 23,)

With this estimate and Proposition |3.4.28| we get (3.4.209)) for r = 0.
Assume now r > 0. By (3.4.117)), (3.4.120)), (3.4.194)), (3.4.196) and Theorem
we know that %f;t is a combination of

o+ )Y, 06— QM <ca+ )N, (3.4.210)

(%azj(t, vZ)) (%Vg,t,q) (%Vg,t,ej)a %b(t, vZ), o)
(%Ci(t, vZ)) (%V§7t7ei), (;;:1 d(t, UZ))ATR»10X7 o

where a;j, b, ¢; and d are of the form f(Z)g(tZ) with f(Z) and g(Z) and their derivatives
in Z uniformly bounded for Z € R?" (recall that for Toeplitz operators, we take the
operator norm).

Now, if e is one of a;j, b, ¢; or d, then for r; > 1, 2 8 —e(t,vZ) (resp. g}% Ste;) s a
function of the type f(vZ)g(tvZ)Z” with |B| < r1 (resp. r1+1) and f(Z) and ¢g(Z) and
their derivatives in Z uniformly bounded for Z € R?".

Let ./, be the family of operators of the form

yt/,v = {[fj1Qj1a [f]éQjm e [fijjmvg?)U,t] .. ]]}7 (3.4.212)

where f;, is smooth and bounded (with its derivatives) and Q;, € {V,, Zl}fgl

We will now deal with the operator Allf()\,t,v)Q’. First, we move all the terms Z°
in the terms f(vZ)g(tvZ)Z” (defined above) to the right-hand side of this operator. To
do so, we use the same commutator trick as in the proof of Theorem that is we
perform the commutations once at a time with each Z; (and not directly with Z%, |3] > 1).
Then we obtain that AX(\,¢,v)Q’ is of the form ip1<ar Lf?BQgZﬂ where Q7 is obtained

from Q' and its commutation with Z?. Next, we move all the terms Vi e, I 832 2, to
the right-hand side of the operators Ly ;. Then as in the proof of Theorem (3.4.30 (see

Theorem [3.3.18)), we finally get that QAK(\,¢,v)Q’ is of the form >|81<2r iﬂtﬁZ where
-th,j,ﬁ is a linear combination of operators of the type

Q=2 MRI(N—28) MRy Ru(A— 25) Q" Q" (3.4.213)
where 32,k = k+1', Rj € Fyp, Q" € Q% and Q" € Q™ is obtained from @’ and its
commutation with Z%. Since k > 2(¢ + r + 1), we can use Proposition [3.4.30 and the
arguments leading to (3.4.210)) in order to split the operator in (3.4.213]) into two parts:

QA= Z5) ORI (A = ) Ry - (A = )7
(A —22) BRI Ry - Ru(N — 22) Q" Q", (3.4.214)

such that each part is bounded in || - [|%%-norm by C(1 + |A|*)". This conclude the proof
of Theorem [3.4.31] n
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Theorem 3.4.32. For any r > 0 and k > 0, there exist C' > 0 and N € N such that for
Ael,t>0andv >0,

ov” ov”

<cv Y 12l

-1 || <r+3

H (6’”$§jt oLy,

)s
v=0

|G- = 5 dkakne0)s

(k,r)e[k’r

<o+ )Y Y 112l
0 || <4743
(3.4.215)

Proof. As in the proof of Theorem [3.3.20 the first line of (3.4.215)) just follows from a
Taylor expansion in v of £y, and the fact that this expansion is uniform in ¢t > 0. We
also get an analogue of (3.3.110)):

H(()\ )T = (A zgt)*l)sH < Co(1+ APM S (1290 (3.4.216)

o <3

Moreover, using Propositions [3.4.28 and [3.4.30] and (3.4.216|), we have for any m € N*

(=g = (= 2™

m—1

= H SAN=Z) (A -2L)! (,\_g?gt)—l)@_ggqt)—(m—i_l)SH

=0
Co(L+APM > 112%5]lo.

0

o <3
(3.4.217)
For (k,r) € Ij,, set a; = (A — f;ﬁt)_ki, by = 8(;1%“, = (A — Z3t) ki and b, =
8;ﬁt . Then
v=0
AR\t v) — AX(\,t,0) = agbyay - - bja a0b1a1 -ba]
= Zaobl cai—1(bi — bj)ag - - ba; +Za0b1 — ap)byy -+ bia). (3.4.218)

Using this and (3.4.207)), the first inequality of (3.4.215]) and (3.4.217)), we find the second

inequality of (3.4.215]). O

Theorem 3.4.33. For any (,¢',7 € N and q > 0, there is C > 0 such that for t > 0,
v>0and Z,7Z' € Ty z, X with |Z|,|Z'| < q, we have

glal+lel gr .
SUp || e (2, Z) < C. (3.4.219)
|al /| <t v @t (M,pr End(E,))
Proof. Using the integral representation
O gy, (CDPE-DL 0 1
- 3t — .
e o /F s (A= i), (3.4.220)

Theorem [3.4.33| is proved from ([3.4.207)) and Theorem |3.4.31| exactly as Theorem [3.4.18
is proved from ([3.4.136)). O
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For k large enough, set

“D)k(k — 1)
By = U)(M/BA Z alr‘Aif()\,t,O)d/\,
r

! 2imr]
o ()€l (3.4.221)
1o g
<@r,t,v = ﬁav,re 3t — %r,t-

Then %, and %, do not depend on the choice on k large. We denote by %,.(Z,Z’)
(resp. PBriv(Z,Z")) the smooth kernerl of %, (resp. Br+,) with respect to dvpx(Z').

Theorem 3.4.34. For r € N and q > 0, there exists C' > 0 such that fort > 0, v > 0
and Z,7' € Tg z, X with |Z|,|Z'| < q, we have

1 40(2, Z")|| < CoM XD, (3.4.222)

Proof. The proof is the same as the proof of Theorem [3.3.21] using Theorem and
(3.4.220]) instead of Theorem [3.3.20[ and (3.3.100|) respectively. O

Theorem 3.4.35. For any ¢,¢',k € N and q > 0, there is C > 0 such that for t > 0,
v>0and Z,7Z' € Ty », X with |Z|,|Z'| < q, we have

glel+le’l gr ., , bl
sup Aoan el = 3tZZ Ze@fpt’l} ) SC’U+
lal,Jo’|<¢ || 0240 2" v ( ) ¢V (M,pr End(E,))
(3.4.223)
Proof. By (3.4.221)) and (3.4.222)), we have
1 0" _gv
il 3.t = By 3.4.224
rl ovr =0 & ( )
Now by Theorem [3.4.33] (3.4.221)) and the Taylor expansion
k T k+1
190" f e O f
f('l)) — Tgﬂ ﬁ 8/UT (O)U = E A ('U — 'U()) W(Uo)dvo, (34225)
we get (3.4.223)). O

Now, by 1' and the asymptotic expansion heat kernels (see [2] for instance), we
know that e <3:(0,0) has an asymptotic expansion as v = /u — 0 in powers of u, so we
have

Bor11.4(0,0) = 0. (3.4.226)

Remark 3.4.36. Using ¢ defined by (¢s)(Z) = s(—Z) and the asymptotic expansion of
£3, as v — 0, one can in fact prove directly that

By (2,2 = (—1) By (—Z,~ 7). (3.4.227)

Theorem [3.4.35| along with (3.4.195)), (3.4.197) and (3.4.226)), yields to

< CuMtt, (3.4.228)

Hu e~ Ut (0,0) Z%’zrt 0,0)u ‘W’(M,pr}End(Ep)) <

r=0
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Thus, by the analogue of (3.3.122)), we have uniformly in p

_p2
p "Xy, e Boausv (o, x0) = ¢1/\/a€_u‘$t (0,0)

i - (3.4.229)
=1 m Y Bora(0,0)u" " + O(uP*).
r=0
In conclusion, we have proved (3.4.177) with
Apj= Y P24(0,0)%. (3.4.230)
r—a=j+n

We now prove . To do so, we fixe r € N and study the asymptotic as t — 0
of %%t(o, 0).

We define .Z75 4, AX(\ t,v) and B4 to be the objects corresponding to £, AR\ t,v)
and %a,+ above when we replace .%; by £, in their definitions. Then all Theorems
[:4.35] also hold for this underlined objects. Similarly to Theorems [3.4.32] and [3.4.34] we
can prove the following two results.

Theorem 3.4.37. For any r > 0 and k > 0, there exist C > 0 and N € N such that for
Ael andt >0,

I v
0,
v=0 ov”

oLy
G

)s
v=0 _

H((k )ZE:I akAk()\,t,O) - all-(Allf(/\,t, 0))8
T k,r

<Ct Y 2%,
1

ol rts (3.4.231)

<Gt + DY > 12%]lo.
0 || <4r+3

Theorem 3.4.38. For r € N and q > 0, there exists C > 0 such that for t > 0 and
Z,Z" € Tr 5, X with |Z|,|Z'| < q, we have

|(Bri = 2,4)(2,2")|| < Ct/CrxtD), (3.4.232)

Recall that %, (y), y € Ya, is defined in (3.4.153). Once again, we define 2" 5(y),
AX(X, v)(y) and Zs,(y) to be the objects corresponding to 23 AX(\ t,v) and oy
above when we replace % by J#,,(y) in their definitions. Then, once again, Theorems
3.4.3113.4.35] also hold for this objects.

By (3.4.155)), we then have
L3t = Poao 70 3() Bpao- (3.4.233)

T

As ATr20X commutes with P, 5, we have (A—P,, ,, ATRe0X P, V=1 = P, . (A= ATk X)=1P, .

As a consequence, using ((3.4.206) and the same reasoning as for (3.4.166|) (in particular
Theorem and Remark |3.4.22)), we find that for any (k,r) € Ij,, there exist C' > 0

and K € N such that for the operator norm
HA}:()\, £,0) = Py AX(N, 0)() Py | < Co71 (1 + INHE. (3.4.234)

Thus by (3.4.221)),

| Bor = Pooo B P < O (3.4.235)
As the proof of Theorem [3.3.21] this implies that for the operator norm,

B (0,0) = Pyag oy (0,0) Py + O(p~ 1/ 1)), (3.4.236)
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Recall that A; is defined in (3.4.174)) and (3.4.176). With the same reasoning which
led to (3.4.230)), we find

Aj= Y $(0,0). (3.4.237)

r—a=j+n

With (3.4.230), (3.4.236) and (3.4.237)), we find (3.4.178) for the ¢°-norm.

End(E
Finally, using the fact that VprM nd(Ep L?fgft has the same structure as £3;, we can
show that all the estimates in thls section also hold for the derivatives of the operators

involved. Thus, ([3.4.178) holds for the €*-norm.
The proof of Theorem [3.4.24] is completed.

3.4.9 Proof of Theorem [3.4.26

As in ((3.3.28]), we can decompose
Bl =D’ + Ry, (3.4.238)

where R, is an operator of order 1 and of positive degree in A*(TB). As in (3.3.29)), this
implies that

Sp(B2) = Sp(Dy). (3.4.239)
Let

1 1
Cp=-B2=—(D2+R,). (3.4.240)

p p

As Bfw = uwl/ﬁBfﬂbﬁ, we have
—ny —32 _ —Nyg —’U,C

P74y T [Nu/pe p,u/p} — p~"Z T, [Nqul/ﬁe wﬂ} . (3.4.241)

By (3.4.7) and (3.4.239)), there exists v > 0 such that for p large

Sp(Dp/+/p) Cl— 00, =Vv]U{0} U [V, +oc],

Sp(Cp) C {0} U [v, +-00]. (3.4.242)

In the sequel, we will assume that (3.4.242)) holds for p > 1. Recall that § and A are
contours in C defined in Figure in Section [3.3.6

Set
pau = ¢1/f/ ld)\
2im (3.4.243)
1
Kpu = m%/f/ A\ = Cp)
Then
p "X by 5 T [Nu/pe*Bzv"/p} =p "X Try [Nu(Ppou + Kyl - (3.4.244)

We will deal separately with the terms PP, , and K, .
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The term involving K,

For A € A*(T3B) @ End (2°°(X, € ® F)), recall that ||A||o is the norm of operator
of A viewed as an endomorphism of L?(X,E,) and let

1/q

1]l = (Tr [(a*2)72]) (3.4.245)

Remark 3.4.39. Here, we do not specify the dependance in p of the norm || - ||, but the
reader should be aware of it.

Lemma 3.4.40. Let A\g € R*. Then there exists qy such that for q > qo, for U € TrB
and ¢ € N, there is a C' > 0 such that forp > 1

W*End(Ep))f(

P (v -G < (3.4.246)

Proof. As in (3.3.199), we find using H,, = Df,/p — Ao that

px H(Ao - Df;/p)*qH1 <C. (3.4.247)

A closer look at Bismut’s Lichnerowicz formula (3.2.34]) and (3.2.35) enables us to
sharpen ([3.4.238): locally, under the trivialization on Uy, (see Sections [3.3.1] and |3.4.5)),

we have

1 1
R, = -01,+ Oop, (3.4.248)
p p

were Oy, is an operator of order k acting on E, with bounded coefficients (with respect
to the operator norm). Thus,

||Ol,p5||H’€(p) < CHSHH"’“(I))’

(3.4.249)
1O0psll gy < Cllsl e )
On the other hand, locally and in the spirit of (3.3.8) and (3.4.89)),
D, = D* +pM, (3.4.250)

where M, is a uniformly bounded operator of order 0 acting on E,. As DX is elliptic, this
yields to
sl a1y < C(IDpsllz2 + plfsllr2)- (3.4.251)

Consequently, if s is an eigenfunction of D, /,/p for the eigenvalue p, (3.4.248|) and ((3.4.249)
imply

1 1
;)HRPSHLQ < ;)HSHHl(p) + |Is]|z2
1
< CZ;HDpSHB +Clsl| 2 (3.4.252)

||
<01+ 77 llsllze < GO+ fu sl
Hence,

1 _ 1+pu
“IR,(No—D?/p)7 Y <C sup —-<C. 3.4.253
p H p( 0 p/ ) Hoo HE[VV,Hoo[ | Ao — N2| ( )
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As in (3.3.30]), we have
(Mo — Co) ™ = (o — D2/p) ™"+ (o — D2/p) ™ (By/0)ho — Do)+ -+ (3.4.254)

with only finitely many terms (as R, is sum of element of positive degree in A®*(T3B)).
With this expansion, (3.3.191)) (3.4.247) and (3.4.253) we get Lemma for ¢ =0 as
we did in Lemma

For ¢ > 1, the reasoning in the same as in Lemma [3.3.29 0

Proposition 3.4.41. For any ¢ € N, there exist a,C > 0 such that forp > 1 and u > 1,

p "X | Trg [NWKp o] |$§‘3(B) < Ce . (3.4.255)
Proof. Proposition follows from Lemma exactly as Proposition [3.3.30] follows
from Lemma [3.3.29 ]

The term involving P,
Proposition 3.4.42. For any ¢ € N, there is a C > 0 such that for anyp > 1 and u > 1,

<Y (3.4.256)

“4B) = \Ju
Proof. The proof is exactly the same as the proof of Proposition[3.3.31] the only changes is

that to prove the analogue of (3.3.242)), we use (3.4.252)) instead of its analogue (|3.3.203|),
and that we substitute the estimate in (3.3.243]) by

p_”Z’ Trs [NUPP’U:I

p "7 dimker(D}) = p "7 dim H*(X,{ ® F,) = p "7 dim H*(Z, 7} @ n @ L) < C.
(3.4.257)
O

With (3.4.244)) and Propositions [3.4.41| and |3.4.42] we have proved Theorem [3.4.26
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