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Variance of the Volume of Random Real
Algebraic Submanifolds 11

THOMAS LETENDRE ¢ MARTIN PUCHOL

ABSTRACT. Let X be a complex projective manifold of dimension
n defined over the reals, and let M be its real locus. We study the
vanishing locus Z, in M of a random real holomorphic section s4 of
T ® L4, where £ — X is an ample line bundle and £ — X is a rank
¥ Hermitian bundle, ¥ € {1,...,n}. We establish the asymptotic of
the variance of the linear statistics associated with Zs,, as d goes to
infinity. This asymptotic is of order d" /2. As a special case, we get
the asymptotic variance of the volume of Zj,.

The present paper extends the results of [22], by the first-named
author, in essentially two ways. First, our main theorem covers the
case of maximal codimension (r = n), which was left out in [22].
Second, we show that the leading constant in our asymptotic is posi-
tive. This last result is proved by studying the Wiener-Ité expansion
of the linear statistics associated with the common zero set in RP™ of
v independent Kostlan-Shub-Smale polynomials.
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1650 THOMAS LETENDRE ¢»* MARTIN PUCHOL

1. INTRODUCTION

In recent years, the study of random submanifolds has been a very active research
area [9, 14, 15,25, 26, 29]. There exist several models of random submanifolds,
built on the following principle. Given M a dimension 1 ambient manifold and
r € {1,...,n}, we consider the common zero set of  independent random func-
tions on M. Under some technical assumption, this zero set is almost surely a
codimension ¥ smooth submanifold.

In this paper, we are interested in a model of random real algebraic subman-
ifolds in a projective manifold. It was introduced in this generality by Gayet and
Welschinger in [13] and studied in [14, 15,21, 22], among others. This model is
the real counterpart of the random complex algebraic submanifolds considered by

Bleher, Shiffman and Zelditch [6,30,31].

Framework. Let us describe more precisely our framework. More details
are given in Section 2, below. Let X be a smooth complex projective manifold of
dimension n > 1. Let £ be an ample holomorphic line bundle over X, and let
E be arank v € {1,...,n} holomorphic vector bundle over X. We assume that
X, E, and £ are endowed with compatible real structures and that the real locus
of X is not empty. We denote by M this real locus which is a smooth closed (i.e.,
compact without boundary) manifold of real dimension n.

Let h and hy denote Hermitian metrics on Z and £, respectively, which are
compatible with the real structures. We assume h, has positive curvature w, so
that w is a Kihler form on X. This w induces a Riemannian metric g on X,
and hence on M. Let us denote by |dViy| the Riemannian volume measure on M
induced by g.

For any d € N, the measure |dVy| and the metrics he and h, induce a
Euclidean inner product on the space RH?(X, E ® £4) of global real holomorphic
sections of £ ® L4 — X (see equation (2.2)). Given s € RHY(X,E ® L£4), we
denote by Zs = s71(0) N M the real zero set of 5. For d large enough, for almost
every s with respect to the Lebesgue measure, Zs is a codimension # smooth closed
submanifold of M, possibly empty. We denote by |dVs| the Riemannian volume
measure on Zs induced by g. In the following, we consider |dVs| as a Radon
measure on M, which is a continuous linear form on (CO(M), || - |ls), where
| -l denotes the sup norm.

Remark 1.1. If n = v then Z; is a finite subset of M for almost every s. In
this case, |dV;| is the sum of the unit Dirac masses on the points of Z;.

Let s4 be a standard Gaussian vector in RHY(X,E ® £4). Then, [dVy,| is
a random positive Radon measure on M. We set Zg = Zs, and [dVy| = |dVy,|
in order to simplify notation. We are interested in the asymptotic distribution of

the linear statistics (|dV]|, ¢p) = J ¢ |dVy4|, where ¢ : M — R is a continuous
Zq

test-function. In particular, (|dVy4l,1) is the volume of Z; (its cardinal if n = 7),
where 1 is the unit constant function on M.
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Variance of the Volume of Random Real Algebraic Submanifolds II 1651

As usual, we denote by E[X] the mathematical expectation of the random
vector X. The asymptotic expectation of (|dVy|, ¢p) was computed in Section 5.3
of [21].

Theorem 1.2 ([21]). Let X be a complex projective manifold of positive dimen-
sion W defined over the reals; we assume that its real locus M is non-empty. Let E — X
be a rankv € {1,...,n} Hermitian vector bundle, and let L — X be a positive Her-
mitian line bundle, both equipped with compatible real structures. For every d € N,
let sq be a standard Gaussian vector in RHY (X, E ® L4). Then, the following holds
asd — +oo;

vpechn, Eaval, ¢l =ar( [ glavy) e

+ lplleO (@’ h).

Moreover, the error term O(d"/?™1) does not depend on .

The asymptotic variance of (|dVyl, ¢), as d goes to infinity, was proved to
be a O(d""/2) when the codimension of Z; is ¥ < 1 (see [22, Theorem 1.6]).
Our first main theorem (Theorem 1.6 below) extends this result to the maximal
codimension case.

Statement of the main results. Before we state our main result, let us intro-
duce some more notation. We denote the covariance of the real random variables
X and Y by Cov(X,Y) = E[(X — E[X]D(Y — E[Y])]. Let Var(X) = Cov(X, X)
denote the variance of X. Finally, we call variance of |dV4l, and we denote by
Var(|dV4|) the symmetric bilinear form on C%(M) defined by

V 1, dpr € COM),  Var(ldVal) (1, P2) = Cov({|dVal, 1), (IdVal, p2)).

Definition 1.3. Given ¢ € C°(M), we denote by @y its continuity modulus,
which is the function from (0, + o) to [0, +c0) defined by

wg & — sup{lp(x) = | (x,3) € M2, py(x,¥) < &},

where pg (-, ) stands for the geodesic distance on (M, g).

We denote by M, (R) the space of matrices of size ¥ xn with real coefficients.

Definition 1.4. Let L : V — V' be alinear map between two Euclidean spaces.
We denote the Jacobian of L by |det* (L)| = /det(LL*), where L* : V' — V is
the adjoint operator of L. Similarly, let A € M, (R); we define its Jacobian to be
|det* (A)| = v/det(AAY).

Definition 1.5. For every t > 0, we define (X(t),Y(t)) to be a centered
Gaussian vector in My (R) X M, (R) such that the following hold:

e The couples (Xjj(t),Y;;(t)) withi,j € {1,...,n} are independent from
one another.
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1652 THOMAS LETENDRE ¢»* MARTIN PUCHOL

e The variance matrix of (X;;(t), Yij(t)) is

te ! —t/z( t )
! l1-et ¢ ! 1-et

t te t
—t)2 (1 _ _
€ <1 l—e—t> ! 1—et
and
1 et/i2 )
el ] otherwise.

We can now state our main result.

Theorem 1.6. Let X be a complex projective manifold of dimension n > 1
defined over the reals. We assume its real locus M is non-empty. Let E — X be a rank
v € {1,...,n} Hermitian vector bundle, and let L — X be a positive Hermitian line
bundle, both equipped with compatible real structures. For every d € N, let s4 be a
standard Gaussian vector in RHY(X,E ® £L4).

Let B € (0, %); then, there exists Cg > 0 such that, for all o« € (0, 1), for all $,
and ¢y € CO(M), the following holds as d — + oo:

ifj=1,

(1.1)  Var(|dVal) (1, ¢b2)

Vol (s 2
_ drfn/Z(JM¢1¢2|de|> (%Qn,r + 5THW>

+ P11l 12 llO (AT M27%) 4 |11 |, (Cpd PO (A7),

where Oy is the Kronecker symbol, equal to 1 if v = n and 0 otherwise, and

_ 1 E[ldert (X (1) [dect (Y ()]
(1.2) Tn, = ) JO ( (1 —e-t)ri2
Vol(s™")

2
(n-2)/2
Vol(S) ) Jem e < e

- @mr

Moreover, the error terms O(d" 2% and O(A"~"'2) in (1.1) do not depend on

(b1, P2).

Remark 1.7. Applying Theorem 1.6 with ¢; = 1 = ¢, gives the asymptotic
variance of the Riemannian volume of Z.

Theorem 1.8. For anyn € N* andv € {1,...,n}, the universal constant
Vol(s"—1) 2
(2m)r Tnr 5V"Vol(§n)

appearing in Theorem 1.6 is positive.
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Variance of the Volume of Random Real Algebraic Submanifolds II 1653

Remark 1.9. Theorem 1.8 was proved for ¥ = n = 1in [11], and for v =
n = 2 in [2]. Note that Theorem 1.8 states that 7, > 0 if ¥ < n, but this is not
necessarily the case when ¥ = n. Indeed, 7;,; < 0 by Proposition 3.1 and Remark
1in [11].

Let us state some corollaries of Theorem 1.6. Corollary 1.10, 1.11, and 1.12
below are extensions to the case ¥ < n of Corollary 1.9, 1.10, and 1.11 of [22],
respectively. The proofs that Theorem 1.6 implies (i.e., Corollaries 1.10, 1.11,
and 1.12) were given in [22, Section 5] in the case ¥ < n; they are still valid for
r < n. We do not reproduce these proofs in the present paper.

Corollary 1.10 (Concentration in probability). In the same setting as Theo-
rem 1.6, let & > —n /4 and let ¢ € CO(M). Then, for every € > 0, we have

P(d "2 {1AVal, b) ~ EL{IaVal, §)1] > de) = S 0(d "),

2
where the error term is independent of €, but depends on .

Corollary 1.11. In the same setting as Theorem 1.6, let U C M be an open
subset; then, as d — +o00 we have P(ZzNnU = @) = O(d~"?).

Let us denote the standard Gaussian measure on RH?(X, E ® £4) by dvg (see
(2.1)). Let dv denote the product measure @ zcn dvg on [Tgeny RHO(X, E® £4).
Then, we have the following result.

Corollary 1.12 (Strong law of large numbers). In the setting of Theorem 1.6,

let us assumen = 3. Let (Sq)den € [lgen RHY(X,E ® L) be a random sequence
of sections. Then, dv-almost surely,

Vol(S™")

—-v/2 |
d 'dvfd'dam Vol(S1)

[dVml,

in the sense of the weak convergence of measures. That is, dv-almost surely,

_ Vol(S"~")
0 /2
Ve o), dTHIAV | i o (| dlavil).

Related works and novelty of the main results. This paper extends the
results of [22] by the first-named author. In [22, Theorem 1.6], our main result
(Theorem 1.6 above) was proved for ¥ < n and « € (0, &), where &g € (0,1)
is some explicit constant depending on 7 and ¥. The main novelty in Theorem
1.6 is that it covers the case of maximal codimension (r = n), that is, the case
where Z; is almost surely a finite subset of M. This case was not considered in
[22] because of additional singularities arising in the course of the proof, which
caused it to fail when v = n.

An important contribution of the present paper is that we prove new estimates
(see Lemmas 5.26, 5.28, and 5.29) for operators related to the Bergman kernel of
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1654 THOMAS LETENDRE ¢»* MARTIN PUCHOL

F ® £, which is the correlation kernel of the random field (s4(x))xem. These
estimates are one of the key improvements that allow us to prove Theorem 1.6 in
the case ¥ = n. They also allow us to consider & € (0, 1) instead of & € (0, xp).
Finally, the use of these estimates greatly clarifies the proof of Theorem 1.6 in the
case ¥ < M, compared to the proof given in [22]. For this reason, we give the
proof of Theorem 1.6 in the general case ¥ € {1,...,n} and not only for ¥ = n.
This does not lengthen the proof.

The second main contribution of this article is the proof of the positivity of the
leading constant in Theorem 1.6 (cf. Theorem 1.8). This result did not appear in
[22]. Since the leading constant in Theorem 1.6 is universal, when ¥ = n one can
deduce Theorem 1.8 from results of Dalmao [11] (if ¥ = n = 1) and Armentano-
Azas-Dalmao-Leén [2] (if ¥ = n > 2). In [2,11], the authors proved Theorem
1.6 in the special case where Z; is the zero set in RP" of n independent Kostlan-
Shub-Smale polynomials (see Subsection 6.1 below). Their results include the
positivity of the leading constant, and hence imply Theorem1.8 in this case. To
the best of our knowledge, Theorem 1.8 is completely new for v < n.

Note that when n = ¥ = 1, our setting covers the case of the binomial poly-
nomials on C with standard Gaussian coefficients. Much more is known in this
case, including variance estimates for the number of real zeros of non-Gaussian
ensembles of real polynomials (see [34]).

Our proof of Theorem 1.8 uses the Wiener-Itd expansion of the linear statis-
tics associated with the field (54(x))xem. This kind of expansion has been studied
by Slud [33] and Kratz-Leén [18,19]. It was used in a random geometry context
in [2,11,12,25]. In [12,25], the authors used these Wiener chaos techniques
to prove Central Limit Theorems for the volume of the zero set of Arithmetic
Random Waves on the two-dimensional flat torus (see also [11] in an algebraic
setting). In [2, 11], these methods where used to prove Theorem 1.8 when v = n.

In the related setting of Riemannian Random Waves, Canzani and Hanin
[8] obtained recently an asymptotic upper bound for the variance of the linear
statistics. To the best of our knowledge, in this Riemannian setting, the precise
asymptotic of the variance of the volume of random submanifolds is known only
when the ambient manifold is $2 (cf. [35]) or T2 (cf. [12,20]). We refer to the
introduction of [22] for more details about related works.

About the proofs. The proof of Theorem 1.6 broadly follows the lines of the
proof of [22, Theorem 1.6]. The random section s4 defines a centered Gaussian
field (sq(x))xem whose correlation kernel is Eq, the Bergman kernel of £ ® £4
(see Subsection 2.4). Thanks to results of Dai-Liu-Ma [10] and Ma-Marinescu
[24], we know that this kernel decreases exponentially fast outside of the diagonal
A = {(x,y) € M? | x = y}, and that it admits a universal local scaling limit
close to A (see Section 3 for details).

By an application of Kac-Rice formulas (cf. Theorems 5.1, 5.5), we can ex-
press the covariance of (|dVyl, ¢1) and (|dVal, ) as a double integral over
M X M of ¢1(x)¢2(y) times a density function Dy (x,y) that depends only
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Variance of the Volume of Random Real Algebraic Submanifolds II 1655

on Eg. Our main concern is to understand the asymptotic of the integral of
Da(x,y),asd — +oo.

Thanks to the exponential decay of the Bergman kernel, we can show that the
leading term in our asymptotic is given by the integral of D4 over a neighborhood
Ag of A, of typical size 1/ Vd (see Proposition 5.22). Changing variables so that
we integrate on a domain of typical size independent of d leads to the apparition
of a factor d"/2. Besides, D, takes values of order d” on Ay (see Proposition
5.25). This explains why the asymptotic variance is of order d”~"/2 in Theorem

1.6.

The behavior of Eg4 allows us to prove that D4 admits a universal local scaling
limit on Ag. The main difhiculty in our proof is to show that the convergence to
this scaling limit is uniform on Ag (see Proposition 5.25 for a precise statement).
This difficulty comes from the fact that Dy is singular along A, just like almost
everything in this problem. This is where our proof differs from [22]. In [22],
the uniform convergence of Dy to its scaling limit on Ay is not established, and
one has to work around this lack of uniformity. This yields a complicated proof
that fails when ¥ = n. Here, we manage to prove this uniform convergence,
thanks to some new key estimates (see Lemmas 5.26, 5.28, and 5.29) that form
the technical core of the paper. This allows us to both improve on the results of
[22] and simplify their proof.

As we explained, our proof relies on two properties of the Bergman kernel
E4: namely, the existence of a scaling limit around any point at scale 1/ Jd, and
its exponential decay outside of the diagonal. These features are also exhibited by
Bergman kernels in other settings such as those of [4] or [5], so one might hope
to generalize our results to these settings, at least in the bulk. Unfortunately, we
also need a precise understanding of the scaling limit of Eg, which is possible in
our framework because it is universal (it only depends on 1) and invariant under
isometries (see Section 4 for more details). As far as we know, it is much more
complicated to study this scaling limit in other settings (such as those of [4] and
[5]), so we do not pursue this line of inquiry in the present paper, and leave it for
future research.

Let us now discuss the proof of Theorem 1.8. One would expect to prove
this by computing a good lower bound for 7, -, directly from its expression (see
equation (1.2)). To the best of our knowledge this approach fails, and we have to
use subtler techniques.

Since the leading constant in (1.1) only depends on 7 and 7, we can focus on
the case of the volume of Z; (where ¢ = 1 = ¢b,) in a particular geometric set-
ting. We consider the common real zero set of ¥ independent Kostlan-Shub-Smale
polynomials in RP" (see Subsection 6.1 for details). This allows for explicit com-
putations since the Bergman kernel is explicitly known in this setting. Moreover,
the distribution of these polynomials is invariant under the action of Oy+1(R)
on RP", which leads to useful independence proprieties that are not satisfied in
general.
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1656 THOMAS LETENDRE ¢»* MARTIN PUCHOL

In this framework, we adapt the strategy of [2, 11] to the case ¥ < n. First,
we compute the Wiener-Itd expansion of the volume of Z4. That is, we expand
Vol(Zy) as 3 ;en Vol(Z4) [q], where the convergence is in the space of L? random
variables on our probability space, and Vol(Z4)[q] denotes the g-th chaotic com-
ponent of Vol(Z4). In particular, Vol(Z4)[0] is the expectation of Vol(Z4), and
the (Vol(Z4)[q]) gen are pairwise orthogonal L? random variables. Hence,

Var(Vol(Zy)) = > Var(Vol(Z4)[4]).
q>1

The chaotic components of odd order of Vol(Zy) are zero, but we prove that
Var(Vol(Z4)[2]) is equivalent to AT 20 as d — + o0, where C > 0 (see Lemma
6.17). This implies Theorem 1.8.

Outline of the paper. In Section 2, we describe precisely our framework and
the construction of the random measures [dVy]. We also introduce the Bergman
kernel of £ ® £4 and prove that it is the correlation kernel of (s4(x))xem. In
Section 3, we recall estimates for the Bergman kernel, and its scaling limit. Section
4 is dedicated to the study of the Bargmann-Fock process, that is, the Gaussian
centered random process on R™ whose correlation function is

1
(w,2) — exp(=5llw - z[?).

This field is the local scaling limit of the random field (s54(x))xem, in a sense to be
made precise below. Section 5 and 6 are concerned with the proofs of Theorem 1.6
and Theorem 1.8, respectively. Note that in Section 6 we have to study in detail
the model of Kostlan-Shub-Smale polynomials, which is the simplest example of
our general real algebraic setting. We conclude this paper by two appendices, Ap-
pendix A and Appendix B, in which we have gathered the proofs of the technical
lemmas of Section 4 and Section 5, respectively.

2. RANDOM REAL ALGEBRAIC SUBMANIFOLDS

In this section, we introduce the main objects we will be studying throughout
this paper. We first recall some basic definitions in Subsection 2.1. In Subsection
2.2, we introduce our geometric framework. In Subsection 2.3, we describe our
model of random real algebraic submanifolds. Finally, we relate these random
submanifolds to Bergman kernels in Subsection 2.4.

2.1. Random vectors. Let us recall some facts about random vectors (see,
e.g., [21, Appendix A]). In this paper, we only consider centered random vectors,
so we give the following definitions in this setting.

Let X; and X, be centered random vectors taking values in Euclidean (or
Hermitian) vector spaces Vi and V>, respectively; then, we define their covariance
operator as

COV(Xl,Xz) UV — [E[X](’U,Xz)]
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Variance of the Volume of Random Real Algebraic Submanifolds II 1657

from V; to Vy. Forall v € V5, we set v* = (-,v) € V5. Then, Cov(X;, X3) =
E[X; ® X;] is an element of V; ® V. Let X be a centered random vector
in a Euclidean space V. The wvariance operator of X is defined as Var(X) =
Cov(X,X) = E[X® X*] € V@ V*. Let A be a non-negative self-adjoint operator
on (V,(-,-)). We denote by X ~ N (A) the fact that X is a centered Gaussian
vector with variance operator A. This means that the characteristic function of X
is & — exp(—%(AE, &)). Finally, we say that X € V is a standard Gaussian vector
if X ~ N (Id), where Id is the identity operator on V..
If A is positive, the distribution of X ~ N (A) admits the density

|
(2.1) _§<A x,x))

o
V211 Adet(A)

with respect to the normalized Lebesgue measure of V, where N = dim(V). Oth-
erwise, X takes values in ker(A)* almost surely, and it admits a similar density as
a variable in ker(A)*.

2.2, General setting. Let us introduce more precisely our geometric frame-
work. Let X be a smooth complex projective manifold of positive complex dimen-
sion n. Let cx be a real structure on X, that is, an anti-holomorphic involution.
The real locus of (X, cx) is the set M of fixed points of cx. In the following, we
assume M is non-empty. It is known that M is a smooth closed submanifold of X
of real dimension n (see [32, Chapter 1]).

Let £ — X be a holomorphic vector bundle of rank » € {1,...,n}. We
denote by ¢ its bundle projection. Let ¢z be a real structure on E, compatible
with cx in the sense that cx o Tz = 1z o ¢z and cz is fiberwise C-anti-linear.
Let h be a Hermitian metric on Z such that ¢z (hz) = he. A Hermitian metric
satisfying this condition is said to be rea/. Similarly, let £ — X be an ample
holomorphic line bundle equipped with a compatible real structure ¢, and a real
Hermitian metric h,.

We assume that (£, hr) has positive curvature, that is, its curvature form cw is
Kihler. Recall that, if Tj is a local non-vanishing holomorphic section of £, then
w = (1/(2i))301n(h (Lo, Co)) locally. This Kihler form defines a Riemannian
metric g on X (see, e.g., [16, Section 0.2]). In turn, g induces a Riemannian
volume measure on X and on any smooth submanifold of X. We denote by
dVy = w"/n! the Riemannian volume form on (X, g). Similarly, let [dVi|
denote the Riemannian measure on (M, g).

Let d € N; then, we endow F ® £4 with the real structure ¢y = cr ® (c)4,
which is compatible with cx, and the real Hermitian metric hg = hf ® h%.
Let T(Z ® £%) denote the space of smooth sections of £ ® £4; we then define a
Hermitian inner product on T'(E ® £4) by

(2.2) Vs,$ €eT(E® LY, (s1,8) = L( ha(s1(x),52(x))dVy.
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1658 THOMAS LETENDRE ¢»* MARTIN PUCHOL

Remark 2.1. In this paper, (-, -) will either denote the inner product of a
Euclidean (or Hermitian) space or the duality pairing between a Banach space and
its topological dual. Which one should be clear from the context.

We say that a section s € T(E ® L) is real if it is equivariant for the real
structures, that is, cg o s = s o cx. We denote by RI[(£ ® L) the real vector space
of real smooth sections of £ ® £4. The restriction of {-,-) to R[(E ® £%) is a
Euclidean inner product. Note that, despite their name, real sections are defined
on the whole complex locus X and that the Euclidean inner product is defined by
integrating over X, not just M.

Let x € M; then, the fiber (£ ® £4), is a dimension ¥ complex vector space,
and the restriction of ¢4 to this space is a C-anti-linear involution. We denote by
R(E® L4), the set of fixed points of this involution, which is a real ¥-dimensional
vector space. Then, R(E ® £4) — M is a rank 7 real vector bundle, and, for any
s € RI[(E ® £4), the restriction of s to M is a smooth section of R(E ® £4) — M.

Let HO(X, E® L) denote the space of global holomorphic sections of £® 14,
This space is known to be finite dimensional (compare [23, Theorem 1.4.1]). Let
N denote the complex dimension of HY(X,F ® £4). We denote by

RHY(X,E® L4) = {s e HY(X,E® L%) | cjos =5SocCx}

the space of global real holomorphic sections of £ ® £4. The restriction of the
inner product (2.2) to RHY(X,E ® £4) (respectively, H*(X,E ® £4)) makes it
into a Euclidean (respectively, Hermitian) space of real (respectively, complex)
dimension N .

2.3. Random real algebraic submanifolds. This section is concerned with
the definition of the random submanifolds we consider and some related random
variables.

Letd € N and s € RHY(X,E ® £4). Then, we denote by Z; the real zero
set s71(0) N M of s. If the restriction of s to M vanishes transversally, then Z;
is a smooth closed submanifold of codimension ¥ of M (note that this includes
the case where Z is empty). In this case, we denote by |dV;| the Riemannian
volume measure on Zs induced by g. In the following, we consider |dV;| as the

continuous linear form on (C®(M), || - ||») defined by
Ve, (V@) = [ dGalavil,

Definition 2.2 (compare [27]). We say that RH(X,E ® L4) is 0-ample if,
for any x € M, the evaluation map evd 1 s — s(x) from RHY(X,E ® £4) to
R(E® L4), is surjective.

Lemma 2.3. There exists di € N, depending only on X, E, and L, such that for
alld > dy, RHY(X,E ® L?) is 0-ample.

This content downloaded from
195.221.160.9 on Wed, 19 Feb 2025 09:06:25 UTC
All use subject to https://about.jstor.org/terms



Variance of the Volume of Random Real Algebraic Submanifolds II 1659

Proof. This can be deduced from the Riemann-Roch formula, for example. It
is also a byproduct of the computations of the present paper and will be proved
later on (see Corollary 5.11 below). O

Let us now consider a random section in RH?(X,E ® £4). Recall that
RHO(X,E ® £4), endowed with the inner product (2.2), is a Euclidean inner
product of dimension Ny.

Let s4 be a standard Gaussian vector in RHO(X,E ® £4).

Lemma 2.4. For every d > di, Zs, is almost surely a smooth closed codimension

v submanifold of M.

Proof- Since d > d;, we have that RHY(X,E® L) is 0-ample. By a transver-
sality argument (see [21, Section 2.6] for details), this implies that the restriction
of s to M vanishes transversally for almost every s € RHY(X,E ® £4) (with re-
spect to the Lebesgue measure). Thus, almost surely, s4 restricted to M vanishes
transversally, and its zero set is a smooth closed submanifold of codimension ¥. O

From now on, we only consider the case d > d;, so that Zs, is almost surely
a random smooth closed submanifold of M of codimension *. For simplicity, we
denote Z; = Z;, and |dV4| = |dVs,|. Let ¢ € CO(M) and d > d; then, the real
random variable (|dVy|, @) is called the /inear statistic of degree d associated with
¢. For example, (|dV4l,1) is the volume of Z;.

2.4. The correlation kernel. The random section s; € RHY(X,E ® £9)
defines a centered Gaussian process (S4(x))xex, for any d € N. In this section,
we recall the relation between the distribution of this process and the Bergman
kernel of £ ® £4.

Recall that (£ ® £49) ® (E ® L4)* stands for the bundle

P} (E® L% ® Py ((E ® LT)*)

over X X X, where P (respectively, P;) denotes the projection from X X X onto
the first (respectively, second) X factor. The distribution of (s4(x))xex is char-
acterized by its covariance kernel, that is, the section of (£ ® LY R (E @ L4)*
defined by: (x,y) — Cov(sq(x),s4(¥)) = E[sa(x) ® sa(»)*].

Definition 2.5. Let E; denote the Bergman kernel of E L4 - X, that is, the
Schwartz kernel of the orthogonal projection from I (£® £4) onto H* (X, E® L%).

Let (S1,d,---,5N,.4) be an orthonormal basis of RH? (X, E ® £4). Then, it is
also an orthonormal basis of HO(X, E ® £4). Recall that Ej is given by

Na
Eq:(x,y) — > sia(x)®sia(y)*.

i=1
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1660 THOMAS LETENDRE ¢»* MARTIN PUCHOL

This shows that Eg is a real global holomorphic section of (£ ® £4) = (£ ® L4)*.
The following proves that the distribution of (s4(x))xex is totally described by
E,;.

Proposition 2.6 (compare (22, Proposition 2.0]). Lerd € N and let s4 be a
standard Gaussian vector in RHY(X,E ® £L2). Then, Jor all x and y € X, we have
Cov(sa(x),54(y)) = Ea(x, ).

Thus, the Bergman kernel of £ ® £ gives the correlations between the values
of the random section s4. By taking partial derivatives of this relation, we obtain
the correlations between the values of s; and its derivatives. More details about
what follows can be found in [22, Section 2.3].

Let V4 be a metric connection on F ® £4. This induces a dual connection
(VA* on (E ® LA)*, which is compatible with the metric (cf. [16, Section 0.5]).
We can then define a natural metric connection V4 on Py (£ ® £4) — X x X
whose partial derivatives are V¥ with respect to the first variable, and the trivial
connection with respect to the second. Similarly, (V4)* induces a metric con-
nection Vg on PS ((£ ® £4)*), and V‘li ®Id + Id®V§ is a metric connection on
(E® L% = (F o L4)*,

We denote by 3y (respectively, dy) the partial derivative of V4 ® Id + Id ® V4
with respect to the first (respectively, second) variable. Let

05Ea(x,y) € TyX ® (E® L) ® (F® L)}
be defined by
VweTyX, 05Ea(x,y) w*=0yEq(x,y) w.
Similarly, let 3x 05 E4(x,¥) € TEX ® Ty X ® (£ ® L4) ® (£ ® £4)7 be defined
by
V(w,w) e T X xT)X,

Ox 05Ea(x,y) - (v, w*) = 0x 0y Ea(x,y) - (v, w).

The following corollary was proved in [22, Corollary 2.13].

Corollary 2.7. Letd € N, let V¥ be a metric connection on E ® L4, and let sq
be a standard Gaussian vector in RHO(X,E ® £2). Then, Jor all x and y € X, we
have

Cov(Vis,s(y)) = E[Vis ® s(y)*] = 0xEa(x, ),

Cov(s(x),V$s) = E[s(x) ® (VEs)*] = 35 Ea(x, ),
Cov(Vis, Vis) = E[Vis ® (V$$)*] = 0x 05 Ea(x, ).
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3. ESTIMATES FOR THE BERGMAN KERNEL

In this section, we recall useful estimates for the Bergman kernels. First, in Sub-
section 3.1 we recall the definition of a preferred trivialization of £ ® £4 — X.

Then, we state near-diagonal and off-diagonal estimates for a scaled version of Eq
in Subsections 3.2 and 3.3.

3.1. Real normal trivialization.

Notation 3.1. In the following, Bs(a, R) denotes the open ball of center a
and radius R in the metric space A.

Let d € N, and let us define a preferred trivialization of £ ® L4ina neigh-
borhood of any point of M. The properties of this trivialization were studied in
Section 3.1 of [22]. Recall that the metric g on X is induced by the curvature
of (£, hy). Since hy is compatible with the real structures, cx is an isometry of
(X,g) (see [22, Section 2.1] for details).

Let R > 0 be such that 2R is less than the injectivity radius of X. Let also
X € M; then, the exponential map exp,. : Br,x(0,2R) — Bx(x,2R) defines a
chart around x such that

dxcx = (expx)*1 °Cx oexp, .

In particular, since TxM = ker(dxcx — Id), we have that exp,. induces a diffeo-
morphism from Br,um(0,2R) to By (x,2R) that coincides with the exponential
map of (M, g) at x.

We can now trivialize £ ® £2 over By (x,2R), by identifying each fiber with
(E ® L%)y by parallel transport along geodesics, with respect to the Chern con-
nection of £ ® £4. This defines a bundle map

@x : Br,x(0,2R) X (E ® L) — (E ® L) 5, (x.2r)

that covers exp,.. We call this trivialization the real normal trivialization of E ® ra
around x.

Definition 3.2. A connection V¥ on £ ® £4 — X is said to be real if for
every smooth section s we have

d

VyeX, Vf,(chSOCX) =ca° Ve (y

)S o dyCX

Such a connection induces a connection on R(E ® £4) — M by restriction.

Recall that ¢z denotes the real structure of £ ® £%. Let g, denote its restric-
tion to (£ ® £4),; then, we have that (dxCx,C4,x) is a C-anti-linear involution
of Br,x(0,2R) X (£ ® L) that is compatible with the real structure on the first
factor. Since the Chern connection of £ ® £4 is real (see [22, Lemma 3.4]), the
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real normal trivialization is well behaved with respect to the real structures, in the
sense that for all z € Br, x(0,2R) and T € (F ® £9),

ci(Px(2,0)) = @x(dxcx - z,¢4,x(T)).

Thus, @y can be restricted to a bundle map
Brm(0,2R) X R(E ® L4) — R(E ® L4) B, (x.28)

that covers exp, .

Finally, it is known (cf. [22, Section 3.1]) that @y is a unitary trivialization
(i.e., its restriction to each fiber is an isometry). Similarly, its restriction to the real
locus is an orthogonal trivialization of R(E ® £4) /g, (x.2R)-

The point is the following. The usual differentiation for maps from T, X to
(E® L4) defines locally a connection V4 on (Ee L) /By (x,2R) Via the real normal
trivialization. Since this trivialization is well behaved with respect to both the real
and the metric structures, V¢ is a real metric connection. Then, by a partition of
unity argument, there exists a global real metric connection V4 on £ ® £4 that
agrees with V4 on Bx(x, R); that is, V4 is trivial in the real normal trivialization,
in a neighborhood of x. The existence of such a connection will be useful in the
proof of our main theorem.

3.2. Near-diagonal estimates. In this section, we state estimates for a scaled
version of the Bergman kernel in a neighborhood of the diagonal of M x M. As in
the previous section, let R > 0 be such that 2R is less than the injectivity radius of
X. Let x € M; then, the real normal trivialization @, induces a trivialization of
(F® L) R (F ® L4)* over By (x,2R) X Bx(x, 2R) that covers exp,. X exp,.. This
trivialization agrees with the real normal trivialization of (£ ® L4 = (F @ LA)*
around (x, x).

In the normal chart exp,., we note that the Riemannian measure dVy admits
a positive density with respect to the Lebesgue measure of (Tx X, gx), denoted by
K : Br,x(0,2R) — R,. Then, in the chart exp,. : By, m(0,2R) — By (x,2R), the
density of [dV| with respect to the Lebesgue measure of (TxM, gx) is /K.

Let us identify Eg with its expression in the real normal trivialization of (£ ®
L9 & (F ® L9* around (x,x). Thus, the restriction of E4 to the real locus is
a map from TxM x TyM to End(R(E ® £4)y). Then, by [10, Theorem 4.18’]
(see also [22, Theorem 3.5] for a statement with the same notation as the present
paper), we get the following estimate for E4 and its derivatives of order at most 6.

Theorem 3.3 (Dai-Liu-Ma). There exist Cy and Cy > 0, such that, for all
ke {0,1,...,6},alld e N*, allx € M, and all w, z € By, ;(0,R),

d\" exp(=(d/2)|z - wl|?)
HDI((w,Z) <Ed(w,2) - (F) b IdR(T@ﬁd)X>
< Crd™ kPN (1 + VA (Jlwll + 11210)2 2 exp(-Covdllz — wl) + O(d™™),

VK(W)VK(Z)
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where DX is the k-th differential for a map from TxM x TxM to End(R(E ® £%),),
the norm on TxM is induced by gx, and the norm on (TEM)® @ End((E ® £4))
is induced by gx and (hq) x.

The notation O(d~*) means that, for any £ € N, this term is O(d~Y) with a
constant that does not depend on x, w, z, nor d.

Recall that x is fixed. We denote by ey the following scaled version of the
Bergman kernel around x:

(3.1) VY w,z € By (0,2RVA),

1= (1) o, (25) . (5)

We consider e4 as a map with values in End(R(E ® £4),) using the real normal
trivialization around x. Note that es highly depends on x, even if this is not
reflected in the notation. In the following, the base point x will always be clear
from the context.

Let &: R" X R"™ — R be defined by &(w, z) = exp(—%llw —z|I?), where || - ||
is the usual Euclidean norm. Let x € M; then, any isometry from TxM to R"
allows us to see & as a map from TxM x TxM to R. Let by, be a positive constant
depending only on n and whose value will be chosen later on. Then, using the
same notation as in Theorem 3.3 we get the following.

Proposition 3.4. Let o« € (0,1); then, there exists C > 0, depending only on
&, N, and the geometry of X, such that ¥ k € {0,1,...,6}, Vd € N*, Vx € M,
Yw,ze BTXM(O; bn In da). We have

IDy 2 ed — (Dfy, 2) &) ldrzrera), || < CA™

Proof- First, we apply Theorem 3.3 for the scaled kernel e4. This yields that,
forall k € {0,1,...,6},alld e N*, all x € M, and all w, z € By, ;4 (0, by Ind),

E(w,z)
HD](CW’Z) <ed(w,z) - mldk(f®£d)x>"

< %(1 +2byInd)*" 12+ 0(d™®) = 0(d™™),

where ¥ : z — k(z/+/d). Since we used normal coordinates to define k, the
following relations hold uniformly on Bz, x (0,R):

kK(z) =1+0(lzI?), D:k=0(zll) and Vke{2,...,6}, Dk = 0(1).

By compactness, these estimates can be made independent of x € M. Then,
we obtain the following estimates for K and its derivatives, uniformly in x € M
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and z € By, m(0, by Ind):

oo (b Ind)? o (bnlnd>
K(Z)—1+O<7d ), D,k=0 a

and Vke{2,...,6} D§~:0(é).

Therefore, for all k € {0,1,...,6}, forall d € N*, for all x € M, and for all
w,z EBTXM(O,bnlnd),

k g(wyz) 1k _ —
'D‘“"Z)( k(w)k(z)) D““'Z)E‘ o c

We will use the expressions of some of the partial derivatives of §. Let us
choose any orthonormal basis of TxM and denote by 0y, (respectively, 0,,) the
partial derivative with respect to the i-th component of the first (respectively, sec-
ond) variable.

Lemma 3.5. Leti,j e {1,...,n}.

Forallw = (wy,...,wp) andz = (z1,...,2n) € Ty M, we have

35 E(w, 2) = —(wi — 2{) exp (—%nw -21P),

1
0y,E(x,y) = (W) — zj) exp (—zllw - Z||2> ,
and
1 2
Ox; 0y;&(x, ) = (6ij — (Wi — zi) (wj — zj)) exp (—Ellw - z| ) ,

where 0;j equals 1 if i = j and O otherwise.
Proof. This is given by a direct computation. O

3.3. Off-diagonal estimates. Finally, let us recall estimates quantifying the
long range decay of the Bergman kernel E4. These estimates were proved by Ma
and Marinescu in [24, Theorem 5].

Let S be a smooth section of R(F® L9)®R(E® L£4)*, and let x, Y € M. De-
note by [|S(x, ¥)llcx the maximum of the norms of S and its derivatives of order
at most k at (x,y) € M x M, where the derivatives of S are computed with re-
spect to the connection induced by the Chern connection of £ ® £% and the Levi-
Civita connection on M. The norms are the natural ones induced by h4 and g.

Theorem 3.6 (Ma-Marinescu). There exist dy € N*, and positive constants
C and C5 such that, for all k € {0,1,2}, all d > do, and all x, ¥y € M, we have

IEq(x, ¥)llck < C1d™ 12 exp(—Codpg(x, ¥)),

where py (-, -) denotes the geodesic distance in (M, g).
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4. PROPERTIES OF THE LIMIT DISTRIBUTION

The estimates of Section 3.2 show that the family (s4(x))xem of random fields
has a local scaling limit around any point x € M, as d goes to infinity. Moreover,
the limit field does not depend on x. The limit is a Gaussian centered random
process from R™ to R" whose correlation kernel is e : (w,z) — &(w,2)I,,
where I, stands for the identity of R” and & was defined in Section 3.2. This limit
process is known as the Bargmann-Fock process.

The goal of this section is to establish some properties of the Bargmann-Fock
process. These results will be useful in the next section to prove that, for d large
enough, the local behavior of 54 around any given x € M is the same as that of
the limit process.

In the following, we denote by (s(z))zegrn a copy of the Bargmann-Fock
process. Since & is smooth, we can assume the trajectories of s are smooth. Note
that s is both stationary and isotropic. Moreover, since eo = &I, the field s
is just a tuple of v independent identically distributed centered Gaussian fields
whose correlation kernel is €.

4.1. Variance of the values. The first thing we want to understand about s
is the distribution of (s(0),5(z)) € R” @ R" for any z € R". In the following,
we canonically identify R” & R” with R? ® R

Let z € R™; then, (s(0),s(z)) is a centered Gaussian vector in R? ® R” with
variance operator

_ (ex(0,0) ex(0,2)\ _ (£(0,0)I £(0,2)I,
4.1 0(z) = <eoo(z,0) ew(z,Z)) - <§(2,0)Ir E(z,Z)Iy>

1 ezl
=\ e-t21zr ®Ir.

Let Q = (1/+/2) (] 71) € 02(R) denote the rotation of angle 71/4 in R?. We
can explicitly diagonalize ©(z) as follows.

Lemma 4.1. For any z € R™ we have the following:

~ 1 — e~ /2DzI? 0
(Q ®IY)®(Z)(Q ®I‘)’) ! = ( 0 1 + 67(1/2)“2“2 ®I‘r

Proof: Since (Q ® I;)™! = Q' ® I, by equation (4.1), it is enough to notice

that
1 ez | — o-(DIzI? 0
Q <e—<1/2)|z|Z | Q= 0 L 4e-mizp)- B

Lemma 4.2. For all z € R", det(0(2)) = (1 — e~ 121", In particular, the
distribution of (s(0),5(2)) is non-degenerate for all z € R™ \ {0}.

Proof. We take the determinant of both sides in equation (4.1). 0
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4.2. Variance of the 1-jets. Let us now study the variance structure of the
1-jets of 5. For any z € R", we know that (5(0),5(z),dos,dS) is a centered
Gaussian vector in

RFreR" ¢ (RH*RN @ (RM*QR") = (ReRao (RMH* & (RM*) @ R.

Our goal in this section is to better understand its variance operator Q(z). In
the following, we write Q(z) by blocks according to the previous splitting. Let 0x
(respectively, 0,) denote the partial derivative with respect to the first (respectively,

second) variable for maps from R™ x R" to End(R"). Let us also define 35 as in
Subsection 2.4. Then, we have
ex(0,0)  ex(0,2) | 3}ex(0,0) dhew(0,2)
en(2,0) ew(z,2) ‘ 6§em(z,0) 6§em(z,z)
0x€e(0,0) Oy (0,2)[dy 05€w(0,0) dy 5ew(0,2)
0x€o0(2,0) 0xew(z,2)|0x 6§em(z,0) Ox 6§em(z,z)
QO (z)e®I,,

(4.2) Q(z) =

where

£(0,0) £(0,2) ‘ 05€(0,0)  35E(0,2)
£(z,0) E(z,2) | 3}E(z,00 98}E(z,2)
0xE(0,0) 3xE(0,2)[dx 95E(0,0) dx 35E(0,2)
0xE(2,0) 0xE(2,2)|0x 05E(2,0) 0 05E(2, 2)

Q'(z) =

Let (0/0x1,...,0/0xy) be any orthonormal basis of R™ such that we have
z = ||z]| /0x1, and let (dxq,...,dxy) denote its dual basis. Let (e, e2) denote
the canonical basis of R?; we denote by B; the following orthonormal basis of
R2e (Re (RM*) ~ReoRa® (R")* & (R")*:

B=(1®1,e01,e; ®dxy,e; ®dxy,...,e1 ® dxy,,e; ® dxy).
Lemma 4.3. For any z € R", the matrix of Q' (z) in the basis B is

Qdlz?)] 0

1 ezl ,
e-2IzIP ® In-1

where In_1 is the identity matrix of size n — 1 and, for all t > 0, we set

0

1 e~ (1/2)t 0 —/te~(1/2)t
_ e—(1/2)t 1 \/fef(l/2)t 0
(4.3) Qt) = _ -
0 \/fe (1/2)t 1 (1-1t)e (1/2)t
—/te~(1/2)t 0 (1 —t)e /2t 1
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Proof. A direct computation, by using the fact that z = (||z||,0,...,0) in the
basis (0/0x1,...,0/0xn), yields the result. Recall that the partial derivatives of §
are given by Lemma 3.5. O

Let z € R"™, and recall that z* € (R")* was defined as z* = (-, z), where
(-, -) is the canonical scalar product of R"™. We denote by z* ® z € End((R™)*)
the map n — n(z)z*. Then, from Lemma 4.3 we see that, as an operator on
ReRao (RM)* o (R")*,

4.4) Q'(z)
1 e~ (1/2)lzI 0 _e~ 12zl 5
e~ (2)zl? 1 e~ (2lzl? 5 0
- 0 e~ (1/2)lz]? % I, e~ WIzI (1, — z* @ 2)
—e—(12)ZI12 7% 0 e~z ([, — 2% & z) In

where z* is to be understood as the constant map t — z* from R to (R™)*, z is
to be understood as the evaluation at the point z from (R™)* to R, and Iy, is the
identity of R™. Indeed, both sides of (4.4) have the same matrix in the basis B..

We will now diagonalize explicitly Q(z), as we did for ©(z) in the previous
section. The main step is to diagonalize Q(z).

Definitions 4.4. We denote by v1, V3, V3, V4, and a the following functions
from [0, +0) to R:

U1:t~»1—e—(1/2)t(%_ 1+<§>2>’
vzztwl—e%l/z)t(%Jr 1+(§>2>,
UaitHlJre—(l/Z)t(%_ 1+<§>2>’
U45t'—>l+e*(1/2)t(%+ 1+(§>2>,

Note that, forall t > 0, |a(t)| < 1, so that the following makes sense.
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Definitions 4.5. Let b, : t — J1+a(t) and b_ : t — /1 —a(t) from

[0,+00) to R. Forall t = 0, let us also denote

b_(t) —=b_(t) =b.(t) —b.(t)
bi(t) =b.(t) b_(t) b-(t)
b_(t) b_(t) —b.(t) b.(t)
b.(t) bi(t) b_(t) —b_(t)

1
P(t) = 5

One can check that, for all t > 0, P(t) is an orthogonal matrix.

Lemma 4.6. For every t € [0, + ), we have

vi(t) O 0 0
0 wv(t) O 0
0 0 ws(t) O
0 0 0 w4(t)

PQP(t) ! =

Proof. See Appendix A. O
Corollary 4.7. Let z € R". Identifying Q' (z) with its matrix in Bz, we have

(P<||z|2>\ 0 )Q,(z)(mnzm\ 0 )1
0 [Qeli 0 |Qeli

villzl®) 0 0 0
0 vzl 0 0 0
3 0 0 wvlzl® 0
- 0 0 0wzl
o (1 _e-(2)lzI? 0 ) ol
0 1+ e— (/221 nol

By equation (4.2), we get a diagonalization of Q(z) by tensoring each factor
by I in Corollary 4.7.

Lemma 4.8. For all z € R™ \ {0}, we have det(Q(2)) > 0. That is, the
distribution of (s(0),5(2),doS,d.s) is non-degenerate.

Proof. See Appendix A. O

4.3. Conditional variance of the derivatives. The next step is to study
the conditional distribution of (dys,d.s) given that s(0) = 0 = s(z), for any
z € R"\ {0}. Recall that (s(0),s(z),dos,dzs) is a centered Gaussian vector
with variance Q(z) (see equation (4.2)). Moreover, if z # 0, the distribution of
(5(0),5(2)) is non-degenerate by Lemma 4.2.
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Variance of the Volume of Random Real Algebraic Submanifolds II 1669

Thus, (dos,d.s) given that s(0) = 0 = s(z) is a centered Gaussian vector in
((R™)* @ (R")*) ® R" with variance operator

# #
Ay = (2056 (0,0) 025 (0,2)
Ox ayeoo (z,0) O ayem (z,2)

B (axew (0,0) dxex(0, 2)) (ew (0,0) x (0, 2)) o

0x€w(2,0) 0xew(z,2) | \ex(z,0) ex(z,2z)

(aﬁew(o,m aﬁewm,z))

6§ew(z,0) 8§em(z,z)

By (4.2) and (4.4), for all z € R™ \ {0}, we have A(z) = A'(z) ® I, where
4.5) A'(2)

e lzl? . 1 .
1 — o2 L — ®Z)

-(1/2)]1zI2 1 « elzIP
¢ (In—mz ®Z) In_mz ®Zz

As in the previous section, let us denote by (8/0x1,...,0/0xy) an orthonor-
mal basis of R" such that z = ||z]| 0/0x1, and let (dx;,...,dx;,) denote its dual

basis. Let (e1, e;) denote the canonical basis of R?. We define B, to be the fol-
lowing orthonormal basis of R? ® (R™)* ~ (R")* @ (R")*:

n—

B, = (e; ® dx1, e ® dx1,...,e1 ® dxy, e ® dxy).
Lemma 4.9. For any z € R" \ {0}, the matrix of N'(2) in the basis B, is
AdlzI?)| 0
1 e Ul ,
0 -2z ® In-1
where, for all t > 0, we set
ot o~ (121 <1 _ #)
A _ 1—et 1—et
A(t) = “t
o2t (1 ¢ ) 1 te
l1—-et l1—-et

Proof- Since z = ||z|| 3/0x1, we have z* ® z = ||z||*dx; ® 0/0x. Hence,
the matrix of z* ® z in (dxy,...,dxy) is

()

Then, the conclusion follows from equation (4.5).
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1670 THOMAS LETENDRE ¢»* MARTIN PUCHOL

Remark 4.10. We can extend continuously A at t = 0 by setting A(0) = 0.
This yields continuous extensions of A" and A at z = 0. Note that A(0) is not the
variance operator of (dos, dos) given that s(0) = 0.

Definitions 4.11. Let u;, u, denote the following functions from R to R:

e _ o—(/2t
up:t [+ o=/t 1—e-(1/2)

1—et—te-/t
1—et+te- /Dt it ift +0,
, 2 : —
0 ift =0.

Once again, we will need an explicit diagonalization of A(z). Such a diago-
nalization is given by the following lemma, once we tensor each factor by I;.

Lemma 4.12. Let z € R™. Identifying N’ (z) with its matrix in B, we have

(QeI)AN(2)(QeI,)™!

ui(l1z1?) 0
0 w(lzl?)

B 1 — e~ /2DzI? 0
0 0 1+ ezl ® In-1

Proof. By Lemma 4.9, we only need to check that, forall £ > 0,

- ¢ ul(t) 0
QA(H)Q _( 0 uz(t)). m

Lemma 4.13. For all z € R"™ \ {0}, we have det(A(z2)) > 0, that is, the
distribution of (dos, d.s) given that s(0) = 0 = s(z) is non-degenerate.

Proof. See Appendix A. O

By Lemma 4.8, Q(z) is a positive self-adjoint operator on
(ReRa (RM* & (RM*) ® R",

forall z € R™\ {0}, and so is its inverse. Hence, Q(z) ! admits a unique positive
square root, which we denote by Q(z)~!/2. Similarly, by Lemma 4.13, A(2) is a
positive self-adjoint operator on ((R™)* @ (R™)*) ® R”, and we denote by A(z)!/2
its positive square root.

Lemma 4.14. The map z — (0 AV Q(2) V2 is bounded on R™ \ {0}.

Proof. See Appendix A. O

4.4. Finiteness of the leading constant. The goal of this section is to prove

that the constant 7, defined by equation (1.2) and appearing in Theorem 1.6 is
well defined and finite.
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Definition 4.15. Let n € N* and v € {1,...,n}. Forevery t > 0 we set

E[ldet™ (X () [det™ (Y ()]
(1 _ eft)r/2

Vol(S"") )2,

Dy, (t) = W

- @my (

where (X (t), Y (t)) is the centered Gaussian vector in My (R) X M, (R) defined
in Definition 1.5.

By the definition of 7, ;- (see equation (1.2)), we have
1t
,]n,‘y = = [ Dn’r(t)t(n_z)/z dt.
2 Jo

Hence, we must prove t — Dy, (£)t"~2/2 is integrable on (0, +), which boils
down to computing the asymprotic expansions of E[|det” (X (t))|[det* (Y (£))[]
ast — Oandast — +oo.

Let us now relate this to the Bargmann-Fock process (s(z))zern.

Lemma 4.16. Let z € R"™ \ {0}. Let (0/0x1,...,0/0xn) be an orthonormal
basis of R™ such that z = ||z||0/0x1, and let (Cy,...,Cy) be any orthonormal
basis of R". Then, the matrices of doS and ds in these bases, given that s(0) =
0 = 5(2), form a random vector in Myn(R) X Myn(R) which is distributed as
XUz, YUzI?)).

Proof Let us denote by X(z) and Y (z) the matrices of dos and ds in the
bases (0/0x1,...,0/0xy) and (Ci,...,Cr), given that s(0) = 0 = s(z). We
denote by X;;(z) (respectively, Y;;(z)) the coefficients of X (respectively, Y) for
i€ {l,...,r}and j € {1,...,n}. By Lemma 4.9, the couples (X;}, Y;i;) are cen-
tered Gaussian vectors in R? which are independant from one another. Moreover,
the variance matrix of (X; i(2), Yi j(2)) equals

AdllzlI) ifj=1,
and
1 e W2lzP .
o (/2P ) otherwise.
By Definition 1.5, this is precisely saying that (X(z),Y(z)) is distributed as
XUIz1%,YUIz1%). O
Lemma 4.17. Letn € N* andv € {1,...,n}. Then, ast — 0, we have the
Jollowing:
— !
% ifr < n,
E[Idec” (X ()] Idet* (Y(£))[] ~{ W77 71"
%t ifr = n.
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1672 THOMAS LETENDRE ¢»* MARTIN PUCHOL

Proof. See Appendix A. O

Lemma 4.18. For alln € N* and v € {1,...,n}, we have the following as
L — +o0:

Vol(S"™")

2
—t/2
Vol () ) rote.

E[Idec™ (X (0))] |det* (Y (£))]] = (2m)" (

Proof. See Appendix A. O

Lemmas 4.17 and 4.18 and the definition of D, ;- (Definition 4.15) allow us
to derive the following.

Corollary 4.19. Letn € N* andv € {1,...,n}; then, we have

O(e %) ast — +oo.

1
t(n—2)/2Dn’T(t) — { \/f as

+o0
In particular, In, = %[ Do, ()22 At is well defined and finite.
0

5. PROOF OF THEOREM 1.6

This section is concerned with the proof of our main result (Theorem 1.6). Recall
that X is a compact Kihler manifold of complex dimension n > 1 defined over the
reals, and that M denotes its real locus, assumed to be non-empty. Let £ — X be a
rank ¥ € {1,...,n} real Hermitian vector bundle and £ — X be a real Hermitian
line bundle whose curvature form is w, the Kihler form of X. We assume that F
and £ are endowed with compatible real structures. For all d € N, we still denote
by E4 the Bergman kernel of Z ® £4. Finally, let s4 denote a standard Gaussian
vector in RHO(X,E ® £%), whose real zero set is denoted by Z4, and let |dVy]|
denote the Riemannian volume measure on Z.

In Subsection 5.1, we recall Kac-Rice formulas and use them to derive an
integral expression of Var(|dVy|). Subsection 5.2 is concerned with the study of
some relevant random variables related to (s4(x))xem. Finally, we conclude the
proof in two steps, in Subsections 5.3 and 5.4.

5.1. Kac-Rice formulas In this section, we use Kac-Rice formulas to de-
rive an integral expression of Var(|dVyl|). Classical references for this material
are [1, Chapter 11.5] and [3, Theorem 6.3]. Since our probability space is the
finite-dimensional vector space RH?(X, E ® £4), it is possible to derive Kac-Rice
formulas under weaker hypothesis than those given in [1] and [3]. This uses Fed-
erer’s coaera formula and the so-called double fibration trick (see [21, Appendix
C] and the references therein). The first Kac-Rice formula we state (Theorem 5.1
below) was proved in [21, Theorem 5.3], and the second (Theorem 5.5 below)
was proved in [22, Theorem 4.4].
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Variance of the Volume of Random Real Algebraic Submanifolds II 1673

Recall that the Jacobian |det* (L)| of an operator L was defined in Defini-
tion 1.4, that d; was defined in Lemma 2.3, and that a connection is said to be
real if it satisfies the condition given in Definition 3.2.

Theorem 5.1 (Kac-Rice formula 1). Let d > dy, let V¥ be any real connection
onE ® L4, and let sq ~ N (1d) in RHY(X,E ® L). Then, for all p € C*(M),

(5.1) [E[Jxezd¢(X) aval

_ /2 ¢ (x) Ligd . -
(211 LEM T Ellder (9sa) |+ sa(x) = 0] 1V

The expectation on the righthand side of equation (5.1) is to be understood as the
conditional expectation 0f|detl (Visy)l given that sq(x) = 0.
Notation 5.2. Let A = {(x,y) € M? | x = y} denote the diagonal of M2,

Definition 5.3. Let d € N and let (x,y) € M?\ A; we denote by evﬁ,y the
evaluation map

evi, :RHYX,E® L%) — R(E® L) 0 R(E ® L),,
s — (s(x),s(y¥)).

Lemma 5.4. There exists dy € N, such that for all (x,y) € M?\ A, evﬁ,y is
surjective.

This was proved in [22, Proposition 4.2] in the case ¥ < 1, by using Kodaira’s
embedding theorem. The proof can be adapted verbatim to the case ¥ < n.
We will give an alternative proof using only estimates on the Bergman kernel

(Lemmas 5.23 and 5.26) (see p. 1684 below).

Theorem 5.5 (Kac-Rice formula 2). Letd > d,, let V4 be any real connection
onE ® L and let s4 ~ N (Id) in RHO(X,E ® LY. Then, we have that, for all
b1 and Py € CO(M),

(5.2) [EU B1() b2 () |dvd|2]
(x,¥)E(Z4)2\A
1 J b1(x)P2(y)
(x,y)

- 2m)r eM2\A IdetL(evﬁ,yH
X E[ldet" (VEsa)| |det" (VEsa)| : evd ), (sq) = 0] [dVim 2.

Here, |dV|? (respectively, |V |?) stands for the product measure on M? (respectively,
(Z4)?) induced by |V | (respectively |AVa|). The expectation on the righthand side
of equation (5.2) is the conditional expectation of

|det™ (Vsa) | [det™ (V4 sq)],

given that evﬁ,y(sd) =0.
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1674 THOMAS LETENDRE ¢»* MARTIN PUCHOL

Proof. This formula was proved in [22, Theorem 4.4] in the case 1 < ¥ < n.
The hypothesis ¥ < n does not appear in the proof and can be changed to ¥ < n
without any other modification. O

Definition 5.6. Let d > max(di,d>), and let V4 be any real connection on
T ® L4, We denote by Dy : M? \ A — R the map defined by

E[ldet™ (Vésa)| [det (Vsa)l s sa(x) = 0 = s4()]
Idetl(evﬁ,y)l
E[ldet" (Vésa)| : sqa(x) = O] E[|det" (Vsa)| : sa(y) = o])
|det* (evd)| |det™ (ev4)] '

Dalx,y) =(

Remark 5.7. Note that Dy does not depend on the choice of v4. Indeed,
we only consider derivatives of 54 at points where it vanishes.

Proposition 5.8. For all d > max(dy, d2), we have for any ¢1, o € CO(M)

1 :
Gl Jyp 1009200 D, ) 1|

+ 0 E[(I1dVal, P1d2) ],

Var(|dVa ) (1, P2) =

where 6yn equals 1 if v = n and O otherwise.

Proof- This was proved in [22, Section 4.2] for ¥ < n (the case ¥ = n requires
an extra argument). The following proof is valid for any v € {1,...,n}. Let ¢;
and ¢, € CO(M); we have

(5.3) Var(|dVal) (b1, ¢2) = E[(|dVal, p1)(dVal, ¢2)]
— E[(ldVal, ¢ IE[(|dVal, $2)].

Since Z; has almost surely dimension n — ¥, the diagonal in Z; X Z is negligible
ifand only if ¥ < n. Moreover, if ¥ = 1 then both |dV4| and |dV,4|? are counting
measures. Then,

(dVal, b (aVal ) = | biCoa(y) aVal?

Y)E(Zg

- [ b1 ()2 (y) 1AVl + 5mj b1 ()b (x) |dVaal,
(x,¥)E(Z4)2\A XEZy

almost surely. Hence,
(5.4) E[{|dVal, p1)(IdVal, P2)]
- | $1 () b2() [AVal? | + SrnELaVal, b1 )]
(x,y)e(Zg)*\A
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We apply Theorem 5.5 to the first term on the righthand side of equation (5.4).
Similarly, we apply Theorem 5.1 to E[{|dVal, ¢:)] for i € {1,2}. This yields the
result by equation (5.3). O

By Theorem 1.2, if ¥ = n, for all ¢b1, P2 € C°(M) we have

E[{IdVal, P12} ]

2
= ant ([ b lavinl) + 1l 2l 0@ ).

Hence, in order to prove Theorem 1.6, we have to show that, for any n € N* and
re{l,...,n},

6:5) ., 10200 Dalx, ) 1dVu P

= drfn/z(J P12 IdVM|> Vol(S" 11,
M
+ 1l 2O @2 + 11 | 0wy, (CpdF)O@" ™),

where &, B, Cg, and 7, are as in Theorem 1.6.

This is done in two steps. The mass of the integral on the lefthand side of
equation (5.5) concentrates in a neighborhood of A of typical size 1/+/d. More
specifically, let us now fix the value of the constant by appearing in Proposi-
tion 3.4.

Definitions 5.9. We set by, = (1/C>)(n/2+1), where C, > 0 is the constant
appearing in the exponential in Theorem 3.6. Moreover, for all d € N*, we
enote

1
Ad = {(X;y) EMZ | pg(x;y) < bn%};

where, py is the geodesic distance in (M, g).

In Section 5.3 below, we show that, in equation (5.5), the integral over M 2\Ay
only contributes what turns out to be an error term. We refer to this term as the
far off-diagonal term. In Subsection 5.4 we complete the proof of (5.5) by studying
the near-diagonal term, that is, the integral of ¢1(x)p2(y)Da(x,y) over Ag\ A.
This turns out to be the leading term.

5.2. Expression of some covariances. To prove (5.5), we need to study the
distribution of the random variables appearing in the definition of Dy (see Defi-
nition 5.6). The purpose of this section is to introduce several variance operators
that will appear in the proof. In the following, V¥ denotes a real connection on
EFo L1 X,
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5.2.1. Uncorrelated terms. First of all, let us consider the distribution
of sq(x) for any x € M. Since s4 ~ N (Id) and evd is linear (see Defini-
tion 2.2), s4(x) is a centered Gaussian vector in R(E ® £4), with variance oper-
ator evd (evd)* = E4(x, x).

Lemma 5.10. For all x € M, we have

rn/2
Idetl(evﬁ)l = (£> (1+0(d™hy),
T

where the error term is independent of x.

Proof We have |det™ (ev4)| = det(E4(x,x))!/?, and by Theorem 3.3,

Ea(x,x) = <%> (Id+0(d™1)). O

Corollary 5.11. There exists d\ € N such that, for all d > d., for all x € M,
evd is surjective: that is, (Sq(Xx)) is non-degenerate.

Then, let d € N and x € M. We denote by j¢ : s — (s(x),Vs) the
evaluation of the 1-jet of a section at the point x. The distribution of the random
vector (s4(x), Vflcsd) is a centered Gaussian in

R(E® L)y ® (R(E® L)y ® TEM),
with variance operator
JEGH* = ELjd(sa) ® ji(sa)*]

E[sa(x) ® s4(x)*] E[sq(x) ® (Vsq)*]
E[(V¢sq) ® sa(x)*] E[(Vsa) ® (Visg)*]

_( Ealx,x)  33Ea(x,x)
~ \OxEa(x,x) 0x 05Ea(x,x) )

Ifd > d;, then s4(x) is non-degenerate, and the distribution of V%54, given that
sa(x) =0, is a centered Gaussian whose variance equals

Ox 05 Ea(x,x) — 0xEa(x,x)(Ea(x,x)) " 35 Ea(x,x).

By Theorem 3.3, this variance equals

dn+1

o (dg(zerd) otim +O(d ™))

as d goes to infinity and the error does not depend on x.
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Remark 5.12. If (s,x) is such that s(x) = 0, then V¢s does not depend
on the connection V4. This explains why the distribution of V4s4 given that
sa(x) = 0, in particular its variance, does not depend on V4.

Lemma 5.13. For every x € M, we have

E[|det" (Vsa)| : sa(x) = 0]

dn+l /2 V/zvol(gnfr) 1
_<nn) emre XS (s o),

where the error term is independent of x.

Proof. This was proved in [22, Lemma 4.7] for ¥ < n. The proof is the same
here. O

5.2.2. Correlated terms far from the diagonal. Let us now focus on vari-
ables where non-trivial correlations may appear in the limit. Let d € N, for all
(x,y) € M?\ A; the random vector evfg’y(sd) = (s4(x),54(»)) is a centered
Gaussian vector with variance operator

E4(x,x) Ed<x,y>)

(5.6) evi(evi )* = Elevi ) (sa) ® evl ,(sa)*] = (Ed(y,x) Egy.3)

where we decomposed this operator according to the direct sum
R(E® LYy & R(E® L),.

Definition 5.14. Forall d € N, for all (x,y) € M?\ A, we denote by

_(m\" (Ea(x,x) Ea(x,)
Oa(x,y) = (d) (Ed(y,X) Ed(y,y))

the variance of the centered Gaussian vector (17/d)™?(s4(x),s4(y)).

Note that, by Lemma 5.4, for all d > d», evflc,y(evflc,y)* is non-singular: that
is, (sq(x),54(y)) is non-degenerate and ©4(x, ) is non-singular.

Let d € N and (x,y) € M2\ A. We denote the evaluation of the 1-jets at
(x,¥) by jd, :s = (s(x),s(), Vis, V$s). Then, we have that

Jd 5 (sa) = (sa(x),$a(y), Visa, Vsa)
is a centered Gaussian vector in

R(E® LY & R(E® L), & (R(E ® L) ® TEM) © (R(E ® L), & T; M),
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whose variance operator j& , (j4,)* equals

ELid ) (sq) ® (4, (sa))*]
Ej(x,x) Ea(x,y) aﬁEd(x,x) 8§Ed(x,y)

Ei(v,x) Ea(y,y) 05Ea(v,x) 0YEi(y,y)
OxEa(x,x) 0xEq(x,¥) dx 05Ea(x,x) 3y 05Ea(x,¥)

OxEa(¥,x) 0xEa(y,y) 3x 3Ea(y,x) dx 05Ea(y, )

Definition 5.15. Foralld e N, forall (x,y) € M?\ A, we denote by

i = (5)"

Eq(x,x) Eq(x,y) d'205E (x,x) dV205Eqa(x,y)
Eq4(y,x) Eq(v,y) AV Ei(y,x) d'25Ea(y,y)
A28 Eq(x,x) d V2 0xEq(x,y) d 10y 05Ea(x,x) d' 0x35Ea(x,y)
A2 0xEq(y,x) d 2 0xEq(y,y) d~ ' 0x 05Ea(y,x) d ' 0x 05 Ea(y, y)

the variance operator of the centered Gaussian vector

T n/2
(E) (Sd(x) sa(y), \/—vdsd,TV?, )
Let us now assume that d > d, so that the distribution of (s;5(x),s4(y)) is

non-degenerate. Then, the distribution of (Vis, V?,S), given that s4(x) = 0 =
sa(), is a centered Gaussian with variance operator

Ox 03 Ea(x,x) 0x33Ea(x,¥)\  [8xEa(x,x) dxEa(x,¥)
0x 05E4(y,x) dx OVEa(y,») OxEa(yv,x) dxEa(y,»)

-1
o (Eatx,x) Ea(x,) 05 Eq(x,x) 05Eqa(x,y)
Ea(yv,x) Ea(y,) O5Eq(yv,x) 05Eq(yv,y) )"

Definition 5.16. Forall d > ds, forall (x,y) € M?\ A, we set

n # #
Aglx,y) = ™ ((8x 0yEq(x,x) axayEd(x,y))

dn+ 1 \\ 0y 05 Eq(v,x) 0x 05Ea(y, )

OxEa(y,x) 0xEa(y,») ) \Ea(y,x) Ea(y,¥)
(8§,Ed(x,x) 8§,Ed(x,y)))

B (8xEd(x,X) 8xEd(x,y)> (Ed(X,X) Ed(x,y)>_1

35Ea(y,x) 05Eq(y,y)
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which is the variance of the Gaussian vector (17" /d"*1)1/2(Vds,, V?,Sd), given
that s45(x) =0 = s4(y).

Remark 5.17. Once again, Ag(x, y) is independent of the choice of v4, and
so is the distribution of (V4sy, V?,Sd) given that s4(x) = 0 = s4()). On the
other hand, the distribution of (s4(x),s4(y), V54, Vf,sd) heavily depends on

V4, and so does Q4 (x, v). Hence, we will need to specify a choice of V4 at some
point when dealing with Q.

5.2.3. Correlated terms close to the diagonal. Finally, we need to consider
the distribution of the 1-jets of 54 at x and y € M, when the distance between x
and y is of order 1/+/d. As in Section 3, let R > 0 be such that 2R is less than
the injectivity radius of X. There exists d3 € N such that, for all d > d3, we have
bplnd/Vd <R.

Let d > d3 and let (x,y) € Az \ A. Using the real normal trivialization of
F ® L% around x (see Subsection 3.1), we can see (17/d)™2(s4(x),54()) as a
random vector in R(E ® £4), & R(E ® £4),. Since the distance from x to y is
smaller than the injectivity radius of M, we can write ' as exp, (z/ J/ad) for some
z € TxM. Moreover, ||Iz|| = Vdpgy(x,y) < bylnd.

Definition 5.18. Letd > ds, let x € M, and let z € Br,; (0, by Ind) \ {0}.

We set
04(2) = 04 (X,expx (%))

seen as an operator on R(Z ® L), @ R(E ® L4), via the real normal trivialization
centered at x.

Remark 5.19. Beware that ©4(z) depends on X, even if this is not reflected
in the notation. However, we will show that the limit of ©,4(z) as d — + o0 does
not depend on x.

Recall that e4 was defined by equation (3.1) as a map from TxM X TxM to
End(R(E ® £4),). The definitions of ®4(x,y) (Definition 5.14) and e4 show
that, for all d > d3, for all x € M, and for all z € By, ;(0, b, Ind) \ {0},

(5.7) Bu(z) = (ed(0,0) ed(o,z))

eq(z,0) eq(z,2)

We can define Q4(z) and A4(z) similarly and express them in terms of e4
and its derivatives.

Definition 5.20. Let d > d3, let x € M, and let z € Br,; (0, by Ind) \ {0}.

We set
Qu(z) =Qq (x,expx (%)) ,

seen as an operatoron (R@R & TEM & TXM) @ R(E ® L) via the real normal
trivialization centered at x.

This content downloaded from
195.221.160.9 on Wed, 19 Feb 2025 09:06:25 UTC
All use subject to https://about.jstor.org/terms



1680 THOMAS LETENDRE ¢»* MARTIN PUCHOL

Let V4 be a real connection on F ® £4 such that, in the real normal trivializa-
tion around X, this connection coincides over the ball By, x (0, R) with the usual
differentiation for maps from Tx X to (£ ® L) .. The existence of such a connec-
tion was established at the end of Subsection 3.1. Then, by Definitions 5.15 and
5.20, we have for all d = d3, forall x € M, and forall z € By ; (0, by, Ind) \ {0}
that

e1(0,0) eq(0,z) 95e4(0,0) d5eq(0,2)
ei(z,0) eq(z,2) aﬁed(z,O) 8§ed(z,z)
0xe4(0,0) dxeq(0,2) dx 5eq(0,0) dx d5eq(0,2)
0xeq(z,0) 0xeq(z,z) Ox 8§,ed(2,0) Ox af,ed(z,z)

(5.8) Qa(z) =

Definition 5.21. Let d > max(d,,d3), x € M, z € Bry(0,b,Ind) \ {0}.

We set
Ag(2) = A4 (X,Cxpx <%>> ,

seen as an operator on (TyM & Ty M) ® R(E ® L) via the real normal trivial-
ization around Xx.

Then, we have

dx 05€4(0,0) dx 5e4(0,2)
Aa(z) = 4 P -
Ox 0yeq(z,0) 0x 0yeq(z,z)

dxeq(0,0) dxeq(0,2) [ 35ea(0,0) 35eq(0,2)
s 04(2) P P )
xed(z,0) dxeq(z,z) 0yeq(z,0) 0yeq(z,z)

for all d > max(d,,d3), all x € M, and all z € By (0, by Ind) \ {0}.

5.3. Far off-diagonal term. In this section, we state that the far off-diagonal
term in equation (5.5) only contributes an error term. This was already proved
in [22] for ¥ < n. The proof is the same for ¥ = n, so we refer to [22] for the
proof. Lemma 5.23 below is used in the proof of Proposition 5.22, but is also of
independent interest for our purpose.

Proposition 5.22. Let ¢p1, ¢y € CO(M). Then, as d — +oo we have the
Jollowing:

J D1 (X)P2(P)Da (¢, V) [dVa 12 = [|[P1lleo [ P2lleO (AT 121y,
M2\Ag

where the error term is independent of (1, P2).
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Lemma 5.23. For every (x,y) € M 2\ A4, we have.

_(m\" (Ea(x,x) 0 —(n/2)-1
®d<x,y>—(d)( . Ed(y’y))(ld+o(d ),

where the error term is independent of (x,y) € M? \ Aq.

Proof- Since (x,y) € M?\ A4, we have pg(x,y) = bnlnd//d. With
our choice of by, (see Definition 5.9), the error term in Theorem 3.6 is then
0 (d"=0/2=1) "uniformly on M? \ Ag4. Thus, by Theorem 3.6,

n)n (Ed(x,x) 0

fe) , _ (2
a(x.y) ( 0 Ea(y,»)

-n/2—1
a ) +0(d ).

The result follows from the fact that the leading term is Id +O(d~!), by Theo-
rem 3.3. O

5.4. Near-diagonal term. In this section, we conclude the proof of Theo-
rem 1.6, up to the technical lemmas whose proofs were postponed until Appen-
dices A and B.

Definition 5.24. Let
d?max(dl,dz,dg), xeM, ZEBTXM(O,bnlnd)\{O}.

We define

Di(x,z) =d "Dy <x,expx (%)) .

Recall that Dy, was defined by Definition 4.15. The main result of this
section is the following.

Proposition 5.25. Let x € (0,1).
Then, for all x € M, for all z € Br,m(0,bplnd) \ {0} we have

Da(x,2) = Dpr (1217) (1 + 0(d™*)) + O(d™),

where the error terms do not depend on (x,z).

First, let us prove that Propositions 5.8, 5.22, and 5.25 together imply Theo-
rem 1.6.

Proof of Theorem 1.6. The main point is to compute the asymptotic of the
near-diagonal term in equation (5.5). Let us fix @ € (0,1), B € (0, %), and
b1, P2 € CO(M). Let x € M, and recall that \/k is the density of |[dVy| with re-
spect to the Lebesgue measure, in the exponential chart centered at x, where k was
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1682 THOMAS LETENDRE ¢»* MARTIN PUCHOL

introduced in Subsection 3.2. Then, by a change of variable ¥ = exp, (z//d),
we have

(5.9) j b1 () 2 () D (x, ) [dViy 2
Ag\A

=drn LeM $1(2) 2€Brm (0,bn Ind) b2 (CXPX (%» Dalx,2)

2\ 12
XK(\a) dz |dVy].

As we already discussed in Subsection 3.2, k(z) = 1 + O(l|z||?), and the er-

ror term is independent of x. Hence, k(z/+/d)!/? = 1 + O((Ind)?/d), and by
Proposition 5.25, forall y € («, 1),

(5.10) LeBrxmo,hnlnd) b2 (eXp" (%)) Da(x,2)x (\/ZH>1/2 dz

N (LeBw(o,hnlnm ¢2(CXPX (&))Dn,r(HZHZ)dZ)(l +0(d™))

4 all0 (“‘;‘i)").

Since y > «, (Ind)"d™¥ = O(d™%). Similarly, there exists Cg > 0 such that
bplnd//d < Cgd=F for all d € N*. Then, we have

(5.11)

LeBrxmo,hnlnd) (d)z(expx (\/ZH» - ¢2(X)>Dn,r(||2||2)d2
< g, (CpdP)

)IDn,r(IIZIIZ)IdZ,

ZEBTXM (0,by, Ind

where @y, is the continuity modulus of ¢, (see Definition 1.3). Besides, by
Corollary 4.19,

(5.12) j Doy (1212)] dz
ZGBTXM(O,bn In d)

1 (bpInd)?
= vol(swl)E L_O Dy () tM2712 4t

= Vol(Sn_l)(’]n’Y + O(e—(1/4)(bn lnd)z))’

and the error term is O(d1), since (1/4) (b, Ind)? = Ind for d large enough.

By equations (5.10), (5.11), and (5.12), the innermost integral on the righthand
side of equation (5.9) equals

$2(x) Vol(S" Ny + W, (CpdP)O(1) + 1 p2llO(d™),
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and the error terms are independent of x € M and (¢, ¢2). Finally, by equation
(5.9),

f b1 () s () Dalx, ) |dViy 2
Ag\A

= drin/z({ P12 |dVM|> Vol(S"™ 1)1, ,
M
+ [ p1llo@e, (CpdF)O@ ™) + [ 11l | llwO (A" 12).

We conclude the proof by combining this last relation with Proposition 5.8, 5.22,
and, in the case ¥ = n, Theorem 1.2 for ¢1¢,. O

The remainder of this section is mostly dedicated to the proof of Proposition
5.25. We will deduce this proposition from several technical lemmas stated below.

Let x € M; then, any choice of an isometry between TxM and R" and an
isometry between R(Z ® L), and R” allows us to see the Bargmann-Fock process
(s(z))zemrn, studied in Section 4, as a smooth Gaussian process from TxyM to
R(E ® £4),. The distribution of this process does not depend on our choice of
isometries. Thus, in the following, we can consider ®(z) and ©4(z) (respectively,
Q(z) and Q4(z), respectively A(z) and A4(z)) as operators on the same space.

Lemma 5.26. Let «x € (0, 1); then, we have
0(2)"120,4(2)0(z) V2 =1d+0(d™%),

forall x € M and all z € Br,m(0,bnlnd) \ {0}. The error term does not depend
on (x,z).

Proof. See Appendix B. O

Remark 5.27. It might be wondered why Lemma 5.26 does not state that
04(z) = O(z)(Id +O(d~%)), which would be somewhat simpler. First, note this
statement is not equivalent to Lemma 5.20, since some of the eigenvalues of ©(z)
converge to 0 as z — 0. In fact, this alternative statement turns out to be false in
general. Moreover, even if ©®4(z) is a linear map, it represents a variance, that is,
something intrinsically bilinear. It is then quite natural to consider

0(2)1204(2)0(2) 12

since this is how @4(z) transforms if we act on R(Z ® £4), by @(z)!/2. This
remark also applies to Lemmas 5.28 and 5.29 below.

Let us forget about the proof of Proposition 5.25 for a minute, and prove the
existence of d, (see Lemma 5.4) as a corollary of Lemmas 5.23 and 5.26. Note
that the proofs of these lemmas only rely on the estimates of Section 3, so there is
no logical loop here.
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1684 THOMAS LETENDRE ¢»* MARTIN PUCHOL

Proof of Lemma 5.4. We want to prove that, as soon as d is large enough,
evfg’y is surjective for all (x,y) € M2\ A; that is, det(evflc,y(evflc,y)*) + 0. By
equation (5.6) and the definition of 4 (Definition 5.14),

d 2rn
det(ev? ), (evd )*) = (F) det (04(x,)),

so we have to show that det(®4(x,y)) does not vanish on M2\ A, for d large
enough. By Lemma 5.23 and Theorem 3.3,

(5.13) det(®4(x,y)) =1+0(d™"),

uniformly on M2\ Ag. Let (x,¥) € Az \ A and let us assume that d > d3 so
that we can write ¥ as expx(Z/\/H) with z € Br,m(0,byInd) \ {0}. Then, by
Lemmas 5.26 and 4.8,

(5.14) det(@4(x,y)) = det(04(2)) = det(0(2)) (1 + O(Vd))
= (1-e 121+ 0(d)),

uniformly on Ag \ A. The result follows from equations (5.13) and (5.14). 0

We can now go back to the proof of Proposition 5.25.
Lemma 5.28. Let « € (0,1). Then, we have

Q2)"V2Q4(2)Q(z) V2 = 1d+0(d™%),

forall x € M and all z € Br,m(0,bnInd) \ {0}. The error term does not depend
on (x,z).

Proof. See Appendix B. O
Lemma 5.29. Let «x € (0, 1); then, we have
Az) 1PA4(2)A(2)72 = Td +0(d™ %),

forall x € M and all z € Br,m(0,bnInd) \ {0}. The error term does not depend
on (x,2z).

Proof. Let ¢ € (0,1). Let x € M and z € Br,m(0,bylnd) \ {0}. By
Definition 5.20, Q4(z) is an operator on

(RZ@R(E® L)) @ (TYM)> @ R(E ® £)).

Using this splitting, we write Q4(z) by blocks as

_ [Ba(2) Q4(2)*
Qa(z) = (Q}i(z) Q%(2) ) ,
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thus defining Q},(z) and Q(zi(z). For d large enough, ©4(2) is invertible and its
Schur complement is Ag(z) = Q4(z) — QL (2)04(2)71QL (2)*. Tt is then known
that Ag(z) ! is the bottom-right block of Q4(2) 7!, that is,

. (0
Aa(2)7' = (01d) Q4(2)7! (Id)

= (01d) (2) 7! + Q(z)120(d"*)Q(2)1?) (1(:1) ,

where the second equality is given by Lemma 5.28 and the error term is inde-
pendent of (x, z). Similarly, A(z) is the Schur complement of @(z) in Q(z), so
that

A= (0 Id) Q(z)! (I(:i) .

Moreover, by Lemma 4.14,
(0 A(z)l/z) Q4(z)"Y2  is bounded.

Hence, A(2)12A4(z) " 'A(2)V/2 = Id +0(d~%), and the error term still does not
depend on (x, z). O

Lemma 5.30. Let x € (0,1), let x € M, and let z € Br,m(0,by Ind) \ {0}.
Let X4(2) and Yy4(2) be random vectors in T M ® R(E ® L) such that

(Xa(z2),Ya(2)) ~ N(Aa(2)).
Then, we have

E[ldet™ (Xa(2)) | [det™ (Ya(2))I]
= E[|det” (Xe (2)) | |det” (Yoo (2))|](1 + O(d™%)),
where (X (2), Yoo (2)) ~ N (A(2)) and the error term does not depend on (x, z).
Proof. See Appendix B. O

We conclude this section with the proof of Proposition 5.25. Recall the def-
initions of Dy 4 (t) (Definition 4.15), Dy(x,y) (Definition 5.6), and Dy(x, z)
(Definition 5.24).

Proof of Proposition 5.25. Let us fix x € (0,1).
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Let x € M and z € Br,m(0, by Ind) \ {0}. Then, we set y = exp, (z//d).
We have defined ©4(z) and A4(z) so that

1 E[ldet” (Visa)| [det” (Vsa)| : sa(x) = 0 = 5a(y)]
dar |det* (evﬁ,y) |
_ E[ldet” (Xa(2)) ] |det” (Ya(2))]]

B det(04(z))1/2 ’
where (X4(z),Ya(z)) ~ N(A4q(z)). By Lemmas 5.26 and 5.30, this equals

E[ldet” (Xo(2)) ] |det™ (Yoo (2))1]
det(®(z))1/2

(1+0(d™),

where (X« (2),Yw(2)) ~ N(A(2)) and the error term does not depend on
(x,2). (Xw(2),Yw(2)) is distributed as (dos,d.s), where s is a copy of the
Bargmann-Fock process from TxM to R(E ® LY, by the definition of A(z) (cf.
Subsection 4.3). Then, by Lemma 4.16,

E[ldet” (X (2)) ] |det” (Yoo (2))1] = E[Idec” (X (I1z11%) | [det™ (Y (IzII%) 1],

where (X (l1z11?), Y (llz]I?)) was defined by Definition 1.5. Besides, det(©(z)) =
(1 — e lzl?yr by Lemma 4.1, so that

1 E[ldet” (Vsa) | Idet™ (V4 sa)l : sa(x) = 0 = 54()]

dar |det™ (evd.y)|

Vol(§")
Vol(5")

2
= <Dn,1’(”2”2)+(2ﬂ')r( ) ) (1+0(d™9)).

Besides, by Lemmas 5.10 and 5.13,

1 E[ldet” (Vdsa)] : s4(x) = 0] E[ldet" (Vésa)| : sa(y) = 0]

ar et (ev])| |det” (ev)|
PN Vol(§”‘y)>2 »
- 2m) (7\/016") o™,
This yields the desired relation. O

6. PROOF OF THEOREM 1.8

The goal of this section is to prove that the leading constant in Theorem 1.6
is positive. Subsection 6.1 is concerned with the definition and proprieties of
Kostlan-Shub-Smale polynomials. In Subsection 6.2 we recall some facts about
Wiener chaoses, while in Subsection 6.3 we compute the chaotic expansion of
the linear statistics (|dVy[, ¢). Finally, we conclude the proof of Theorem 1.8 in
Subsection 6.4.
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6.1. Kostlan-Shub-Smale polynomials. Here, we describe a special case of
our real algebraic framework. This is the setting we will be considering throughout
the proof of Theorem 1.8. A good reference for the complex algebraic material of
this section is [16].

6.1.1. Definition. We choose X to be the complex projective space CP"
with the real structure induced by the complex conjugation in C**!. The real
locus of X is the real projective space RP"™. We set £L = O(1) — CP" as the
hyperplane line bundle: that is, the dual of the tautological line bundle

O(-1) = {({,x) e C""!' x CP" | C € x} — CP".

Recall that ample line bundles on CP" are of the form O(d) = (0(1))®4 with
d € N* (see [16, Section 1.1]). The complex conjugation and the usual Hermitian
inner product of C"**! induce compatible real and metric structures on O(-1),
hence on O(1) by duality. The resulting Hermitian metric on O(1) is positive
and its curvature is the Fubini-Study Kihler form on CP". With our choice of
normalization, the induced Riemannian metric is the quotient of the Euclidean
metric on $?"*!1 ¢ C"*1. Finally, we choose £ to be the rank 7 trivial bundle
C" x CP"™ — CP", with the compatible real and metric structures inherited from
the standard ones in C".

Notation 6.1. Let & = (o, ..., &n) € N""1. We denote its length by
x| = &g + - - - + Qn.

We also define X% = X5°...X»" and ! = ot! - - - oty . Finally, if |&| = d, we
denote by (‘i) the multinomial coefficient d!/ «!.

It is well known (cf. [6,7,17,22]) that RH(CP",C" ® O(d)) is the space
([Rg"m[Xo, ..., Xn )" of tuples of real homogeneous polynomials of degree d in
n + 1 variables. The 7 terms [Rg"m[Xo,...,Xn] in RHY(CP",C" @ O(d)) are

pairwise orthogonal for the inner product (2.2). Besides, in restriction to one of
these terms, (2.2) equals

6.1) (P,Q) = | ha(P(:),Q0)) [aVien]
xeCpn
N S 70— lzI?
= )] Le@ﬂ P(z)Q(z)e dz.
An orthonormal basis of [RgOm[Xo, ..., Xn] is then

lat|=d

This content downloaded from
195.221.160.9 on Wed, 19 Feb 2025 09:06:25 UTC
All use subject to https://about.jstor.org/terms



1688 THOMAS LETENDRE ¢»* MARTIN PUCHOL

Hence, a standard Gaussian in RH?(CP", C" ® O(d)) is a -tuple of independent
random polynomials of the form

T 5ol
lx|=d

where the coeflicients (a«)|«|=a are independent real standard Gaussian variables.
Such a random polynomial is called a Kostlan-Shub-Smale polynomial (KSS for
short).

6.1.2. Correlation kernel. In this section, we study the distribution of the
KSS polynomial (see equation (6.2)). In the setting of 6.1.1, Eg4 is the Bergman
kernel of C" ® O(d) — CP". Since the first factor is trivial, we have Eg = I, ® E}},
where I is the identity of C" and E}; is the Bergman kernel of O(d) — CP". Note
that E; is the correlation kernel of the field s/ defined by one KSS polynomial,
seen as a random section of O(d). By equation (6.2) we have

|
E (x,y) = E[sj(x) ®s;(y)*] = % > (j)x"‘(x) ® X*(y)*.
© lal=d

Note that (6.1) is invariant under the action of the orthogonal group Oy +1(R)
on the right. Hence, the distribution of KSS polynomials (6.2) and E}; is equivari-
ant under this action. Since Oy41(R) acts transitively on the couples of points
of RP" at a given distance, Ej(x,y) only depends on the geodesic distance
pg(x,¥), and the same holds for derivatives. Loosely speaking, this implies the
following, where derivatives are computed with respect to the Chern connection:

(1) The variance of s;(x) does not depend on x € RP™.
(2) Forall x € RP", 5/;(x) and Vflcst'i are independent.
(3) If (8/0x1,...,0/0xy) is any orthonormal basis of Ty RP", then

s} s, . o
Ix; (x) and %, (x) are independent of i + j.

Moreover, the variance of (054/0x;)(x) does not depend on i, nor on
our choice of orthonormal basis, nor on x € RP".

These properties are very specific of the case of KSS polynomials. They will be
useful in Section 6.3, to compute the Wiener-Itd expansion of (|dVy4l, ¢). We do
not give more details here, since properties (1), (2), and (3) can also be deduced
from the expression of E}; in local coordinates that we derive below.

6.1.3. Local expression of the kernel. Let x € RP". We want to compute
the expression of E; in some good coordinates around x. We could use the real
normal trivialization, but the computations would be cumbersome. Instead, we

This content downloaded from
195.221.160.9 on Wed, 19 Feb 2025 09:06:25 UTC
All use subject to https://about.jstor.org/terms



Variance of the Volume of Random Real Algebraic Submanifolds II 1689

use a slightly different trivialization. Since EJ; is equivariant under the action

We have a chart @y : (z1,...,2n) — [1 : 21 : -+ : zy] from R" to
Brpn (x,10/2). We trivialize O(d) over Bgpn(x,17/2) by identifying each fiber
with O(d)y, by parallel transport with respect to the Chern connection V4 along
curves of the form t — . (tz) with z € R™. Thanks to this trivialization, we can
consider Ej; as a map taking values in R. Recall that we defined a scaled version
eq of the Bergman kernel E; by equation (3.1). The following is related without
being an exact analogue. For all w,z € R", we set

md! _,
(6.3) Ea(w,z) = mEd(Wx(w),Wx(z))-

A computation in local coordinates yields the following lemma. The Chern
connection V4 coincides at the origin with the usual differential in our trivializa-
tion. Hence, taking the values at (0, 0) of the following expressions proves that s
satisfies properties (1), (2) and (3) (cf. Subsection 6.1.2).

Lemma 6.2. Letd € N* and leti,j € {1,...,n}. Then, for allw,z € R"
we have

£ (w z):< 1+ (w,z) )d
o NN I
Zi wi
Ox;&a(w, 2) = d&€a(w, 2) (1 w2 1% ”w”2>,
_ w;i 0z
O, 8alw,2) = d&a(w, 2) (1 w2z 1+ ||z||2> ’
_ d5ij dzwiwj
Oxi Oy, 8aw, 2) = Ed(w’Z)(l T w.2) A+ w2+ w2
_ dZZiZj
1+ (w,z) (1 +1z]12)
+ dzwizj (d2 —d)Zin'>
I+ lwlH) (@ +1z1? A+ {w,z)?*)/)’

where 8ij = 1 ifi = j, and 6;j = 0 otherwise.

6.2. Hermite polynomials and Wiener chaos. In the setting of KSS poly-
nomials, we consider RHY(CP",C" ® O(d)) = ([R{g"m[Xo, ..y Xn])7", equipped
with the inner product (6.1). For simplicty, in this section and the following,
we denote by Vj this Euclidean space and by dvy its standard Gaussian measure.
With these notation, (V4,dvy) is our probability space and we denote by L' (dv4)
(respectively, L?(dv,4)) the space of integrable (respectively, square integrable) ran-
dom variables on this space. Theorem 1.6 shows that for d large enough, for all
¢ € CO(RP"), (|dVal, ) € L*(dva). The proof given in Section 5 shows that
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this is true for any d > max(do, d1,d2,d3); in this framework it is true for any
d € N*. The idea of this section is to find a nice orthogonal decomposition of
L2(dva). In 6.3 we will study (|dVy4l, ¢) thanks to this decomposition. (These
techniques were already used in a similar context in [2,11,12,25], e.g. See [28]
for background on the following material.)

Definition 6.3. Forall k € N, we denote by Hy the k-th Hermite polynomial.
These polynomials are defined recursively by Hy = 1, H; = X, and, forall k € N*,
Hy1(X) = XHy(X) — kHy-1(X).

Remark 6.4. Equivalently, one can define Hy by Hy = 1 and, for all k € N,
by Hy.1 = XHy — H;c

Lemma 6.5. Let k € N; then, Hy is a polynomial of degree k which is even if k
is even and odd if k is odd. Moreover,

(2k)!

Hok(0) = (=D* %

and Hj41(0) =0

Proof. This is proved by induction, by using the recursive definition of Hy. O

Let us denote by duy the standard Gaussian measure on RN. We also de-
note by L?(duy) the space of square integrable functions with respect to dun.
Recall that the family ((1/v/k!)Hi)ken is a Hilbert basis of L?(dy;) (see Proposi-
tion 1.4.2 in [28]). Similarly, in dimension N, the family

{]‘[ e (X0) | x e NN}

is a Hilbert basis of L?(duy). The result in dimension 1 shows that this family is
orthonormal. Then, one only needs to check that the space of polynomials in N
variables is dense in L2(duy). For N = 1 this is proved in Proposition 1.1.5 of
[28], and the same proof works in any dimension.

As in Section 5, we denote by s4 a generic element of (Vjz,dva), which we
think of as a standard Gaussian vector in V4. Let n € VJ; then, n(sq) € L2(dvy)
is a real centered Gaussian variable. Moreover, for any n,n" € V, we have
E[n(sa)n’(sqa)] = (n,n’). Thus, Vj is canonically isometric to a subspace of
L2(dvg), via n — n(sg). From now on, we identify V] with its image, so that
Vic L?(dva) is a centered Gaussian Hilbert space.

Definition 6.6. Let (n1,...,nn,) denote an orthonormal basis of V; that
is, the (ni(sq))ieq1,..,N,} are independent real standard Gaussian variables. For all
q € N, we define Cy[q], the q-th Wiener chaos of the field s4, as the subspace of
L?(dvy) spanned by the orthogonal family

Na

(T He(ni) | e NN, (o] = g}
i=1
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Variance of the Volume of Random Real Algebraic Submanifolds II 1691

Remarks 6.7.
e C4[0] is the space of constant random variables in L?(dv,4) and Cy4[1] =
V.
e We do not need to take the closure in the definition of Cj;[g] since it is
finite dimensional.

Lemma 6.8. The Wiener chaoses (Calal)qen of Sa do not depend on the choice
of the orthonormal basis (N, ..., Nn,) appearing in Definition 6.6.

Proof. Let (n1,...,nn,) and (n,...,ny,) be two orthonormal basis of V.
There is an orthogonal transformation U of VJ such that, forall i € {1,...,Ng},
we have n) = U(n;). As the situation is symmetric, we only have to prove (for
any B € NNa such that |B| = q) that ]—[Ji\]jl Hg,(ni) is a linear combination of
elements of the family: {]_[]i\]:”l1 Hy (U(Ni)) | @ € NNa, || = q}. Dropping the
dependence on d, this amounts to proving that if X = (Xi,...,Xy) € RN and
U € On(R), then, for all B € NN such that |8] = g, H]i\ilHﬁi (X;) is a linear
combination of the (1_[]1'\’:1 Hu, (U(Xi))) | al=q-

By [28, Proposition 1.4.2], we have

, i i) —ep (¢, X) — 2 ,

xeNN  i=1

where (-, -) is the standard inner product of RN and || - || the associated norm. As
the righthand side is invariant under orthogonal transformation, we have

veew, S ([THawon) Y o s ([Ta,00)5

oaeNN =1 o xeNN =1

Now, note that the components of U (t) are homogeneous polynomials of degree 1

in (t1,...,tn). Hence, (U(t))* can only contribute terms of degree || to the
sum.

We conclude by identifying the coeflicients of these power series of the vari-
able t. O

Lemma 6.9. For all d € N*, @ en Calq] is dense in L2(dvg). Moreover, the
terms of this direct sum are pairwise orthogonal.

Proof. As the family (Hi”ll H, (X)) yena is orthogonal, the (Cg[q])gen are
pairwise orthogonal by definition. Let (s1,4,...,Sn,,4) be an orthonormal basis
of V4. We have s4 = > aiSia, where the a; are independent N'(1). For any
ie{l,...,Na}, let ni = (-,5i,4), so that ni(sq) = ai. Then, for any q € N,
Calq] is spanned by the random variables (]_[Ii\]:"’1 Hy, (i) |al=q-

Any square integrable functional of 54 can be written as F(ay, ..., an,), with
F € L*(dun,). Since the span of{l—[i‘ll Hg, (Xi) | o« € NN} is dense in L2 (duy,),
the conclusion follows. O
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1692 THOMAS LETENDRE ¢»* MARTIN PUCHOL

Notation 6.10. Let d € N* and let A € L?(dvy). For any g € N, we denote
by Alq] the q-th chaotic component of A, that is, its projection onto Cg[q]. Then,
we have A = >,y Alg] in L2(dvy).

By definition, A[0] = E[A]. Moreover, as the C;i[q] are pairwise orthogonal,
we have E[A[gq]] = 0 for any g € N*, and Var(A) = Dlgen+ Var(Alq]).

6.3. Wiener-Ito expansion of the linear statistics. Recall that we consider
a standard Gaussian section s; € V4 = ([R{gom[Xo, ..., Xn D" and that |[dV;]| de-
notes the Riemannian measure of integration over its real zero set. Let us fix
d € N* and ¢p € CO(RP"). By Theorem 1.6, (|dVy4l, ¢) € L?>(dvy). The goal of
this section is to compute the chaotic expansion of these variables. For all g € N,
we denote ([dVy| [q], ¢) for (|dVal, b))[q].

Since (|dVg4l, p) € L?(dvy), for any A € L?(dv,) we have

(A(|dVal, ) € L1 (dvy),

and

ELA(dVal, )1 = E| |

X€eZy

b () A(sa) |dvd|].

Even if A depends on s4, we can apply a Kac-Rice formula (cf. Theorem 5.3 of
[22]). Thus, we have

E[A(|dVal, p)] = (2Tr)’T/2J $(x)

xerpn |det” (evi) |
X E[Aldet* (Vsq)| : s4(x) = 0] [dVgpn]|.
Recall that s4 is a tuple of independent KSS polynomials, and that E; =

I, ® E}}, where E} is the correlation kernel of one KSS polynomial. By equation
(6.3) and Lemma 6.2, we have

i , , d+n)\""?
|det" (ev) | = det(Eq(x,x))"/? = det(E}(x,x))"/? = ( —T ) :
Denoting
I\ -1/2
<d(i:;)'> Visy by La(x),
1\ —1/2
<(i:;)> sa(x) by ta(x),
we get

r/2
64 EAGWVA P = (o) [ b

x E[Aldet" (Lg(x))| : ta(x) = 0] |dVgpn|.
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Variance of the Volume of Random Real Algebraic Submanifolds II 1693

Let x € RP"; without loss of generality, we can assume that the coordi-
nates on R"*! are such that x = [1 : 0 : --- : 0]. Let Lo(x) be one of the
two unit vectors in RO(d)y, the other one being —Co(x). This gives an iso-
morphism between (R & TF(RP")) ® O(d)x and R & TF(RP™), so that we
can consider (tz(x),La(x)) as an element of R” & (TFRP™)". We denote by
(o), .., 87 (x)) the components of ta(x), and by (LY (x),...,L (x))
those of Lg(x). The couples (tél) (X),Liil) (x)) are centered Gaussian vectors in
R ® T¥RP" that are independent from one another. Moreover, by Lemma 6.2,
foralli e {1,...,7}, the variance operator of (tt(il) (X),Lfil) (x)) is Id.

Let us choose any orthonormal basis of Tf RP", and denote the coordinates
ofLiil) (x) in this basis by (Lﬁil (x),... ,Lfi"(x)), so that

<L;j(x)> l<i<r I1s the matrix of Lg(x).
Isjs<n
Then, ‘ -
) l<i<sriuilieol1<i<r, 1<j<n}

is a family of independent real standard Gaussian variables in L2(dvy), and we
can complete it into an orthonormal basis of Cy4[1]. We therefore denote by
{Séll) (x) | r(n+1) <i< Ny} the last elements of such a basis. Below, we work
in the Hilbert basis of L?(dv,) obtained by considering Hermite polynomials in
these variables.

Remark 6.11. e just used the fact that our random field satisfies properties
(1), (2), and (3) of Subsection 6.1.2. This is what makes this computation specific
to the case of KSS polynomials.

Notation 6.12. Let x € N", B € N” x N" and y € NNa=7("+D) e will use
the following notation:

Hu(ta(x)) = [ He (£ (x)),

i=1

Hg(La(x) = []  Hg, LY x)),
I<isr,l<jsn

A Nd .

HySa(x) = [] Hy (S0,

i=r(n+1)+1

We first expand Idet'l‘(Ld(X))I in L2(dvg). Since |det™(Lg(x))] only de-
pends on the variables {L:i] (x)|1<i<wr,1<j<mn}, wehave

Hp(La(x))
ldet* (Ly (x))| = Bp—£=
66%N" B!
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1694 THOMAS LETENDRE ¢»* MARTIN PUCHOL

where .
Bg = ﬁ[E[Idetl(Ld(X))IHﬁ(Ld(X))] VB e N x N

The coeflicient Bg only depends on the distribution of Lj(x), which is a standard
Gaussian for all x € RP™. Hence, Bg is independent of x. These coefficients have
several symmetries. Note that |det™ ((Lfi’ (x))i,j)| is invariant under the following
operations:

 multiplying a whole column or a whole row by —1

e permuting the rows or permuting the columns.
Since the Hermite polynomials of odd degrees are odd (cf. Lemma 6.5), the first
point shows that Bg = 0 whenever there exists i € {1,...,7} such that Z;L:l Bij
is odd or there exists j € {1,...,n} such that >j_; Bi; is odd. We denote by I
the set of multi-indices B € N” x N" such that, forall i € {1,...,7}, 37, Bij is
even, and, forall j € {1,...,n}, >i_, Bij is even.

If [Bl = 2, then the only way for B to belong to I is that there exist (i, j)
such that B;; = 2, the other components of B being zero. The second point above
shows that, in this case, the value of Bg does not depend on the index (i, j) such
that Bi j= 2.

Notation 6.13. Let B, denote the common value of the Bg for B € I such
that |B] = 2.

We can also expand A € L?(dvy) as

He(ta(x)) Hg(La(x)) Hy (Sa(x))

A= Z Ao(,ﬁ,y(x) \/E \/F \/ﬂ ’

B,y

where

Hy(tg(x)) H(La(x)) ﬁy(sd(x))}

NN T

Then, using the orthonormality properties of the Hermite polynomials, we get

Axpy(x) =E [A

Hy(0)

(6.5) E[Aldet" (La(x))| : ta(x) = 0] = ZA(x,ﬁ,o(X)BﬁT,

o,B

where the sum runs over multi-indices such that &« € 2N" (see Lemma 6.5), and
B € I. Then, by equations (6.4) and (6.5), for any A € Cy4[q], we have

/2
E[A(|dVa], b)] = (%)
Hy(0) He(ta(x)) Hp(La(x))
Xo(eZNZV,BeIBB Val [E[ALGR[P”(]S(x) Ja! /B |dVRPn|].
ledl+1Bl=q
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We have proved the following proposition.

Proposition 6.14. For all d € N*, for all p € CO([R[P’"),for allq € N, we
have {|dV4|[2q + 11, ¢) = 0, and

r/2
6.6) (|dVal[2a], ) = (i)

21T
Hy(0) Ho(ta(x)) Hp(La(x))
X Lceuw" ¢ 2 By V! Vol VB!

xe2N", Bel
le|+1B1=2q

|dVRpn|.

Remarks 6.15.

o Recall that the values of the tl(;) (x) and L:ij (x) depend on the choice
of the unit vector Cy(x), which we used to trivialize O(d)x. The only
other choice of such a unit vector is —Cp(x). Changing Co(x) to —Cp(x)
changes tc(il)(x) to —tél) (x) and L;lj (x) to —Lii’(x). Since we only con-
sider multi-indices (&, B) such that || + |B] is even, the monomials ap-
pearing in H(x(td(x))ﬁg(Ld(x)) with a non-zero coefficient have even
total degree. Hence, the value ofHD((td(x))ﬁ,g(Ld(x)) does not depend
on the choice of Ty(x).

o Since X gey, \3\:p(BB/\/E)I:IB(Ld(X)) is the p-th chaotic component of
|det™ (Lg(x))1, it does not depend on our choice of an orthonormal basis
of TRP". Hence, neither does the value of the sum on the righthand

side of equation (6.6), for any given x € RP".
e By [21, Lemma A.14],

Vol(S"™7)

— L = "
By = E[ldet” (L (e))|] = (2m)" <™

Then, Proposition 6.14 for q = 0 shows that, in the setting of KSS poly-
nomials, for all ¢ € CO(RP"?),

Vol(S"™7)

rE[<|dvd|,<i>>]=d”2(JW<i>lde"|) Vol(sn) -

That s, in this case, the error term in Theorem 1.2 is zero for any d € N*.
Let us conclude this section by writing (|dV4| [2], ¢) in a more explicit way.
Lemma 6.16. For all d € N*, for all € CO(RP"),

_ gr2 Yol(s"™)
2nVol(S")

%[ BCOULII? = nlltaGe) ) [aVigal.
xeRP™

(Idval [2], ¢)
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1696 THOMAS LETENDRE ¢ MARTIN PUCHOL
Proof. By Proposition 6.14 and Lemma 6.5, we have

d

/2
6.7) {ldVal[2], ) = (%)

_B 2 _ By 2 )
XLGWWX)( > NtaHN-—7) + ﬁ(llLd(x)ll nr)) |[dVgpn |,

where B, is defined by Notation 6.13. Since H, = X2 — 1, we have

nV2B, = 3 E[ldet* (La(x)) [ Hy (LY (x))]
j=1
= E[Idet” (La ()| ILY (2)?11] - nBo.

It was proved in [21, Appendix B] that |det™ (Lg(x))] is distributed as

LS GO Zn-tll - 1 Zny i1l
where (L,(il) (xX), Zn-1,--., Zn—yr+1) are globally independent and Z,, is a standard

Gaussian vector in R?, forallp € {n—7r+1,...,n—1}. Since Liil)(x) ~ N (Id)
in a Euclidean space of dimension n, we have

n-1
By = E[|dec™ (La(x) ] = E[ILY Gl [] ELIZpl]
p=n-r+1
Vol(S"~7)
_ /2
@O Nolsmy
b= e o) TT etz - 2
n\/f d 1 p \/f
p=n-r+1
_Bo (EM _ ) _ B
-~ V2 \ n Vol(sn+2) N2’
We plug these relations in equation (6.7), and this yields the result. O

6.4. Conclusion of the proof. In this section, we finally prove Theorem 1.8.
The key point is the following.

Lemma 6.17. Ler Zg be the common zero set of v independent Kostlan-Shub-
Smale polynomials in RP"; then, we have the following as d goes ro infinity:

) 2 Vol(s"—7)?
N ¥ ‘VL/2 “ n/zi
Var(Vol(Z3)[2]) ~ d 4 (1 + n) n 16 Vol(S™)

Let us prove that this lemma implies Theorem 1.8.
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Variance of the Volume of Random Real Algebraic Submanifolds II ~ 1697

Proof of Theorem 1.8. Let us consider the common zero set Z; of + indepen-
dent KSS polynomials in RP", and denote by |dVy| the Riemannian volume
measure on Z4. Let 1 be the unit constant function on RP". We thus have
(IdVal, 1) = Vol(Z4) and, by Theorem 1.6,

n-1
d71’+n/2var(vol(zd)) _ VOl([R[P)n) (M’]ﬂy +0

2
Qmr " T"Vol(§"))+0(l)'

On the other hand, as we explained at the end of Subsection 6.2,

d—r+n/2var(vol(zd)) = 4rtn/2 Z Var(Vol(Z3)[q])
geN*

> d "2 Var(Vol(Zy)[2]).

By Lemma 6.17, we get

Qmyr e+ O

Y1 2 2 (Vol(SM))z
= (1+n>n Vol(§M) > 0. O

(Vol(§"1) 2 )

Remark 6.18. In [11], Dalmao proved that for n = ¥ = 1, one obtains
Var(Vol(Z;)) ~ o2+/d with 02 =~ 0.57... . What we just said shows that ol =
1 + 74,1, and the lower bound we get for this term in the proof of Theorem 1.8 is
3/(8y/m) = 0.21... . Thus, asymptotically, chaotic components of order greater
than 4 must contribute to the leading term of Var(Vol(Zy)).

We conclude this section by the proof of Lemma 6.17.

Proof of Lemma 6.17. Recall that |dVy] is the Riemannian volume measure
on Zg, and that 1 is the unit constant function on RP". By Lemma 6.16, we have

Vol(Z4)[2] = (1dVal [2],1)
_ g2 Yol(s™ )

Vol(s"™") ) , n
VOIS Jyegpn (LT = 1ltaCOI%) [dVipn .

Since this is a centered variable, its variance equals

(ot

X J ELUILa GO 12 =nlita CO NP NLaO) 1P =nlita () 12) ] [dVRen [
(x,y)e(RPn?)2
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1698 THOMAS LETENDRE ¢»* MARTIN PUCHOL

Using the invariance of the distribution of 54 under isometries, we get that

. Vol(s" )2
(6.8) Var(Vol(Z4)[2]) =d 78712\/01(5"))‘7”’7((1)’
where, setting xo = [1:0:---: 0],
Iny(d)

= J E[(IILa(x0)1* = nllta(xo) 1)) (ILa()1? = nllta(P)15)] |dVien .
yERP

Since Brpn (x0,77/2) = {[1:2;: -+ : 2] € RP" | z € R"} has full measure
in RP"™, we can restrict the above integral to this ball and use the local coordinates
introduced in Subsection 6.1.3. These coordinates are centered at xo. Moreover,
note that the density of |dVgpn | with respect to the Lebesgue measure in this chart
isz — (14 ||z||?)~M+D/2 (cf, [16, p- 30]). Moreover, by a change of variable
y=[l:zy:---:2zy], we have

6.9) Inr (@) = | Fa@) 1+ 2 D2z,

where

Fa(2) = E[UILa(0)I* = nlita(O)I*) (ILa(2) 11> = nllta(2)[1*)].

Here, we denoted t4(z) instead of t4([1: 27 : --- : z,]) and L4(2) instead of
La([1:2z1:---:2z4]).
Let us fix z € R™ and compute F4(z). Using once again the invariance under
the action of Oy4+1(R) on RP", we can assume that z = (]|z]],0,...,0). Let
(i L)
ox;’ "7 0xp
denote the basis of the tangent space of RP™ at [1 : [lz]| : 0 : --- : 0] given

by the partial derivatives in our chart @y, (see Subsection 6.1.3). This basis is
orthogonal, but [10/0x1 1l = (1 + [Iz[?)7! and [18/0x;l = (1 + [1z]|?)~'/? for all
jei2,...,n}.

The random vectors (3 (0),t$” (2), L1} (0), L} (2),...,L¥(0), L (2)) for
i€{l,...,7} areindependent equidistributed centered Gaussian vectors in R2"**2,
The previous relations, together with Lemma 6.2, show that their common vari-
ance matrix, by blocks of size 2 X 2, is

Aa(llzI1?) (Ba(llz]1?))t 0 0
Ba(llzII*) Da(llzl?) 0 0
(6.10) 0 0 Calllzl?) 3 ,
I : : 0
0 0 0 Callzl®
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Variance of the Volume of Random Real Algebraic Submanifolds II 1699

where, forall t = 0

-dj2
6.112)  Ag(t) = . ) ,

((1 + t)~d/2 1
( Jdt( +t)‘d/2>

(6.11b) Ba(t) = \/_(1+t) -d/2 0

ax £y
G110 Calt) = (1+t)<1 o) . )

— -d/2
611d)  Da(t) = ( (+t=dhd+b) )

(1+t—dt)(1+t)*d/2 1

Using the independence and equidistribution of the couples (t'’ (x), LY (x)), we
have

Fa(2) =7 ( S ELLY () (L] (z))z]—nZ[E[(t;”(O))Z(L;f(z))Z]
il

—nz EL(LY (002t (2)) ]+anE[(tm(O))z(t;;)(z))z]).

If (X, Y) is a centered Gaussian vector in R? such that Var(X) = 1 = Var(Y), then
by Wick’s formula (cf. [1, Lemma 11.6.1]) we have E[X?Y?] = 9 + 2E[ XY ]2. We
apply this relation to each term of the previous sum. Then, by equations (6.10)
and (6.112)—(6.11d), we have F4(z) = 2rF;(d| zl|?), where Fy4 is defined by

Fa(t) = <1+%>d<(1+é—t>2+(n—l)<l+é>—2nt+n2>,

forall t € R. Then, by a change of variable t = d||z||? in equation (6.9),
(6.12) Tny(d) = d 2 Vol(S™ 1)

+ o0 t
xj Fa(t)tm=212 (1 + =
t=0

d

—(n+1)/2
)

Let t = 0; we then have

—(n+1)/2
Fd(t)t(n72)/2 (1 + %)

— (t2=2t(n+1) +nn + 1)tM2/2e-t,
— 400
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Moreover, for all d € N*,

t >—(1’l+1)/2

()22 (1 Lt
a(t)t 3

-d
< (1 + é) Fn-22(4¢2 4 (n + 1) 3L + 1)),

Let dg > n/2 + 2. Since (1 + t/d)~% is a non-increasing sequence of d, for all
d = dy,

t >—(1’l+1)/2

(n-2)/2 hdl
Fa(t)t <1 + P

—do
< (1 + di> tM=2D12(4¢2 + (n + 1) (3t + n)),
0

and the righthand side is integrable as a function of t. By Lebesgue’s theorem, we
have

+00 Fd(t)t(n—z)/z
613 |, s g o

+ 00
[ @ -2tme e nme e tar =1 (24 2),

d—+oo 0

where I’ is Euler’s Gamma function. The conclusion follows from equations (6.8),

(6.12), and (6.13). O

APPENDIX A. TECHNICAL COMPUTATIONS FOR SECTION 4

Before proving the technical lemmas of Section 4, we state several estimates that
will be useful in this section and the next. Recall Definitions 4.4, 4.5, and 4.11.
The following hold as t goes to infinity:

(A.1) a(t) ~1, by(t) 0, b_(t) V2;
t—+ t—+o0 L—+o00
u;i(t) P 1 Vie{l,2},

(A.2) vi(t) — 1 Vie{l,2,3,4}.
The following hold as t goes to 0:
(A3) a-1-L Loy, by -2-Liow

. 2 8 ] + 2 ]

2

(A4) b (Ob_(t) = VE(1 +0(t2), (b_(1))? = % n % Lo,
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(A.5) wi(t) =t +0(t2), s (t) = t—2+0(t3)
3

(A.6) vit) =2 +0(1), vy (t) = %m(ﬁ)

(A7) v3(t) =t + O(t?), vi(t) =2+ O(t).

Proof of Lemma 4.6. Recall that P is defined by Definition 4.5 and Q by equa-
tion (4.3). One can check by a direct computation that, for any t € [0, +),
P(t) = (A(t) ® )0 (Q ® ), where

1000

1 (b (t) -b, (1) 0001 1 (1-1

Alt) = f(m(t)b(t)) 7=lo100| * Q= f( 1)'
0010

Moreover, these three matrices are orthogonal. Then, we have

0(Qe L) (Q @ Lo
1 — e (1/2)t 0 0 —/te~(1/2)t
—(1/2)t (1/2)t
-9 8 1\/;;(1/2” 1- ({i tye-(1/2)t 8 o'
—/te~ 1/t 0 0 1+ (1—t)e 1/t
l—e WDt _ ffo-(1/2) 0 0
I Yt T O S 0 0
0 0 1+ e—<1/2>t Ve (1/2)t
0 0 Viem WDt 1 — (1 —t)e- /2t

=I;+et? ((\}f t\ifl) ® <_(1) (1))) ,

where I4 stands for the identity matrix of size 4.
Recalling the definitions of (vi(t))i<i<4, b+ (t), and b_(t) (see Definitions
4.4 and 4.5), we conclude the proof by checking that

t t\?
1 t - — 1+ (= 0
A(t) VE) Ay - | 2 <2> N
\/E t—1 0 £ N - (£>2
2 V 2
Proof of Lemma 4.8. Let z € R™ \ {0}; by equation (4.2) and Lemma 4.3,

det (Q(2)) = det (@'(2))" = dec (QlIzID)) 7 (1 - e~ 12IF)rn),
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1702 THOMAS LETENDRE ¢»* MARTIN PUCHOL

and it is enough to prove that det(Q(t)) > 0 whenever t > 0. By Lemma 4.6,
(A.8) VE=0, det(Q1)) = vi(Hva()vs(t)vs(t)
=1-(t2+2)et+e 2 = f(t),

where the last equality defines f : [0, +00) — R. We have f(0) = 0 and, for all
t >0, f'(t) =etg(t) where g(t) = t> — 2t + 2 — 2e7t. Then, g(0) = 0 and,
forallt >0, g'(t) =2(e* =1+ t) > 0. Thus, g is positive on (0, +o0), and so
is f. Finally, we have that, forall t > 0, det(Q(t)) > 0. O

Proof of Lemma 4.13. Let z € R™ \ {0}; as above, we have
det (A(2)) = det (A'(2))" = det (A(l12]2))" (1 — e 1=1*yrn-n),
and it is enough to prove that det(A(t)) > 0 whenever t > 0. By Lemma 4.12,

1 (t2+2)et+e 2 det (fl(t))
1—et  l—et

V>0, det(A(t)) = ui(D)ua(t) =

by equation (A.8). We just proved that det(Q(t)) is positive for every positive ¢,
hence the result. |

Proof of Lemma 4.14. First, recall that Q(z) = Q'(z) ® I (see equation (4.2))
and A(z) = A'(z) ® I (see equation (4.5)). Hence, we only need to prove that
the map z — (0 A’(2)Y/2)Q'(2)71/2 is bounded on R™ \ {0}. Then, let z €
R™ \ {0}; the matrix of Q' (z) in the orthonormal basis B, of RZ ® (R & R™) (see
Subsection 4.2) is given by Lemma 4.3, and the matrix of Q'(z) /2 in B; is

Q121717 0

—1/2
1 e-2lzl
0 ® I-
-z nl

Similarly, by Lemma 4.9, the matrix of (0 A’(2)2) in B; is

0 Adlzl?)17] 0

1/2
1 e~ 1/D)liz|?
0 ® In-
e-UIzIP nl

Thus, our problem reduces to proving that t — <0 A(t)l/z) Q(t)~'? is bounded
on (0, +).

This content downloaded from
195.221.160.9 on Wed, 19 Feb 2025 09:06:25 UTC
All use subject to https://about.jstor.org/terms



Variance of the Volume of Random Real Algebraic Submanifolds II 1703

Recall that, forall t € [0, +00), P(t) € O4(R) was defined by Definition 4.5.
By Lemmas 4.6 and 4.12, for all t € (0, +0) we have

(0 /’\(t)l/z) Q(t)71/2

_( olo u; ()12 0 o | pay
B 0 uy(t)!?
0

v (t)"12 0 0
0 v, ()12 0 0
2(1) . P)
0 0 ws(t)V 0
0 0 0 va(t)" 12
() ms(t) ms(t) me(t)
my(t) my(t) me(t) ms(t)
where
b.b_
my - 2! <_ u , fus  fun ﬂ)’
(4] (%) V3 V4
(%! V2 V3 V4
Ma — b.b- o U2 U1 U1
3T 4 v Vs V3 v )’
M = bib- R L L S
$T Ty vy v, V3 vy )’

_ (L) ([ ua |
)=V \/—)

S e (A (b ) ( [uz
67 T4 v U3 ) U4

By Lemma 4.8, for all t > 0, the (v;(t))1<i<4 are the eigenvalues of a symmetric
positive operator, and hence are positive. Similarly, for all ¢ > 0, u;(t) > 0, and
uz(t) > 0 by Lemma 4.13. Thus, the (m;)i<i<¢ are well-defined continuous
maps from (0, +o0) to R. By equations (A.1) and (A.2),

mi(®) 0 Vie{l,2,3,4,06},
! t-+0 (1 fori=>5.

Moreover, by equations (A.3)—(A.7), forall i € {1,2,5,6}, m;(t) = % + O (V1)
as t goes to 0, and, for any i € {3,4}, m;(t) = —% + O(Vt) as t goes to 0.
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1704 THOMAS LETENDRE ¢»* MARTIN PUCHOL

Hence, foralli € {1,...,6}, m; is a bounded function from (0, + ) to R, which
concludes the proof. |

Proof of Lemma 4.17. Recall that, for all t > 0, the couples (X;;(t),Y;j(t))
are independent centered Gaussian vectors in R2. We denote by A; j(t) the vari-
ance matrix of (X;;(t), Y;i;(t)), which equals A(t)ifj =1, and

1 exp‘“/z)t2
exp~ 10

otherwise (see Definition 1.5, Lemma 4.16, and Lemma 4.9).
Forallie {1,...,7}, j € {1,...,n},and t > 0, we can write

Xl'j(t) Al’j
= /Aij (1) ,
(Yij(w) Y (Bij
where the (A;;) and (B;j) are globally independent real standard Gaussian vari-

ables, not depending on t. Note that by Lemma 4.13, the A;;(t) are positive for
any t > 0. We deduce from Lemma 4.12 that, forany i € {1,...,7}, forallt > 0,

——  (a(t) B(t)
Ai t) = ’
e (B(t) a(t))

A (6) = (y(t) 5(”), Vje2,...nl

;

6(t) y(t)
where
x(t) = %(er u(t)),
) y(t) = %(x/l + e~ (/28 4 1 — e-(1/212)
A10) B = %Wm— ui(t)),

5(t) = 5 (VT4 e B — VT = o= (8),

We denote Aj = (Ayj,...,Arj)" the j-th column of A, and similarly Bj =
(Bij,...,By;)%. Then, E[|det* (X(t))||det" (Y(£))|] = E[¥(t, A, B)], where
(A.11) Y(t,A,B)

= [det” (x(t) Ay + B(E)B1, y (1) Az + 6(E)Ba, ..., ¥y (1) Ay + 8(1)By) |
X |det* (B(£)A; + (t)By, 5 (t)Ax + y(t)By, ..., 5(t) Ay + y(t)By)].
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Variance of the Volume of Random Real Algebraic Submanifolds II 1705

By (A.5), a(t) = 3V/E+O(t) and B(t) = —3/E + O(t). We extend continuously
&, B, y,and 6 by x(0) = 0 = B(0) and y(0) = 1/+/2 = §(0). The function ¥
also extends continuously at t = 0.

Then, «, B, y, and 6 are bounded functions on (0, 1], and Y is the square root
of a polynomial of degree 47 in (A, B) whose coeflicients are bounded functions
of t. In particular, forall t € (0,11, ¥(t, A, B) is dominated by a polynomial in
(A, B) whose coefhicients are independent of t. By Lebesgue’s theorem,

(A.12) E[|det™ (X (t))] |detl(Y(t))|]To’ E[Y¥(0,A,B)].

Let j € {2,...,n}; we define X; = (X1j,...,X,j)" as
1

y(O)AJ- + 5(0)BJ' = \/Z(AJ +BJ').
Then, the (X;;) with i € {1,...,7} and j € {2,...,n} are independent real
standard Gaussian variables. Setting X; = (X1,...,X,1)" = 0, we have

¥(0,A,B) = |det” (X1, X2,..., Xn)|?
det((Xth! . '!X‘VL)(X11X21 L 1X1’L)t)

> det((Xik)1<ij<r)?

1<k;<---<ky<n

by the Cauchy-Binet formula. Let 1 < k; < ky < --- <ky < n. Ifk; =1, the
first column of (Xik;)1<i,j<r is zero and its determinant equals 0. Otherwise,

(A13)  E[det((Xik;)1<i,j<r)?] = > e(0)e(t) [ | ElXiky o Xikr iy 1 = 7

o,TES, i=1
Hence, if ¥ < n,

-1
T m-r-1V

E[¥(0,A,B)] :r!("‘ 1)
.

and by equation (A.12), we have proven Lemma 4.17 in this case. If ¥ = n, we
have E[¥(0, A, B)] = 0 and must be more precise.

Let us now assume that ¥ = n. Then, X and Y are square matrices and their
Jacobians are simply the absolute values of their determinants. For all £ > 0,

(A.14) Y(t,A,B)

det <\/g0((t)A1 + \/%B(t)Bl, y(t)Az +6(t)By, ...,y () Ay + 5(t)Bn)

det(\/gﬁ(t)Al + \/g(x(t)Bl, O(t)Ay + y(t)Ba,...,0(t)An + y(t)Bn)

t

2

X
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1706 THOMAS LETENDRE ¢»* MARTIN PUCHOL

By equation (A.5), v2/tx(t) = 1/v/2+ O (V/t) and V2/tB(t) = —1//2+ O (V1).
We can apply the same kind of argument as above. By Lebesgue’s theorem,

2

?E[W(t’A’B)]TO) [E[| det(Yll‘le e 1X1’L)| | det(_Yth! e 1X1’L)|]

= E[det(Y, X2, ..., Xn)?],

where Y1 = (Yi1,...,Y»1)" = (1/v/2)(A, — B;). Since Y1, X5,..., X, are in-
dependent N (Id) in R", the same computation as equation (A.13) shows that
E[det(Y1, Xa,..., Xn)%] = ¥! = nl. Hence, if ¥ = n, we have

E[|det” (X (£))] |det™ (Y (£))|] = E['¥(t,A,B)] ~ %!t, ast — 0. O

Proof of Lemma 4.18. For any t > 0, let us denote by

A 0
1 exp” (1128 ® I
—(1/2)e2 ® In—1
exp 1

the variance matrix of (X (t), Y (t)).
In the following, we denote a generic element of M, (R) X M, (R) by L =
(X,Y). We have

(A.15) A(t) =
0

L L = !
(A16)  E[ldet” (X ()] |dec" (Y(tD] = o0

X J |det” (X)| [det" (Y)] exp (—% <<A(t)>_lL,L>> dL.

det (A(n) "

By Lemma 4.12, we have A(t) = Id+O(te t'?) as t — +o. Then, we have
det(A(t))"12 = 1 + O(te~t/?). Moreover, by the Mean Value Theorem,

exp <—% <(/A\(t))71L,L>> _ o2
exp (-5 (((Aw) " -14) L)) -1]

ILE | (Aq) ™ —IdH).

<A(t)>_1 - IdHexp < >
Then, since (A(t))~! = Id +O(te~t/2), this last term is smaller than

— o (/DL

2
< o~/ LI ‘
2

2
e ILIE ‘
2

(Aw) "~
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Variance of the Volume of Random Real Algebraic Submanifolds II 1707
for all t large enough. Hence,

dL

J |detL<X>| et (V)]

exp (—l <<A(t)>_1L,L>) eI

_Idw'det (X) | [dec” (V)] [[L[2e” VDI gL

= O(teit/ 2y,
Thanks to this relation and equation (A.16), we get that

E[Idet” (X (£))| |det* (Y (£)) 1]
= E[|det” (X(0)) ]| |det* (Y (0))|] + O(te~t/?),
where (X (e0),Y(00)) ~ N (Id) in Myp(R) X My (R). Finally, by Lemma A.14
of [21],
E[Idet” (X (c0))| |det™ (Y (0))]]

Vol(s™~7) )2

_ L 0))]]* = "
= E[|det™ (X (0))[]” = (27) (VOl(gn)

APPENDIX B. TECHNICAL COMPUTATIONS FOR SECTION 5

Proof of Lemma 5.26. Let & € (0, 1); we want to prove that
0(z) 120,4(2)0(z) 1?2 -1d=0(d™ %)

uniformly for x € M and z € Br,m (0, by Ind). Recall that

_ 1 (-
Q_ﬁ 1 1)

Since Q € 0, (R), it is equivalent to prove that

(B.1) (Q ® ldg(zer4),)0(2) 12 (04(2) — O(2))
X 0(z)12(Q ® ldg(zera),) ' = 0d™).

Recall that eq was defined by equation (3.1) and e = Eldg(rerd), (see
Section 4). We set g4(w,z) = eq(w,z) — ex(w,z), for any d € N, for all
x € M, and for all w, z € By, ; (0, by Ind). By equations (4.1) and (5.7) we have

£4(0,0) sd<o,z>>

0a(2) -0(2) = (sd(z,O) E4(z,z)
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1708 THOMAS LETENDRE ¢»* MARTIN PUCHOL

Then, by Lemma 4.1, for all x € M and z € By, (0, b Ind) \ {0} we have

(Qe® IdR(f®£d)x)®(2)71/2 (®4(z) —B(2))

aq(z) bd(z)*)

O(z)"1/2 Id )) =
X 0(z2) Qe [R(f@ﬁd)x) (bd(z) cqa(z2)

where
aq(z) = %(1 — e WDNZIP) =V (g,(2,2) — €4(2,0) — £4(0,2) + £4(0,0)),
ba(z) = —%(1 —e 12112 (g4(2,2) — £4(2,0) + £4(0,2) — £4(0,0)),

ca(z) = %(1 T+ e DI (g4(2, 2) + £4(2,0) + £4(0, 2) + £4(0,0)).

Let B € (&, 1); by Proposition 3.4 we have ||D%w,z)$d|| < Cd =B, where C is
independent of x € M and w, z € By, m (0, by Ind). Then, a second-order Taylor

expansion around (0, 0) gives
l€a(z,2) — €a(2,0) — £a(0,2) + £a(0,0)|| < Cliz|*dP.

Since we consider z € By (0, by Ind) and 1 — e~ /2121 < |12]]2/2 as z — 0,
we have

CllzlI*d"#

2(1 = e~ (1/DlizlI?) = O((lnd)zd—ﬁ) -0,

laa(2)|l <

where the error term does not depend on (x,z). We obtain equation (B.1) by
reasoning similarly for b4(z) and c4(z). O

Proof of Lemma 5.28. The idea of the proof is the same as that of Lemma 5.26
above. Let & € (0, 1); we want to prove that

(B.2) Q(2) 1% (Qa(2) - Q(2)Q(2)"1? = 0(d™).

Recall that we defined €4(w,z) = eq(w,z) — ew(w,z) for any x € M and
w,z € Br,m(0,bylnd). We can express Q4(z) — Q(z) in terms of €4 and its
derivatives. Then, we write the matrix of the lefthand side of equation (B.2) in
an orthonormal basis that diagonalizes Q(z). The coefhicients of this matrix are
linear combinations of €4 and its derivatives. We will prove that they are O(d~%)
using Taylor expansions and the estimates of Subsection 3.3.

The details are longer than in the proof of Lemma 5.26 for two reasons. First,
the basis in which Q(z) is diagonal now depends on z. Second, some of the
eigenvalues of Q(z) are 0(]|z]|) as z — 0, so that we need to consider Taylor
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Variance of the Volume of Random Real Algebraic Submanifolds II 1709

expansions of order 6 for some coefficients. In addition, the matrices involved are
less easily described than in the proof of Lemma 5.26.

Recall that eq was defined by equation (3.1) and that ee = §ldg(zera), (see
Section 4). We expressed Q(z) in terms of e« in equation (4.2) and Qq(z) in
terms of eg in equation (5.8). As an operator on

RIE® LYy @ R(E® LYy @ (TYM @ R(F® L)) & (TEM ® R(E ® £4),),

we have
£4(0,0)  £4(0,2) ‘ 05€4(0,0)  35£4(0,2)
,0 , 0% ,0)  9f ,
04(2) — Q(z) = €a(2,0)  &a(z,2) yid(z ) yid(z 2)
0x£4(0,0) 0x€4(0,2)|0x 0y £4(0,0) 0x 05£4(0, 2)
0x€4(2,0) 0x€4(2,2)|0x 05 €4(2,0) dx Dyea(z, 2)
Let us choose an orthonormal basis (8/0x1,...,0/0xy) of TxM such that z =

Izl 0/0x,. We denote by (dxi,...,dxy) its dual basis. We can then define a
basis of R?® (R& T M) similar to B (see Subsection 4.2). Forany i € {1,...,n},
we denote by 0Oy, (respectively, 0,,) the partial derivative with respect to the i-th
component of the first (respectively, second) variable for maps from TxM X TxyM
to End(R(E ® £4),). Then, we can split Q4 (z) — Q(z) according to the previous
basis in the following way:

Aq(z) By (2)* - B (2)*

B‘(il)(z) C‘(ill)(z) L C‘(iln)(z)
(B.3) Qa(2)-Q(2) = | ° . : o

B (2) c{"™(z) --- c{"™(2)
where

€4(z,0) €4(z2,2)
0x,;€4(0,0) 0x,£4(0,2)
axifd(z,o) axifd(z,z) ’

Ox, 05,€4(0,0) By, 85,€4(0,2)
Ox; 6;1.5,1(2,0) Ox; aﬁjed(z,z)

(B.5) ij)(z)=< vie{l,...,n},

(B.6) c;"f’(z)=( ) Vi je{l,...,n},.

Let us denote by P(z) the operator whose matrix in our basis is

Pz 0 )
0 |Qel) "
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1710 THOMAS LETENDRE ¢»* MARTIN PUCHOL

where P was defined by Definition 4.5 and Q = (1/+/2) (1 7). Since P(2) is

orthogonal, (B.2) is equivalent to the following:
(B.7) P(2)Q2) 12 (Qa(z) - Q(2)Q(z) ?P(z) " =0d™™).

By Lemma 4.7, the matrix of P(2)Q(z)~1/2P(z) ! is (VE)Z) N 0 ), where

(z)®In—1
vi(l|z]?)~172 0 0 0
0 wn(lzlHM? 0
V(z) = ol
“ 0 0wz 0 r
0 0 0 vilzIH
N(z) = (1 — e~ 1/DlzIPy-1/2 0 }
(2) = 0 (1 + e~ (1/DNzIP)-1/2 ® Ly.

On the other hand, by equation (B.3),

Aa(z) B (2% - BYY (2)*

BV (z) ¢ (z) - “” (2)
P(z)(Qa(z) - Q(2)P(z) ! = : : N : :
B((in (2) C (nl (z) - - - (nn)(z)

where
- Aa(2) B (27 | o) o [(Aal@) By 2)
. E((il)(z) C’,élll)(z) = B((,ll)(z) C(glll)(z)
x (P(IzII*) @ Id),

B9 (B2 (@) =(@eld (B (2) ¢§"(2)
x (P(lzI)'eld), Vie{2,...,n},
B.100 €2 =@Qeld)C{(2)(Q'8ld), Vi, je2,...,nl.

Then, in order to prove equation (B.7), we have to prove that
B.11 ~ ~
( ) Bc(il)(z) C((ill)(Z)
(B.12) N(2) (B (2) C{M (@) V(z) =0(d™®), Vie{2...n}

(B.13)  N(2)C{”(2)N(z) = 0(d™™), Vi je{2,...,n}

e (1) *
V( )(Ad(Z) Ba (2) )wz) -0,

This content downloaded from
195.221.160.9 on Wed, 19 Feb 2025 09:06:25 UTC
All use subject to https://about.jstor.org/terms



Variance of the Volume of Random Real Algebraic Submanifolds II 1711

Since these are heavy computations, we do not reproduce them in totality
here. In the following, we give some details about the proof of (B.11), which is
the most difficult of these three relations to establish. The proofs of (B.12) and
(B.13) are similar and left to the fearless reader.

Let us focus on the proof of (B.11). We denote

a((il) afiz)* bfil)* bz(iZ)*

Vs [Aa® B{ (2)* Vs - al ay bP* b
B¢(il)( ) & (11)( ) bfil) bfiS) C¢(il) Céz)*

(2) (4) (2) (3)
by’ by ci ¢4

Then, by Definition 4.5 and equations (B.4), (B.5), (B.6), and (B.8), we have

B.14) a(z) = l(vl<||z||2>>*1((b+(||z||2>>2

X (axl a €d(z,2) + 8x1 €4(z2,0) + axl €4(0,2) + axl €4(0, 0))
+ b, (121)Db-(1211?) (3x,24 (2, 2) — 3x,€a(2,0) + By, £4(0,2) — dx,£4(0,0))
+ b, (121)Db-(1117) (35, £a(2, 2) + 8, £a(2,0) — 9%, £4(0, 2) — 8%, £4(0,0))

+ (b (217 (2a(2,2) - 2(2,0) ~ £4(0,2) + £4(0,0)) ),

(B.15) af (z) = l(v1(IIZIIZ)vz(IIZIIZ))’”Z( — b (lIzI*)b-(llzII*)

X (ax1 a &a(z,2) +8x1 €4(2,0) +8x1 €4(0,2) +ax1 €a(0, 0))
— (b-(I121)* (3x,4(2,2) = 0x,£4(2,0) + dx,£a(0, 2) — By, Sd(0,0))
+ (b4 (11211%)% (05, a(2, 2) + 03, £a(2,0) — 8%, £4(0,2) — 8%, £4(0,0))

+ b (IzI)Db-(121%) (£a(2, 2) - £4(2,0) — £a(0,2) + sd(0,0))),

B.16) af(2) = T@a(lzIP) ! (- (1217

X <8x1 a €d(z,2) + axl €d(z,0) + axl €4(0,2) + 8x1 ,€4(0, 0))

b (1212b- (1217 (3, €4 (2, 2) — 3x,€4(2,0) + 3x,£4(0, 2) — 05, £4(0,0))
= by (1210)b- (1212 (3%, £a(2, 2) + 3%, £4(2,0) — 3%, £4(0,2) — 0%, £4(0,0))

+ (b. (112)? (ea(2,2) = £a(2,0) = £a(0,2) + sd(0,0))>,
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1712 THOMAS LETENDRE ¢»* MARTIN PUCHOL

(B.17) by (2) = l(v1(IIZIIz)vs(IIZIIz))‘”Z( — (b (IzlI*)?
x (9x, 0%,€a(2,2) + Ox, 0% £4(2,0) — Bx, 3%, £4(0,2) — Bx, 35, £4(0,0))
= b (lIzIIP)b-(lz| )(6xled(z,2) ~ 0x,€4(2,0) — 3x,£a(0, 2) + dx,£4(0,0))
= by (1z1)Db-(1zI1*) (35, £4(2, 2) + 0}, £4(2,0) + 05, £4(0, 2) + 85, £4(0,0))

— (b-(121*)?*(£a(2,2) — £a(2,0) + £a(0,2) — ed(0,0))),

(B.18) b (2) = l(v1(||Z||2)1)4(||Z||2))’”2(b+(||2||2)b—(||2||2)
x (0x,0%,€a(2,2) + Bx, 0% €a(2,0) — Bx, 0%, €4(0, 2) — By, 3%, £4(0,0))
+ (b (11211"))%(0x, £4(2,2) = By, £4(2,0) — 3x,£4(0, 2) + 0, £4(0,0))
— (b (I1202)2(95, €4 (2, 2) + 8%, £a(2,0) + 0%, £4(0,2) + 8%, £4(0,0))

— b (IzI)b-(121%) (£a(2, 2) - €4(2,0) + £4(0, 2) - ed(0,0))),

(B.19) by (2) = l(vz(IIZIIZ)vs(IIZIIZ))’”Z(b+(||2||2)b_(||2||2)
X <ax1 a &a(z,z) + 8x1 €a(2,0) — axl €4(0,2) - 8x1 €4(0, 0))
— (b4 (112117)) (Eix1 €4(2,2) — 0x,€4(2,0) — 0x,£4(0,2) + axlfd(0;0)>
+ (b (1212)2(95, £a (2, 2) + 8, £a(2,0) + 0%, £4(0,2) + 8%, £4(0,0))

— b (IzI)b-(121%) (£a(2, 2) - €4(2,0) + £4(0, 2) - ed(0,0))),

(B.20) b (2) = l(vz<||z||2>v4<||z||2>>*”2( — (b-(llz]*))?
X <ax1 a &a(z,z) + 8x1 €4(z2,0) — axl €4(0,2) — axl €a(0, 0))
+ b, (121)Db-(1211*) (3x,84 (2, 2) — 3x,£a(2,0) — By, £4(0,2) + dx,£a(0,0))
+ by (1z1)Db-(1zI1*) (35, £4(2, 2) + 8%, 4(2,0) + 05, £4(0, 2) + 85, £4(0,0))

— (b, (I121*)?(£a(2,2) - £a(2,0) + £a(0,2) - sd(0,0))>,
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Variance of the Volume of Random Real Algebraic Submanifolds II 1713

B21) c(z) = l<v3<||z||2>>—1((b+<||z||2))2
x (Ox, 9%, £4(2,2) — Bx, 9%, £4(2,0) — By, 3%, £4(0,2) + Dy, 35, £4(0,0))
+ b (IzIH)b-(lz] )(axlfd(Z,Z)+ax15d(2,0)_axlfd(O,Z)_axlfd(OsO))
+ b (121Pb- (112117 (9%, €a(z, 2) — 3%, £a(2,0) + 3%, £4(0,2) — 0%, £4(0,0))

+ (b (1219)* (2a(2,2) + £a(2,0) + £4(0,2) + £4(0,0)) ),

(B.22) ¢i'(z) = %(v3(||z||2)v4(||z||2))‘”2< — b, (llzIIP)b-(llz]I1*)

x (9x, 0%,€a(2,2) — Ox, 9%, £4(2,0) — dx, 3%, £4(0,2) + Dx, 35, £4(0,0))
— (b (11z11")*(0x, £4(2,2) + By, £4(2,0) — 3x,£4(0,2) = 3, £4(0,0))
+ (b, (1211%))2(2%, a(2, 2) — 9%, £4(2,0) + 9%, £4(0,2) — 9%, £4(0,0))

+ by (1212 (I121%) (£a(2, 2) + £a(2,0) + £a(0,2) + ed(o,O))),

(B.23) c{(2) = l<v4<||z||2>>*1(<b_<||z||2>>2

(axl €d(z,2) — 8x1 €4(z2,0) — axl €4(0,2) + axl €4(0, 0))
— b, (121)Db-(1211*) (3x,84(2, 2) + dx,£a(2,0) — By, £4(0,2) — dx,£4(0,0))
— b, (1z1)Db-(111*) (35, £a(2, 2) — 8, £a(2,0) + 8%, £4(0, 2) — 8%, £4(0,0))

+ (0. (121)? (ea(2,2) + £a(2,0) + £a(0,2) + sd(0,0))).

We need to prove that each one of the terms (B.14) to (B.23) isa O(d~%), where
the constant involved in this notation is independent of (x,z). The main diffi-
culty comes from the fact that v, and v3 converge to 0 as z — 0 (see equations
(A.6) and (A.7)).

The term with the worst apparent singularity at z = 0 is aif) (see (B.10)).

We will show below that a((f) (z) = O(d™%) uniformly in (x, z). The proofs that
the other nine coefficients are O (d~%) follow the same lines, and they are strictly
easier technically. We leave them to the reader.

By equation (A.6), v2([|z]|?) ~ |z1|/48 as z — 0. Hence, we have to expand
the second factor in (B.16) up to a 0(]1z]|°). Let B € (&, 1), and recall that, by
Proposition 3.4, the partial derivatives of &4 of order up to 6 are O (d=5) uniformly
on Br,m(0,bynInd) X Br,m (0, by Ind). Recall also that we chose our coordinates
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1714 THOMAS LETENDRE ¢»* MARTIN PUCHOL

so that z = (||z[],0,...,0). Using Taylor expansions around (0, 0) for &4 and its
derivatives, we get
(B.24) 0y, 8;1 &d(z,z)
+ 0x, 05, €4(2,0) + Ox, 05,€4(0,2) + 0x,05,£4(0,0)
= 40x,0%,£4(0,0) + 2| 2|l (a,%la;l €4(0,0) + dx, (a;l)2 £4(0, 0))
+ 11zI1%(33, 0%, £4(0,0) + 5§1(a§1)25d(0,0) + 5x1(a§1)38d(0,0))

X171

+ 121 (384,05, £4(0,0) + 322, (35,724 0,0)

+ %ail(awed(o,m - %axl (6;1)4551(0,0)) +zl40@dP),

(B.25) 0x,€4(z,2) — 0x,€4(2,0) + 0x,£4(0,2) — 0x,£4(0,0)

= 2|21l 0x, %,£a(0,0) + 12112(32, 3%, €4(0,0) + By, (3%,)%€4(0,0))
X1 71

#1217 (522, 5,24(0,0) + 3 8%, (25, %2a(0,0) + 5 85, (2%,)%2(0,0)

#2092 04, 05,2a(0,0) + 7 8%, (2%,)%2a(0,0)

1 1
+ 2 04,(8,)%€4(0,0) + 7 dx, (a;)/*ed(o,m) +lzIP0(d#),

(B.26) 05, €a(z,2) + 0}, €a(2,0) — 05, €4(0,2) — 05, £4(0,0)

= 21zl 3y, 35, £4(0,0) + 1 2[12(32, 8%, £4(0,0) + dx, (3%,)%€4(0,0))

+z|3 (% 03, 0%, €4(0,0) + % 0%,(05,)%€4(0,0) + % Ox, (85,)%€a 0, 0))
; ||z||4(% 04 9% £4(0,0) + % 23.(9%,)%£4(0,0)
+ %a,%l(a;)sed(o,m + éaxl (a;)‘*ed(o,m) +l1zIPO(d™F),

(B.27) €a(z,z) — €4(2,0) — €4(0,2) + £4(0,0)

= 21 B, 04,240, 0 + 1217 (5 8%, 35,2(0,0) + 2 3y, 3%,)%€4(0,0)

+z0 (2 22, 5,24(0,0) + 7 8%, (25, 2a(0,0) + £ 85, (2%,)%2(0,0)

6
1 1
+121° (55 0%, 05, £4(0,0) + 75 8%, (35,)%2a(0,0)

1 1 _
+ 15 0%,(85,)%€a(0,0) + axl(a;)%d(o,())) +zl°0@dP).
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Variance of the Volume of Random Real Algebraic Submanifolds II 1715

Now, we can combine equations (B.24), (B.25), (B.26), and (B.27) with
the expansions around 0 of (b, (||z]|?))? (cf. equation (A.3)), (b_(||z]|?))?, and
b.(1zII2)b-(l1zII?) (cf. equation (A.4)). Using Proposition 3.4 once again, we
obtain

a(z) = IzII°0(d~B) = O((Ind)6d~B) = O(d~*),

R S
4v,(l1z112)

where we used equations (A 2), (A.6), and the fact that ||z|| < byInd. This

concludes the proof for aj’. As we already explained, we proceed similarly for
the other nine coefficients to get (B.11), and the same kind of computations yield
(B.12) and (B.13).

Proof of Lemma 5.30. Let x € (0,1), x € M, and z € Br,u(0,bnInd)\ {0}.
We will denote by L = (X, Y) a generic element of R? ® Ty M ® R(E ® L), We
also set x(L) = |det™ (X)||det™ (Y)|. We have

(B.28) E[Idet” (X4(2))| |det* (Ya(2))]] =

1 -1/2 1 1
~ S der(Aa(@) 2 [ x W esp (-3 Aa() L) ) aL

1 < detA(2) )
—2m)rn \detAg(2)

X Jx(A(z)”ZL) exp (—%(A(z)”zl\d(z)*ll\(z)1/2L,L)) dL

1/2

by a change of variable. By Lemma 5.29, we have
detAg(z) = (detA(2)) (1 +0(d™%)).

If we set Eq(z) = A(2)12A4(2)"1A(2)12 = 1d, then E4(z) = O(d™%), and
these estimates are uniform in (x,z). As in the proof of Lemma 4.18, by the
Mean Value Theorem, for all L we have

1 1 1
exp (—§<Ed<z>L,L>) - 1' < SILIP IEa(2)l exp <§||L||2 ||Ed<z>||).
Since E4(z) = O(d™?), for d large enough [|E4(2) || < % Hence,

(B.29) JX(A(Z)I/ZL)Q—(I/Z)HLII2

exp (—%(Ed(z)L,L)) - 1' dL

< ||5d2(2)|| JX(A(Z)I/ZL)||L||2e—(1/4)||LH2 dL.

Recall that, by Lemma 4.12, the eigenvalues of the positive symmetric op-
erator A(2) are u; (|z]|12), ua(llz]1?), 1 + exp(—=311z[|?), and 1 — exp(—3/1z]I?),
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1716 THOMAS LETENDRE ¢»* MARTIN PUCHOL

with some multiplicities. These are bounded functions of z (see equations (A.2)
and (A.5)). Hence, x(A(2)!/2L) is the square root of a polynomial in L whose
coeflicients are bounded functions of z. Thus, the integral on the righthand side
of equation (B.29) is bounded, independently of (x, z). We get

[ xA@"20) exp (-3 (A=) Aal2) AR L L) ) dL
_ JX(A(Z)l/zL)e—<1/2)||Lu2 dL + 0(d~*)
= Q) E[|det” (Xa (2))] [det” (Yo (2))1] + O(d ),
Finally, by equation (B.28), we find

(B.30) E[Idet” (X4(2))| Idet” (Ya(2))!]
= E[|det" (X (2))] [det” (Yoo (2))]] + O(d™%).

By Lemma 4.13, for all z # 0, A(z) is non-singular. Hence,
E[ldet” (X (2)) ] Idet” (Yeo (2))1]
is a positive function of z. By Lemma 4.16,

E[ldet” (Xw (2))] |det™ (Yoo (2))1]
= E[Idet" (X(1z1*) ] Idet™ (Y (I1z[I*)1],

and by Lemmas 4.17 and 4.18, if ¥ < n, this quantity admits positive limits when
llz|l goes to 0 or ||z|| goes to +o0. Thus, in this case,

E[ldet” (Xw (2))] [det* (Yoo (2))1]

is bounded from below by a positive constant, independent of (x,z). Then,
equation (B.30) shows that

E[ldet" (X4(2))| |det* (Ya(2))I]
= E[ldet’ (Xw (2)) ] |det™ (Yoo (2))[](1 + O(d™%)),

and this concludes the proof for v < n.

If v = n, the leading term in equation (B.30) goes to 0 as [|z|| — 0, so that
we need to be more precise. From now on, we assume ¥ = n. Let us assume for
now that, in this case, we have

(B.31) JX(A(Z)”ZL)IILII e WMILIP g1 — 0(||z|?) asz — 0,
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Variance of the Volume of Random Real Algebraic Submanifolds II 1717

where the constant involved in the O(||z]|?) is uniform in (x,z). Then, pro-
ceeding as we did in the case ¥ < n, we get the following equivalent of equation

(B.30):
E[Idet” (X4(2))| |det* (Ya(2)) ]
= E[|det” (Xw (2))] |det™ (Yoo (2)) ] + Ol 2]12d ™).

By Lemma 4.17,

E[ldet” (X (2))] |det™ (Yoo (2))1]

|
= E[|dec” (X (IzIP) | [dec™ (Y (IzIP)[] ~ %IIZIIZ,

as z — 0. Hence,

E[Idet™ (Xa(2))| |det™ (Ya(2))1]
= E[ldet” (X« (2))] |det™ (Yoo (2))[](1 + O(d™%))

uniformly for x € M and ||z]| < 1. In the domain ||z]| > 1,
E[ldet” (X (2)) ] Idet” (Yeo (2))1]

is bounded from below by a positive constant independent of (x, z), and we pro-
ceed as in the case ¥ < n, using equation (B.30). This yields the result for ¥ = n.

To conclude the proof, we still have to prove that (B.31) holds when v = n.
Let us write L = (A,B) and A(z)V2L = (X(z),Y(z)) with A, B, X(z), and
Y(z) e T{M® R(E®L4),. We choose any orthonormal basis of R(E® £4), and
an orthonormal basis of TxM such that the coordinates of z are (||z][,0,...,0).
We denote by (Aij), (Bij), (Xij(2)), and (Yij(z2)) € Myn(R) the matrices of A,
B, X(z), and Y(z) in these bases.

The matrix of A(z) in the basis defined by B, (see Subsection 4.3) and our
basis of R(E ® £4), is A(]|z]|2), where A was defined by equation (A.15). That
is, using the same notation as in the proof of Lemma 4.17 (see equations (A.9)
and (A.10)), foralli € {1,...,7},

(Xi1> _ ezl Bzl (Ail)
Yi)  \BUzI») «dlizll?) ) \Bi

X\ _ (y(izI?) 6(11zI12) (Aij) |
= , Vj=2.
(Yu> (6(||z||2) y(zl2) ) \Bij 1=

and
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1718 THOMAS LETENDRE ¢»* MARTIN PUCHOL

Hence, we have

X(A(2)V2L) = x(X(2),Y(2)) = |det* (X(2))] |det* (Y (2))]
=Y (lzl? (Aij), (Bij)),

where ¥ was defined by equation (A.11). Recall that ¥ satisfies (A.14) when
¥ = n. As in the proof of Lemma 4.17 (cf. Appendix A), by Lebesgue’s theorem

we have

(B.32) JX(A(z)l/ZL)||L||2€—(1/4)HLIIZ dL

zI12

— [ 2 w(121, (i), (Bip)) L 2e~ VAL g,
EE i) (Bij

(A1—B1 A+ B 14n+BrL>2||L||2e(1/4)|LI|2 dL
Izl~0 V2oV T 2 ,

where Aj (respectively, B;) denotes the j-th column of the matrix of A (respec-
tively, B) and L = (A, B). This limit is finite, which proves that (B.31) is satisfied,
and concludes the proof. O
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